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PREFACE. 



JlIe who wishes to acqoire.any other repotatSon thaa 
that of being asefiil, will not demote his time to the pre- 
paration of an elementary work. Such, however, is the 
humble honour after which I here a^ire : and if the 
aaall volume I now lay before the public shall contri- 
bute, in any degree, to increase the knowled^ and 
improre the taste of the mathematical student In the 
eanier stages of his p^^gress, I shall have attained n^ 
object. 

Of late yean the authors of elementaiy treatises on 
diffisrent branch^ of matfiematics, and especially I>r« 
Hutton and Mr* B<mnvcasUef in their compendious ma- 
nuals for popular use, have shown that it is possible, by 
judicious anangement and selection, to compress much 
interesting, TaluaUe, and scientific matter, within the 
<$omnass of a small duodecimo volume. There can, I 
think, be no doubt that to the extensive circulation of 
this dass of books, together with the stimidos furnished 
by the annual problems in the Ladie^ and GentUman's 
diaries, and those pn^iosed in the Senate House at 
Cambridge, must principally be ascribed the circum- 
ittance that mathematical knowledge, to a certain extent, 
is mote widdy diffused over the middle classes of so- 
ciety in this country, than in any other part of Eu- 
rope. 
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IT 1»REVACC« 

What, however, has been so successfully effected in 
other departments of mathematics has not yet been 
attempted with regard to Trigonometry. We have 
some excellent worn on this subject, whose value it 
would ill become me to depreciate* But such of them 
as go extensively into the business of Trigonometry and 
its applications are too large and expensive for general 
circulation ; while others, being confined almost en- 
tirely to the elements, exclusive of the applications^ 
must of necessity be restricted, both in point of circu- 
lation and utility. There is one treatise, that of Emerson^ 
which is a most copious store-house of curious and ele- 
gant theorems : but they are so obscured by a defective 
notation, that the perusal of greater part of the book- 
must, to a mathematieal student, be as perplexing as the 
solution of a perpetual string of enigmas. 

It has been my aim to steer into a middle com'se^ 
between that in which is presented 8 mere common* 

ece book of principles and dieorems, and that which» 
^ leadiag&r into the detail of multifarious processes and^ 
methods^ nrecludes the study of the science, except by 
the sacrinee of much time and expense. In order to 
this I have endeavoured to be select in my materials, and 
have, far the most part, observed unity of metbodi A 
book cf three times the sise and price might have been 
drawn up with far less HEitellectoal labour (for the fa- 
t%ue o( selecting from a fund of valuidi>le raateriais, and 
casting the result into one mould, is not slight) ;' but 
such a work would not have tended to accomplish the 
l^ttfpese I have in view. By adopting a small type and 
a full page, and confining myself chiefly to the analytic 
W mode of investigation, I have been able to introduce, 
and I shall rejoice if it be thought I have treated perspi- 
<;uously, a greater variety of the supplications of plane and 
q[>herical Trigonometry than are to be found in anv 
other work on the subject with which I am acquaintea. 
In the first three chapters I h^ve exhibited the theory of 



PREFACE. V 

Plane Trigonometry geametricallt/j and have shown the 
application -of that theory to the logarithmic solutions 
of the usual cases into which this portion of the subject 
is conveniently distributed. I have endeavoured to 
conduct these introductory inquiries with the ulraost 
perspicuity ', that the student, by obtaining a thorough 
comprehension of the principal topics of research, and 
by seeing a little of their utility, may enter with the 
greater relish upon the subsequent, investigations ; and 
by tracing the correspondence of these results with 
such as will afterwards appear in the analytical theory of 
Plane Trigonometry, may be prepared to lean with full 
confidence upon the analytical formvjilae that are in other, 
places to be laid before him. The deductions from 
theory in the succeeding chapters. are usually obtained 
by analytical processes ; and their utility is shown in 
tlie logarithmic and trigonometric solution of a- great 
number of problems, classified under the particular 
heads of the several applications, as specified in the ta* 
ble of contents. The whole, except what relates to the 
minute variations of the sides and aogles of triangles, 
and the differential analogies which apply to them, may, 
I am persuaded, be readily comprehended by any per- 
son who is tolerably conversant with the elements of 
Geometry and Algebra. 

In the composition of the work I have freely availed 
myself of all such matter as was likely to answer my pur- 
pose, especially in the productions of foreign mathema* 
ticians. The plan and method are of course my own: 
the materials have been collected, almost of necessity, 
from all quarters. In addition to the acknowledgments 
which will occur in different parts of this little volume, 
it would be unjust not to say here,. that> the theory of 
Projections, the general problem in reference to Dial- 
ling, and the comprehensive table of Differential Equa^f 
tions for the variations of triangles, are taken, simply, 
with such alterations as fitted them better for general 
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thifl) as in every other reeion of abstract sciencei so in- 
trigonometryy must, if tbe pursuit is intended t6 be at 
all extensive, be conducted, for the most part, (I dor 
not say, exclusively) according to the principles of 
analysis. 



0LINTHU9 ORBGORY. 



Royal Military Acadnny^ 
Woolwich, Fob, 1816. 



CONTENTS. 



Page 
Crap. I. PreUmioarydefinitioDS and principles . • i 
II. General properties and mutual relations of 
the lines and angles of circles and plane 
triangles 9 

III. Solutions of the sereral cases of plane tri- 

angles • 24 

IV. Plane trigonometry considered analytically 3$ 
V. Application of plane trigonometry to the 

determination of heights and distances . 61 
VI. Spherical trigonometiy, in six sections 
SecL 1. Fundamental principles^ general pro- 

pertiesy and formulae .... 79 
Sect, 2. Right angled spherical triangles . 86 
Sect. 3. Oblique angled ditto .... 89 

Sect, 4. Analogies of Napier 94 

Sect. 5. Mnemonics of spherical trigonometry 98 
Sect. 6. Areas of spherical triangles and po- 

lygonSy and measure of solid an^es 101 
VJ I. Logarithmic computation of spherical tri- 
angles Ill 

VIII. Projections of the sphere, in three sections 

Sect. 1. Astronomical definitions ... 1 17 

iSec/. S. Orthographic projection ,. . . 122 

Sect, 3, Stereographic projection . . . 125 

IX. Principles of dialling . '. . . • . . 184 

X. Astronomical problems . . . . . . 151 

XI. Minute variations of triangles, with a table 

of differential equations 187 

Xn, Miscellaneous problems, in two sections 

jSec/. 1. Problems with solutions .... 206 

Sect. 2. Problems without solutions . . . 232 

4 



KMMJTJ. 

Tftd* Tad* 
Rigc 8, Ifne 4,/<w . read -r— 

14 tet a line be drawn from C to tke point of contact A) 

in the first fignre. 
£9, line 8, /or anawer read answers 
31, line %fi>r and is read it is 

a a 
41, line Sf far read-** 
: e c 

1M| &p. I. Add, In the Cmnmumte 4e$ Tmn9y ponr Tan 
1817, there is giyen a table by M. Bnrckhardt to 
shorten the computation of (his problem. 
16T, line 9 from bottom, far limited, rtad limits 
SIS, last Um bol one^/or -^ft^ ^rtad^2V IP* 



TRIGONOMETRY. 



CHAPTER I. 

Preliminarily Definitions and Principles. 

r. The w«rd. rW^onowe^ry signifies the measure of 
triangles; But in an enlarged sense we comprehend 
under this: name, the science by which we are enabled 
to determine the position&and ^dimensions of the different 
parts of space, by means of the previous knowledge of 
some of those parts. 

• 2^ If we conceive any different points whatever, • 
posited in space, to be joined one to another by right 
fines, th^e will be presented to our consideration three 
tbtDgs; l«t. The /e*^/^ of those lines. 2di\y\T\ie angles 
they respectiv^y form. Sdly. The angles formed re- 
spectively, hy planes in' which those lines are, or may 
be Imagined to be, comprehended. On the comparison 
of these three objects depends the solution of the various 
questions which can be proposed, as to the measure of 
CKtensioh, and of its parts. 

S. The intersections of three or more lines in one and 
the same plane, constitute angles limited by right lines, 
and plane ov rectilinear triangles, or polygons suscep- 
tible of being resolved into triangles. And the inter- • 
sections of three or more planes, form plane angles and 
tFiedral or pol3redral surfaces, the detenninatidn of the 
magnitudes and relations of which is facilitated by re* 



2 Definitions and Pnnciples, 

ference to the surface of a sphere. Hence mathemati- 
cians have been led to attempt the solution of two general 
problems. 

I« Knowing three of the six things, whether angles or 
sides, which enter the constitution of a rectilinear tri- 
angle, to determine the other three ; when it is possible. 

11. Knowing three of the six things which compose a 
triangle formed on the surface of ^ sphere, by the inter- 
sections of three planes, which also meet in the centre 
of that sphere, to determine the other three, when pos- 
sible. 

The resolution of the first of these general problems 
appertains to pkme ov, rectilinear trigonometry: that of 
the second, to spherical trigonometry* 

4. Lities and angles, being magnitudes of different 
kinds, do not admit of comparison. It becomes neces- 
sary, therefore, to have recourse to quantities of an inter- 
mediate kind, akin to the one, yet having an obvioGS 
dependence upon the other, jind serving as a.conimon 
vinculum. Such are the lineo-^ingular quantities deno- 
minated sineSf tangents^ &c. which we are about to de- 
fine. They are lines, but lines which admit of being 
measured only by parts of an assigned line, the radius 
of a certain circle ; and lines which at the same time 
depend altogether, for their value, upon arcs of that 
circle, which arcs are, themselves, adequate measures 
of the angles included between the radii which limit 
6uch arcs. . ' 

5. By means of this happy invention of intermediate 
quantities, the business of trigonometry is greatly facili- 
tated. For, by imagining a perpendicular let fall from 
the vertical angle of an oblique angled plane triangle 
upon the base, or base prolonged, it will at once be 
manifest that the resolution of triangles generally, may 
J)e referred to that of right angled triangles* Thus, as- 
suming for a term of comparison, the hypothenuse of a 
right angled triangle, equal to unity, for example, com- 
puting the bases and perpendiculars of all possible right 
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angled triangles having the assigned hypothenuse, and 
arranging them in different columns of a table, the mag- 
nitudes of the di£Perent parts of any proposed triangle, 
would become determinable upon the known principles 
of similar triangles. Such a table as this, would, as will 
soon be seen, be no other than a table of naturd sines. 



PLANE TRIGONOMETRY. 

» 

6. Plane trigonometry is that branch of mathematics, 
by which we learn how to determine or compute three 
of the six parts of a plane, or rectilinear triangle, from 
the other three ; when that is possible. 

This limitation is necessary, although there is only 
one case in which it can occur, namely, that in which 
the three angles of a rectilinear triangle are given. For, 
it is plain from Euc. vi. 4, that while the three angles of 
a triangle remaip the same, the sides, though retaining 
the same mutual relation, may be greater or less, in all 
conceivable proportions. 

7. Lemma I. ' L^t acb be a rectilinear angle : if, 
about the point c as a centre, and with any distance, or 
radius, ca, a cirde be described, intersecting ca, cb, 
the right lines that include the angle 
ACB, in A and b ; the angle acb will be 
to four right angles, as the arc ab to 
the whole ch'cumference of the circle 

ADF£« 

Produce AC to meet the circle in 
y, and through the centre c draw be, 
Another diameter, to meet the circle 
in D, B« 

Then, Euc. vi. S3, ang. acb : right ang. acd :: arc ab 
: arc ab, 
fnd, Euc. v. 4, cor. quadrupling the consequents, 
if^ have, angle acb : 4 right angles : : arc ab ; 4 ad, that is^ 
to the whole circumference. 

b8 
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8. Lemma 11. ' Let acb be a rectilukear angle': i^ 
about c as a centre with any two distances ca', ca» two 
circles be described, meeting ca, cb, in a\ b% a, b ; 
the arc ab will be to the whole circumference of which 
it is a part, as the arc a.'^ to the whole- circurafereace 
of which it is a part.. 

By, lem. 1, arc ab : whole circum. 
:: angle acb : 4 right angles, 
and, arc a'b' : its whole' circum. 
: : angle a'cb' : 4? right angles. 
Therefore, 'arc ab : whole circum. 
:: arc aV : whole circum. 
of its respective circle. 

Definitions, 

9. Let acb be a rectilinear angle, if about c. as a 
Centre, with any radius ca, a circle be described^ inter- 
secting cA, CB, in A, B, th^ arc ab is called the measttre 
of the angle acb. 

10. The circumference of a circle is supposed to be 
divided, or to be divisible, into 360 equal parts, called 
degrees; each degree into 60 equal parts, called minutes ^ 
each of these into 60 equal parts, called seconds; and 
so on, to the minutest possible subdivisions. Of these, 
the first is indicated by a small circle, the second by a 
single accent, the third by a double accent, &c.. Thus, 
47*" 18' 34" 45"', denotes 47 degrees, 18 minutes, 3% 
seconds, and 45 thirds. So many degrees, minutes^ 
seconds, &c. as are contained in any arc, of so many 
degrees, minutes, seconds, &c. is the angle of whiclt 
that arc is the measure said to be« Thus, since a qua- 
drant, or quarter of a circle, contains 90 degrees, and a 
^uadrantaL arc is the measure of a right aogle^ a right 
angle is said to be one of 90 degrees. 

11. The complement of an arc'i% its difference front 
a quadrant ; and the complement of an angle is its differ- 
ence from a right angle. 
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12. The supplement of an arc is its difference from 
a semieircle ; and the supplement of an angle is its di£fer« 
ence from two right angles. 

IS. The sine of an arc is a perpendicular let fall from 
one extremity upon a diameter passing through the 
other. ' , 

. 14. The versed sine of an arc is that part of the dia- 
meter which is intercepted between the foot of the sine 
and the arc* 

15. The tangent of an arc is a right line which touches 
it in one extremity, and is limited by a right line drawn 
from the centre of the circle through the other extre- 
mity. 

16. The secant of an arc is theslopihg line which thus 
limits the tangent. 

17. These are also, by way of accommodation, said 
to be the sine, tangent, &c. of the angle measured by 
the aforesaid arc, to its determinate reiliufl. 

IS, The cosine of an> arc or angle, is the sine of the 
complement of that arc or angle : the -cotangent of an 
arc'or wo^ is the tangest of the complement of thai 
arc or angle* The co'versed sine^ and cosecant axe de* 
fined similarly. ^ 

To exemplify these definitions by the annexed dia« 
fpram : vlet ab be an assumed arc 
of a circle described with the 
radius ac, and let ae be a qua- 
drantal arc; let bd be demitted 
perpendicularly from the extre- 
mity B upon the diameter aa'; 
parallel to it let at be drawn, x'^ 
and h'mited by ct : let gb and 
XM be drawn parallel to aa^, 
the latter being limited by ct or ct produced. Then 
BB is the comphmeut of ba, and angl^ bCe the comple' 
ment of angle bca ; bea'' is the supplement of ba, and 
angle bca' the supplement pf bca; bd is the sine, da 
the versed sine, at the tangents ct, the secant, qb the 
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cosine, ge the coversed sine, em the cotangent ^ and cm 
the cosecant^ of the arc ab, or, by convention, of the 
angle acb. 

Note. These terms are indicated by obTious con- 
tractions : 

Thus, for sine of the arc ab we use sin ab, 

tangent .... ditto tan ab, 

secant » . . . ditto sec ab, 

versed sine ditto versin ab, 

cosine. ditto cos ab, 

cotangent . . ditto cot ab, 

cosecant. . . . ditto ; cosec ab» 

coversed sine ditto coversin ab, . 

Corottariesjrom the Definitions. 

19. (a). Of any arc, less than a quadrant, the arc 
is less than its corresponding tangent; and of any arc 
whatever, the chord is less than the arc, and the sine 
less than the chord. 

For, in the preceding diagram, the circular sector 
cab is less than the triangle cat, the former being con- 
tained within the latter. That is, by the rules for men^ 
suration of surfaces, }ca x arc ab is less than Jca x 
tan AT ; whence, dividing by ^ca, there resultB arc ab 
less than tangent at. 

In a similar way it may be seen that chord ab, is less 
than ^rc ab, and sine bd, less than chord ab. The 
same is also evident from the consideration that a right 
line AB is less than any curve line terminated by the 
^ame points, and the perpendicular bd less than the 
hypotnenuse ab, of a right angled triangle adb. 

(b). The fiine bd of an arc ab, is half the cliord bf 
of the double arc B A F. 

(c). An arc and its supplement have the same sine, 
tangent, and secant. (The two latter, however, are 
aiTected by different signs, + or •— , according as they 
appertain to arcs less or greater than a quadrant : the 
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reasons of this will be explained in a subsequent 
chapter.) 

(d). When the arc is evanescent, the sine, tangent, 
and versed sine, are evanescent also, and the secant be- 
comes equal to th& radius, being its minimum limit. As 
the arc increases from this state, the sines, tangents, 
secants^ and versed sines, increase ; thus they continue, 
till the arc becomes equal to a quadrant ae, and then, 
the sine is in its maximum state, being equsil to radius, 
thence called the sine total j the versed sine is also then 
equal to the radius ; and the secant and tangent becom- 
ing incapable of mutually limiting each other, are re- 
garded as infinite. 

(e). The vei-sed sine of an arc, together with its co- 
sine are equal to the radius. Thus, ad -f bg = ab 
+ DC = AC (This is not restricted to arcs less than 
a quadrant, as will be seen in the chapter on analytical 
plane trigonometry.) 

(f). The radius, tangent, and secant, constitute a 
right angled triangle 6at. The cosine, sine, and ra- 
diusj constitute another rieht angled triangle cdb, simi- 
lar to the former. So f^am, the cotangent, radius, and 
cosecant, constitute a third right angled triangle mec, 
similar to* both the preceding. Hence, when the sine 
and radius are known, the cosine is determined by £uc. 
i. 4?7. The same may be said of the determination of 
the secant, from the tangent and radius, &c. &c. &c. 

(g) . Further, since cd : db : : ca : at, we see that the 
tangent is a fourth proportional to the cosine, sine, and 
radius. 

Also, c& : CB :: ca : ct ; that is, the secant is a third 
proportional to the cosine and radius. 

Again, co : gb : : es : sm ; that is, the coCeingent is a 
fourth proportional to the sine, cosine, and radius. 

And, BB : Bc : : C£ : cm ; that is, the cosecant is a third 
proportional to the sine and radius. 

(h). Thus, employing the usual abbreviations, we 
should have 
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1. cos £= vfrad* — sin*). 2. tan ^ ^/^9ec\^fsd^), 
3. sec = VCrad* + tan»). 4. cosec = ^/{rsid^-^ cot*). 

^ rad x^in ^ rsftl x c«s 

5. tan = • 6. cot = — ^ • 

cos .fiin 

7. sec = • 8. cosec = — r— 

COS 'Sin 

These, when unitj is regarded as' the radius of the 
circle, become 

1. cos = VCl — sin*). 2. tan ss -/(sec* — 1). 

3. sees: v^(l + tan*). 4, cosec s«=V(l -f cot*). 

sin -, "coi ^ 1 ^ I 

5. tanas — 'S. cotss~r-. 7. sec as — • 6.€08ecs:-r** 

cos 81B C09 Sm 

, 20. From these and other properties and IheoremSf 
^ocne of which will be demonstrated «as we proceed, ma^ 
^hematicians hav« cooiputed the le^^bs of the m^, 
tangents, secants, and ▼ersed W^t ^o AA assumed ra^ 
dius, that correspond to arcs from 1 seeond of a degreej 
thro«igh all the gradations of magnitude^ up to a qua* 
drant, or 90^ The^resuUs of the comp^tatioi)$ are ar* 
lianged in tables eaUed Trigonometrical Tables ^ u^« 
The arrangement is generally appropriated to two dis- 
tinct kinds of these artificial nmnt)ei!S, clas^d in thisir 
regular order upon p^es that face each other. On the 
le^ hand pages are placed the sines, tangents, secants^ 
&c. {Ldapted at least to every degree, and minute y in the 
quadrant, computed to the radius 1, and exprewed de* 
cimally. On uie right hand pages are placed in sue* 
cession the corresponding logarUhmf of the numbers 
that denote the several sines, tangefits, &c. on the res- 
pective opposite pAges. Only, tiiat ihe nece^ity of 
using negative indices in the Sogarithmf^. may be pre-^ 
eluded, they are supposed to be the logari^ros of 
sines^ tangents, secants, ^c. computed to the radius 
IQOOOOOOOOO. The numbers thus computed and placed 
on the successive right hand pages are called logarithmic 
sines, tanjgents, &c. The nunSxers of which these are 
the logarithms, and which are arranged on th«; l^ hand 
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pltgei,~ are called na/uro/ sines, tangents/ &c. In the 
small pocket tables these are usually omitted, and the 
logarithmic alone retained, as the most useful and expe- 
ditious in operation. 

Of the various trigonom^rical tables which have been • 
published at difierent times, those which deserve the 
warmest recommendation, as most accurate and best, 
fitted for general use are " The Mathemaiical Tables^' 
ofDr, HutioTiy in one vol. royal 8vo, ; and the stereo- 
typed " Tables Portatives de Logarithmes, par Francois 
Cattet,*' printed also in royal 8vo, in 1795. Dr. Hut- 
ton's work contains a copious and valuable introduction, 
comprizing the history, nature, construction and use of 
logarithmic and trigonometrical tables. The introduc- 
tion to Callet's tables, likewise exhibits directions for 
their use, and some of the best formulae employed in 
their construction.* Of small tables for the pocket the 
best with which I am acquainted are tliose of Mr, 
Whiting f and the stereotyped tables of the Rev. F. A, 
Barker, 



CHAPTER n. 

General Properties, and Mutual Relations of the Lints 
and Angles of Circles and Plane Trian^s. 

Prop. L« 

1 . 1 HE chord of any arc is a mean proportional be- 
tween the versed sine of that arc and the diameter of « 
the circk. 

* The natare and use of logarithms beinjr fully e^iplained in 
Dr. Hattoii's valuable work, and, indeed, in ever^ coi^ectioo of 
logarithmic tables which a student ought to possess, 1 think it 
entirely unnecessary to occupy any portion of this introduction 
U^ an eiacidatioo of the properties of tbost itseftil numbeu. 

B 5 
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In tfaiB marginal figare, ab is the chord, and ax> is the 
versed sine of the arc ab. bl being -^ 

joined the angle lba in a semicircle is 
a right angle, and is therefore equal to 
angle bda, bd being perpendicular to ^ 
iA. Hence, the triangles bd a, lba, ^ 
are similar, and we have ad : ab :: ab : al* 

Prop, II. 

2. As radius : cosine of any arc :: twice the sine of 
that arc : the sine of double the arc. 

In the preceding figure ch is the cosine of the arc 
BN, ab is twice the sine bh of that arc, and bi> is the 
sine of ab the double arc. From the similar triangles 
ACH, ABD, we have AC : CH :: AB : BD. 

Prop. III. , 

3. The secant of any arc is equal to the sum of its 
tangent, and the tangent of half its complement.. 

In the annexed diagram, where ab is 
the proposed arc, let the tangent ta be 
produced downwards till ta + ar = CT 
the secant. Then, since angle r is the 
complement of acr, and of ^atc, it fol- 
lows that acr ff= |atc, that is = ^ comp. 
ACT. But AR is the tangent of acr, or 
of the arc ag; whence the proposition is 
manifest. 

Prop, IV. 

4. The sum of the tangent and secant of any arc, is 
equal to the tangent of an arc exceeding that by half its. 
complement. 

Produce at, the tangent of the assumed arc, till the 
prolongation ts becomes equal to ct the secant, and 
join, cs, intersecting the quadrantal arc A£ in d. Then, 
because ts = «■©, angle tcs 5= tsc = tce, by rea&on,of 
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the parallels xs, ce. Hence bd = de = J comp. ab, 
^ and AS = tan AB + sec ab = tan ad = tan (ab + J 

compAB). 

Prop. V. 

5. The chord of 60*^ is equal to the radius of the cir- 
- cle ; the versed sine, and cosine of 60^ are each equiili 
to half the radius; and the secant of 60"^ is equal to 
double the radius. 

~ Let AB be an arc of 60^ ab its chord, cd 
its cosine^ ad its versed sine, ct its secant. 
Then, • 

1. Since acb = 60°, and cb = ca, a =ft b 
= \ (180° - 60°) = 60°. That is, the three 
angles of the triangle ab6 are equal, and 
therefore the triangle is equilateral. Conseq. 
AB ^ radius. C 

2. CD =7 DA = JcA, because in an isosceles or equi- 
lateral triangle the perp. bisects the base. 

3. BAT =Bs comp. 60*^ = BTA ; therefore bt = ba ; 
and TB -f bc = Tc = 2bc = 2 radius. 

Cor. if with the same radius an arc were described 
from centre b, then cd would become the sine of 30®, 
which is consequently half the radius. 




Prop. VI. 

6. The tangent of an arc qf^i5>° is equal to the radius. 

Suppose ab in the last figure but one were an arc of 
45® ; then would acb be half a right angle, and conse- 
quently its complement a to. The sides at, and ac^ 
opposite to those angles, would then be equal ; that is, 
tan 45° = radius. 

Cor. From this and prop. 5, it is evident that the sine 
of ^0®, tangent of 45°, and secant of 60°, are in the ratio 
of the numbers 1, 2, and 4; or that tan 45° is a mean 
proportional between sin 30® and sec 60®. 



>^ 
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7, The square of the sine of half any arc or angle i9 
equal to a rectangle under half the radius and the versed 
sine of the whole ; and the square of its cosine, equal 
to a rectangle under half the radius and the versed sine 
ef the supplement of, the whole arc or angle. 

« This will be at once obvious from the definitions, and 
the diagram to prop. l,^of this chapter. For ^ah* 
= AB* = AL . A© = 2ac . AD. Whence ah* = Jac 

. AD. 

Also, ^cif* =s i»B* = AL . LD = 2ac . LD. Whence 
en^ = ^aCm ld. 

Prop. VIII. 

8. The rectangle under the radius and the sine of the 
sum or of the difference of two arcs, is equal to the sum 
or the difference of the rectangles under their alternate 
sjnes and cosines. 

Let ab and bd be two unequal arcs, of the circle 
whose radius is ac ; and let bd' = bd. jj 
Then is ad the sum, and ad' the differ- 
ence, of the arcs ab and bd. Also, 
Bii = sine, Gii = cosine, of arc ab; df 
= sine, cp = cosine, of arc bd; dk 
= sine, CK'= cosine, of ad = ab + bd; C K GH 
dk' = sine, ck' = cosine, of ad' = ab — bd. 

The triangles cbh, cfg> being similar, we have, cb 
:bh :: CF ; FG = ek, whence cb . ek = bh . CF. 

Again, the triangles cbh, dfe, are eauiangular; for 
each has a right angle, h and e, and angle cbh =s bfe, 
the former being equal to cfg^ which is the complement 
to efc, and the latter being also a complement to the 

l^me angle. 

Hence, cb:ch :: DF:DK,andcon8eq.CB.DE = c«.Dr« 
But, since as above, cb . ek = bh . cf, 

and CB • »« =» CH . df, 
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we hsLv^f by additioo, cb • dx =;: 9h ; cv 4* en • pw, 

vbkh, is the first part of the proportion. 

Again, since the triangles df£» i>'fj.\ are equal a« 
IV ell as equiangular, ed ss «'j>: the preceding rectfM^^^i^ 
may, therefore, be expressed thus, 

CB . eV = BH . CF, 

and CB . dV = ch . df, 
* of which the difference is cb . d'k' = bh . dF — ch . df, 
which is the second part of the proposition. 

Cor. If the two arcs become equal, then we have for 
the sum, rad x sin 2ab es sin ab x 2 cos ab^ agreeing 
with prop. 2 of this chapter. 

Prof. IX. 

9* The rectangle under the radius and the cosine of 
« the sum or the difference of two arcs, is equal to the 

difference or the sum of the rectangles under their res* 

pective cosines and sines. 

Recurring to the same diagram, we have from the 

similar triangles cbh, cfg, 

CB : CH :: CF : C6 ; whence cb . cg = ch • cf: 
and the similar triangles cbh, ftnd i>ef, give 
CB : BH : : DF : EF or kg; whence cb . kg = bh . df. 

• The difference of these rectangles is, 

cb . CK ss CH • CF •« BK . df; which is the first part of 

the proposition. 

The equivalent rectangles to the preceding, are 

CB • CGss CH .CF, 
and CB . K^G si= BH . DF ; 

the sum of which gives cb . ck' = ch . cf + bh . df, 
firhich is the second part of the proposition; 

Cor, When ab and bc are equal, we have from this 
proposition rad x cos 2ab = cos *ab — sin *ab. -- 

Remark, The preceding figure is adapted to the case 
where not only ab, and bp, but their sum ad Ts less, 
than a quadrant. But the properties enunciated in these 
two propositions are equally true, let the magnitudes of 

2 
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the arcSy of tlieir sum, and their difference, be what they 
may. This might be rendered evident by a suitable 
modification of the diagram 3 and will still farther ap- 
pear in the fourth chapter of this worL 

Prop. X. 

10. As the difference or sum of the square of the 
radius and the rectangle under the tangents of two arcs, 
is to the square of the radius; so is the sum or. differ- 
ence of their tangents, to the tangent of the sum or dif- 
ference of the arcs. 

Let AB, AD, be the two arcs; at, ar, their tangents; 
also let Bs in the first figure .^ 

be tlie tangent of the sum of 
those arcs, and bs in the 

second figure the tangent of ^/^ / ^ R A 

their dimrence : and from '^'^ - »« 

the point r let rh, in both ^ 
figures, be drawn parallel ^ 
to Bs, or perpendicular to ^ 

the radius en. 

Then, because of the similar triangles tag, tiir, we 
shall have, 

TC : ca :: TR : RH, whence tc • rh = ca ..tr, 
TO : ta :: TR : th, whence tc . th = ta • tK. 

Each of the last equal rectangles being taken from 
the square of to, there will remain, tc^ ^ tc . th, or 

TC . (tc — th), or TC . CH = TC^ — TA . TR. Now, 

TC . CH (or TC* — TA . tr) : tc . RH (or CA . tr) :: ch 
: RH :: cb (or ca) : bs :: Cx\^ : ca . bs; whence, alter- 
nando, tc* — ta . tr : ca* :: ca . tr : ca . bs :: tr : bs% 
Of this proportion, the first terra t<j* — ta.tr, be- 
cause TC* = ca* 4" AT*, may also be expressed by ca* 

H- AT* — TA . TR, or by CA* 4- AT* — TA (TA ± AR), 

or lastly, by CA* ip AT . AC ; whence the proposition is 
manifest. 
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Prop, XI. 

11. As the sum of the sines of two unequid arcs, is 
to their difference, so is the tangent of half the sum of 
those two arcs, to the tangent of half their difference. 

Let AE and ab be two unequal 
arcs, of which ek and bg, are the 
sines; and let xk be produced to 
cut the circle in d, and bi be 
drawn parallel to the diameter 
A k\ Draw id, ie, from the cen- 
tre I with the radius c a of the as* 
sumed circle, describe an arc dbe^ 
and through h draw l6m parallel 
to BE. Then, it is evident that ne s ke + bg, is the 
sum of the sines of ae and ab^ and md :£= ke — bo 
s= KD — KN, is their difference. Also, since bib (at the 
circumference) ssJbcb (at the centre) ; and bid = ^bcd 
(Euc. iii. 20) ; ^m is equal to the tangent of -^ (ae 4- ab), 
and bi. = to the tangent of \ (ae — ab), that is, of J (ad 
— ab.) But, by reason of the parallels de, lm, we have 
BN : DN :: 3m : dt; which is evidently the theorem enun- 
ciated above. 

Cou The sum of the cosines pf two arcs, is to their 
difference,, as the cotangent of half the sum of those two 
arcs, is to the «atangent of half their difference. 

For, the cosines being the sines of the complements, 
it follows from the proposition that the sum of the co- 
sines^ is to their difference, as the tangent of half the 
sum of the complements, is to the tangent of half their 
difference. But half the sum of the complements of 
two arcs is the complement of half the sum of those two 
arcs, and half the difference of the complements is the 
same as t he cocaplemcntof half the difference ; whence 
the truth of the corollary. 

Prop. XII. 
12. Of any three equidifferent arcs, it will be, as 
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radius, to the cosine ofthsic common diEFerence, so ia 
the sine of the mean arc, to half the sum of the sines 
oF the extremes; and, as radius, to the sine of the com- 
mon difference, so is the cosine of the mean arc to half 
the dijBfereBce of the sines of the two extremes. 

Let AD^ AB, AD, (m th^ figure to prop. 8, of this 
chapter), be the three equidififerent arcs. Then dv 
= dp', is the sine of their comnfU)n difference, and CF- 
its cosine. Also fg, being an arithmetical' mean be- 
tween the sines dk, d'k', of the two extreme arcs, i& 
equal to half their sum, and 9B equal to half their dif- 
ference. By reason of the similar triangles cbh, cfg, 

DFE, 

we have, cb : cf : : bh : fg, 
and cb: DF :: CH!D£; - 
Drfaich are the analogies in the projposition. 

Cor. 1. From the preceding proportions, we have 

^G = I (dk + » k') = , and de * J (dk -d V) « — ^— • 

CB '•^ .CB 

Therefore dk + d'k' = 2E£^ and dk - d'k'= ?5^lS. 

CB ' CB 

Cor, 2. Hence, if the mean arc ab be one of 60®, its 
cosine ch, will (prop. 5) be equal to ^cb, and dk — d'k' 
SB DF : consequently dk will in that case equal df 
-f d'k'. From this conjointly with the preceding corol- 
lary result these two theorems: 

(a). If the sine of the mean of tlfree equidifferent 
arcs (radius being unityj be multiplied into twice the 
cosine of the common difference, and the sine of either 
extreme be deducted from the product, the remainder 
will be the sine of the other extreme. 

(b). The sine of any arc above eo**, is equal to the 
tine of another arc as much below 60^ together with the 
sine of its excess above 60®. 

Remark, From this latter corollary, the sines below 
60® being known, those of arcs above 60® are determin- 
able by addition only. 
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Thiw, «in 60* V = am S&^ 59 + iin l\ 

an 60^ 2' = do 59*^ 58' + am 2', 

isifl 60« 8' =5 «n 59* 57' + sin 3', 

•io l^'' (/ s sla 56* (r + aiB4^f 

^<^ &c. Ac. 

PaoF. xin. 

13. In any right angled triangle^ tlie fajpotheBUse is 
to one of -the legs, as me radius tp the sine of the angle 
opposite to that leg ; and one of the legs is to the other, 
lu the radius to the tangent of the angle opposite to the 
latter. 

Let ABC be a triangle, right-angled at 
By and let ar on the leg ab, be the ra- 
dius of the tables. With centre a and otv 
Tiadius AR^ describe an arc to cut the hy- jv/ 



/M 




TR the tangent, and at the secant, of the A H R B 
arc DR, or angle a : and the similar tri- 
angles A0O, ART, AHP, give 

AC : (3B :: AP : »H :s rad ;m a; 
and ab:bc:: ar:rt ::nid:tanA«* 
Cor. To the hypothenuse as a xadios, each 1^ is tb« 
sine of its opposite angle ; and to one of the le^ as a 
radius, the other leg is the tangent of Hn Dppoaite angle^ 
and the liypotbeauae is the secant of the same angle. 

Prop. XIV. 

14. In any plane triangle, as one of the sides, is to 
another, so is the sine of €he angle opposite^ to the 
fornier, to the sine of the angle apposite to the latter* 

Let ABC be a plane triangle, ^ 

in which it is require4 to deter- 
mine the relation which subsists 
between the sides ac and bc. ^ , 

With the angular point a as a ^/ ^ ^ H 
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centre, and the distance ac, equal to the radius of the 
tables, describe the semicircle gccvl. From c draw cb 
parallel to cb, and cd perpendicular to ab : draw also 
€A parallel to cb, and from the point of intersection e 
(of that line with the circle) demit the perpendicular ef 
on ba produced. Then cd is the sine of the angle cab, 
to the radius ac, and ef is the sine of the angle ^ag ss 
angle cba, to the same radius. 

But AC : Bc :: AC : ^, because of the parallels bc and bc^ 
MAeibc, because Ae = ac, 
iieficd, because of the similar triangles 
Aeff bed* 

That is, AC : &d :: 6tn 5 ^sin a. 

In a similar manner it may be shewn that 
AC : AB :: sin B t sin c, and ab ; bc :: sine : sin a. 

And by drawing a figure for each case, it will be seen 
that the circumstance of any one of the angles being 
oHwe will make no difference in the d^^nonstration. 

- Otherwise^ 

• • * 

From c the vertical anrie of thd 
triangle let fell the perpendicular cd 
upon AB, or AB produced, according 
as the angles a and b are both acute, 
or one obtuse. -^ 

Then (prop. IS) ac : cd : : rad : sin A ; 
also CD : cB :: sin b : rad; 

sin B : sin a. 




-• • 



ex aequo pertur. ac : cb 






, Prop. ,XV. . 

15. In any plane triangle it will be, as the sum of the 
sides about the vertical angle, is to their difference, so 
is the tangent of half the sum of the angles at the base, 
to the tangent of half their difference. 

By the preceding prop, ac : bc :: sin b : sin a, 
•% by comp. and div. ac + bc : ac — bc :: sin b + sin A 

: sin B «- ain a. 
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But, (prop. 11) sin B -I- sin A :: sin b — sin a :: tan ) 

(b + a) itani (B — a), 
•\ AC + Bc : AC — Bc :: tan ^ (b + a) : tan J (b — a). 

Prop. XVI. 

16. In any plane triangle it will be, as the bvae, to 
the sum of the two other sides, so is the difference of 
those sides, to the difference of the segments of the base 
made by a perpendicular let fall from the vertical angle. 

From the centre c (namely, the 
vertical angle of the triangle abc) 
with the distance of the greater side 
AC describe the circumference of a 
circle, meeting ab, cb, produced^ in 
the points i, f, g. Then, it is obvi- 
ous that gb is equal to the sum of the 
sides, AC, CB, and fb equal to their 
^difference. And because cx> is per- 
pendicular to AE, AD is equafto be, 
(£uc. iii. 3). Wherefore, of the two 
AB, be, one is the sum of the seg- 
ments of the base da, db, and the 
other their difference. But, (Euc. 
iii. SS) the rectangle under gb, and 
BF, is equal to the rectangle under ab and be. Conse- 
quently (Euc. vi. 16) AB : gb :: BF : BE ; which agrees 
with the proposition. 

Prop. XVII. 

17. In any plane triande it will be, as twice the rect- 
angle under any two sides, is to the difibvence of the 
sum of the squares of those two sides and the square of 
the base, so is the radius to the cosine of the angle con- 
tained by the two sides. 

Let ABC be a plane triangle. From a, 
one extremity of the base ab, draw ad per- 
pendicular to the opposite side bc : then 
(Euc ii. 1% IS) the difference of the sum 
pf the squares of ac, cb, and the square of 
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the base ab» is equal to twioe the rect- 
angle Bc . CD. But twice the rectangle 
Bc . CA^ is to twice the rectangle bc .4^0^ 
that is, to the di£%rence of the sura of the 
squares of ac^ bc, and the square of ab, 
as CA t« CD ; that is, (prop. 13) as radius to the sme of 
cADy or, as i^adius to the cosine of acs. 

Cor. When unity is assum^ as radias^ itt liart 

— A<J» + BC* — AB» 
"" 8CB.C4 • 

Piuwp. XVIII. 

18. As the sum of the 'tangents of any two unequal 
angl^, is to their di^renoOy so is the sine of tbe sum of 
those angles, to the sme of their diftrence* 
< Let bca, acd, be the 4wo proposed 
angles, ba and ai> their itangents to 
the radius ca: Take ia ss ad, join 
ci, and draw de, de^ ik, ik^ peipendi;* 
cular to BC. Theii, it is\evident, suioe 
IA = AD, andcA perpendicular to j»d, 
that ci =3: CDj ICA .= DCA, and there^: 
fore Bci = B€A — AcD : also that W is the siae of thQ 
sum of the given angles, and ik the sine of their differ- 
e ce,to the assumed radius ac. 

Now, by reason of the similar triangles bdsE9 bik, it 
will be, 

BD (=a ba + ad) : bi (=3= ba — ad) :: de : ik. 
Also, because the tnangles cv'e,^ go^, ace similar, as 
veil as the triangles csk, cik ; we have 

CD:cx;^:^DE:.c2e, 
and CI (as cd) : Ci (?= C(/) :: IK : fit; 
therefore j>jii im 11 de z ik. 
And consequently, ^Rid.iJ^ixidexik^, 
that is, tan bca -f tan dca : tan bca — tan neA 
:: sin (bca + dca) :sin (bca •«* dca). 
Cor. Hence it follows,- that .the base of a plane tri* 
tmgle BCD, is to the di&rence of its two segments ba^ 
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AD» as the sine of tbe whole andie at the Tertex^ to the 
«ne of the difiference of the an^es at the base* 

Prof. XIX, 

■ 

19. As the sine of the difference of any two unequal 
angles, is to the difference of their sines, so is the sunt 
of those sines, to the sine of the sum of the angles* 

Let A and b be the two unequal an- 
gles ; both being bounded on one side by 
the line ab, and on the other by lines, 
which, produced, meet at c, and form a 
r^ectilinear triangle acb. Demit cd per- 
pendicularly from c upon ab ; make J>a 
^ DA, and join ca. Then we shall have as ^ hb — da, 
ca =c CA, caD 3= CAD, caB = supp. CAB; and conseq. 
(ch. i. 19 c) sin cab — sin cab. Also (by the ctamej 
sin c =p sin (a + b) : an4 ^efi = Aac — > b =c a ^ b. 
Hence, in A acb, sin c, or sin (a + fi) : sin a :: ab : cb. 
Also, in A ^CB, sin c, or sin (A ~ b) : sin a :: /zb : cb. 
Therefore, ab : ab :: sin (a — b) : sin (a + b). 
Again (prop. 14) cb : ca :: sin a : sin b. 
.*.comp. and div. cb — ca : cb + ca :: sihA -^ sin b : sin a 

+ sin B, 

But, by the inversion of prop. 16, 

flB : cb -^ c A : : CB -f CA : ab. 

Therefore, comparing the corresponding antecedents 
and consequents, in the 3d and 5th analogies, there re- 
sults, 
sin (a — b) : sin A — sin b :: sin a + sin b : sin (a -f b}/ 

Cor. If A afxd B be to each other as n -f- 1 to ti, then 
the last proportion will become 

sin A :i^ (71 -f 1) A — sinnA ::sin (n + 1) a -f- sinTiA 

:sin{2w + 1) A. 

» 

Scholium. 

20'. Of the propositions in this chapter, some are 
useful in the solutions of plane triangles, and will find 
their applications in the next chapter ;. others are useful 
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in the construction of tables of natural sines, tangents, 
&c. To glance, for a moment, at this application, in 
passing, suppose it were required to find the natural 
sines to each of the 10 first minutes of the quadrant. 

The radius of a circle being 1, the semi-circumference 
is known to be 3-14159265358979. This being^ivided 
successively by ISO and 60, or at once by 10800, gives 
•0002908882086657, for the arc of 1 minute. Of so 
small an arc the sine, chord, and arc, differ almost im- 
perceptibly from the ratio of equality; so that the first 
ten of the preceding figures, that is, '0002908882 may 
be regarded as the sine of T; and in fact the sine given 
in the tables which run to seven places of figures is 
•0002909. By chap. i. art. 19, we have, for any arc, 
cos= ^(1 —sin*). This theorem gives, in the pre- 
sent case, cos V = 9999999577. Then, by prop, 12, 
cor. 2, (a), of this chapter, we shall have 

2 cos r X sin r — sin 0' = sin 2^ = -0005817764 
2 cos r X sin 2' - sin 1' = sin 3' = -0008726646 
2 cos 1' X sin 3' - sin 2' = sin 4' = -0011635526 
2 cos r X sin 4' - sin 3' = sin 5' = -0014544407 
, 2 cos r X sin 5" - sin 4' a= sin 6^ = -0017453284 

&c. &c. &c.' 

Thus may the work be continued to any extent, the 
whole difficulty consisting in the multiplication of each 
successive result by the quantity2cos 1 =1-9999999154. 
Or, tlie sines of T and 2' being determined, the work 
might be continued by the last proposition, thus: 
sin r : sin 2' — sin T :: sin 2' + sin T : sin 3' 
sin 2' : sin 3' — sin 1' :: sin 3' -f sin V : sin 4' " 
sin 3' : sin 4' — sin V :: sin 4' + sin T : sin 5' 
sin 4' : sin 5' •— sin T :: sin 5' + sin V : sin 6' 
&c. &c. &c 

In like manner, the computer might proceed for the 
sines of degrees, &c. thus : 

sin 1° : sin 2° — sin 1« :: sin 2® + sin 1® : sin 3* 

sin 2° : sin 3° — sin 1° :: sin 3° + sin 1» : sin 4** 

sin 3* : sin 4** — sin 1** :: sin 4** 4- sin 1^ : sin 5* 

&c. &c« Ac. 



General Properties ^ Lines and Angles. 2^ 

To check ftnd verify operations like these, the pro- 
portions should be changed at certain stages. Thus, 
- sin 1^ : sin 3^ - sin 9?:: sin 3° 4- sm9f : sin 5° 
sin 1^ : sin 4° - sin 3** :: sin 4?^ + sin 3° : sin 7^ 
sin ^'^ : sin 7^ — sin 3° :; sin 7° + sin 3^ : sin 10*'. 
The coincidence of the results thus obtained^ with the 
analogous results in the preceding operations, will ma- 
nifestly estAlish the correctness of both. 

The sines and cosines of the degrees and minutes up 
to 30^, being determined by these or other processes 
(some of which will be indicated in the 4th chapter)^ 
they may be continued thus : 

sin 30^ r = cos 1' — sin 29*^59' 
sin 30° 2^ = cos 2' - sin 29° 58' 
sin 30° 3' «= cos 3' — sin 29° 57. 
And these being continued to 60°, the cosines also 
become known to 60° ; because 

cos 30° r = sin 59° 59' 
cos 30° 2';= sin 59° 58'. 
The sines and cosines from 60° to 90°, are deduced 
from those between 0° and 30°. For 

sin 60° r = cos 29° 59" 
sin 60° 2^ = cos 29° 58' 
&c. &c, &c. . 

21. The sines and cosines being found, the versed 
dnes are determined by subtracting the cosines from 
radius in arcs less than 90°, and by adding the cosines 
to radius in arcs greater than 90°. 

22. The tangents may be found from the sines and 

sin 
cos' 



cosines. For since tan = — , (chap. i. 19), 



we have tan 1' = ^^, = cot 89° 59' 

cos r 

tan 2' = ^, ^ cot 89^ 58' 

&C. &C. &C 

Above 45° the process may be considerably siinplified 
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by the theorem for the tai^nts ei the so«$: and difl^r- 
encesi of arciu For, wheo the radios is unity, the ta&r 
gent of 45^ is also unity, and tan (a -f- a) will be de- 
noted thus: 

tan (*5° + B) = i±i^. ' 

^ ' 1 — tftn ft 

And thifl, again, nay be Ml further sin^iified i» 
practice. * 

2S. The secants oray readily be found from ^e tan- 
gents by addition. For (prop. 3) sec a s=: tan a -f- tan 
^comp a* Or, for the odd minutes of the quadrant the 

secants may be found from the expression sec = 

•^ ^ *^ cos 

Other methods for all the trigonometrical lines are 
deduced from the expressions for the sines, tangents, 
^c. of multiple arcl^; but this is not the place to explaia 
them, even if it. were requisite to introduce them at 
large into a cul*sory outline. , 



CHAPTER III. 



Solutions of the several fiases of Plane Triangles, 

1. 1 HERE being in every plane triangle, six things, 
namely, three sides and three angles, of which some 
three are given to determine the other three; and the 
combinations that can be formed out of six quantities, 

6 5 4 

taken three and three being = t^-^-z or 20; it might at 

first sight be imagined that 20 distinct rules would be 
required in this branch of trigonometry. But though 
the varieties of data are in truth thus numerous, it will 
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loon appear, that the number of cases which require 
distinct rules, are very few. Let a, b, c, denote the 
angles of a plane triangle, and a, 6, c, the sides respec- 
tively opposite ; then the twenty varieties of data will 
be these, viz. 

(3) aftc . . . ( 1 ) abA • . • ( 1 ) obB ... (2) abc 

!1 \ acA . . . (2) acB ... 1 1 ) ace 
2) 6cA ... (i) 6cB ... ( 1 ) bcc 
n ABa ..•(!) AB^ ... I*) ABC 
n ACa .. . f*) Acb ... (l) ACC 
• '^ (*) BCa ... (1) BCb ... (1) BCC. 

Here the varieties which are marked by the figure I, 
have this in common, that a side and its opposite angle 
are two of the given parts; and, if it be considered that 
when two angles of a plane triangle are known, the third 
is, in fact, given, because it is the supplement of their 
sum, it will appear that those varieties which are marked 
with an asterisk fall under this first case : so that the 
varieties comprehended in this case Bre fifteen. Of the 
remaining five, three, indicated by the number 2, have 
this in common, that two sides and an included angle are 
given ; they, therefore, constitute a second case. The 
example marked 3, has three sides given, but no angle ; 
this makes a third ease: and the remaining variety in 
which the three angles are given, but no side, would 
make a fourth case, were it not (see chap. i. 6) that for 
want of a side among the data, the problem thus ex- 
pressed is unlimited. Our twenty varieties, therefore, 
onl^ furnish three distinct cases, to the solution of 
which we shall now proceed. 

Case I. 

2. When a side and its opposite angle are among the 
given parts. 

Here the solution may be obtained by means of chap, 
iu prop. 14*9 where it is demonstrated that the sides of 
plane triangles are respectively proportional to the sines 
•f their opposite angles. 

c 
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if n iide be requitiedy begin the propertion 
vitb » sine, add toy> 

A« llie fiioe of the ghren angle. 

To ito opposite sMIe ; 
So is the sine of either of the other anglet. 
To its oppofeite tide. 
If ao 071^/^ be r^aiifed^ begiti the proportion with a 
side, aiul aay, 

. As one of the givai sides, 

is to the sine of its opposite angle ; 
So is the other given sioe^ 
To the sine of its oppo«ite angle. 
The third angle becomes kn^wn, by taking the ittfli 
of the two former from 180^. 

Note 1. Since snieft a^e line^^ tbere oan be no iaspii^ 
priety m comparmg titem #ith the sides of triangles; 
and the role is better reMfemibeveil by yaivng mathenia* 
tieiaiit, tlian wbeti die siites aad Mea* are oooipaMd 
each to eacb» 

Note 2. It is usually, thougb tiot atwaye, best to wuek 
the proportkms in trigoaoaietrT by meaaa off tbe loga- 
ritfimsy taking the logarithm of tlie jf^*^ tem fi^ra €Im 
sum of the k^arithnifi of the tee^nuL and thirds to obteia 
the logarithm of th^/omrth terdk Ofi-addiiig the arUh' 
metical c&mpiement of the logaHtkai of tbe mi term to 
the logarithms of tbe otiicir two» to obtain that of the 
fourth. 

Nde 3. It is an exoielkmt plan to acG«istom the popU 
to draw (previou^y to Ms cowMnenemg tbe eomptita^ 
tions in plane trigonometry) not a rough, but a neat nfid 
accurate, sketch of the triangle proposed,- from tne 
given data, by means of scale, protractor, and compasses. 
Such construction will enahle bi» at <»iee to 6iK:e the 
peculiarities of the problem, and to detect ica ambf*' 
goities, if there be any. It will alscs if aceamtely per* 
^rrned, uoon a scale of fimderate siee, give the sidei 
to within their dOOth p(irt| and tbe angles tme to witMa 
half a degree. 



J 
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Noie 4. The triangle being eftrefiilly constructed, and 
marked by suitable letters of reference, as a and b for 
example, at the extremities of the base, c at the rertex, 
tben, according to the nature of the probtew, irrite 
down the requisite proportion in four distinct lines^ 
with the letters of reference to each term, and tl» 
given nymbers to the three first : against these numbers 
place their respective logarithms^ find the logarithm t^ 
the fourth term by the directions in note 2, and asoen- 
tain its angular or lineid vAJue, by means df the tables. 

■\* The last three ttotes are not restricted to th* 
present case, btrt extend in fliehr application to iht 
ttsua! practice of plane tfigdnometry. 

^ampkh' 

S* Itt a l^lane trtanglie Are glvefk rfNirf^ angi«B eqmil to 
58^7% imd 9^ $7\ ipe«peet#v«lv, bM tbe side 1>elw««a 
^iMm 408 yards. Required the remaining angle ftod 
Bides* 

Cow9trtteium* 0n an kidefittite right 
tfney'sdt cif^ lirom^^t9Miv«nient dii^gomd 

p6iAl A dmf# A right Une ac^ to m«ke 
wHIi Atr tin mi\e «f 6^° 7'; end from ^ ' * 

ilie pfoitit ft atiother^itiei tamed towards the farmer, afid 
to moke with ha an angle of 22° 97". The intersecticm 
Ci of these two Ihies detetmnies the triangle; and the 
i^Ax^ AC, BO, mesBiured ypoii the scale 0f equal parts 
Hnm which AB was laid ikwn, are foufid to be 159 and 
361 respectively. 

Computation, Two of the angles being known, their 
sum 80^ 44^ taken from 180°, the sum of the angles in 
a plane triangle, leaves 99° 16' for the third angle c. 
Thi^, beiftg an obtuse angle, its sine is to be found in 
the table by taking that of its supplement 80° 44', whieh 
(chap. i. 19} u tln^ same. Hence, ^ 
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Logs. 

As sin c 99° 16' 9*9942950 
To AB. . .408. . . 2-6106602 
SoissinA58° T 9-9289718 



To BC. 351 02 2-5453370 



Lo^. 
As sin c 99'' 16' 9*9942950 
To AB...408... 2-6106602 
So is sin b 22^37' 9-5849685 



To AC. 158 98 2-2013337 



AC and BC, therefore, are 351 02 yards, and 158 98 
yards, respectively. ' 

4. In the preceding operation, instead of adding to- 
gether the logs, of the second and third terms, and sub- 
tracting that of the first from their sum, the work has 
been performed thus : — The right hand figure of the 
upper line was taken from 10, and each of the other 
figures from 9, and their several remainders added to 
the numbers below them in the respective columns. 
This is easily effected in practice by making those re- 
mainders emphatical in adding downwards. Thus, in 
the operation for bc, we begin at the right hand, and 
adding downwards say, ten and 2 are 12, and 8 are 20; 
set down 0: carry 2, and^/twr are 6, and 1 make 7: 
nothing added to 6 and 7, gives 13; set down 3 : carry 
1, and seven are 8, and 6 are 14, and 9 are 23 ; set down 
S : carry 2, and Jitue are 7, and 8 are 15: and so on, to 
the left hand column, which added in the same way 
amounts to 12; of which the 2 are put down, and the 10 
rejected, to compensate for what has been borrowed in 
the process by the arithmetical complement. This. me** 
thod is very easy in practice, and is found less liable to 
produce error than that in which the arith. comp. is put 
down at once from the tables. 

Example II. 

5. In a plane triangle abc are given ac == 216; cb 
= 117; the angle a = 22*^ 37'; to find the rest. 

Construction, Draw an indefinite right line abb'. 



/ 
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from an assumed point a in which ^ 

draw a line to make the angle a ^^^^/K 

= 22° 37'. Make ac = 216, and ^y^ / \ \ 
from c as a centre with a radius ^-^ >v/<gj \^ ^ 
s= 117 describe an arc bb', it will ^ ^^ '^^ 

cut the line ab in two points, from each of which draw* 
ing lines bc, b'c, there will be formed two triangles abc, 
AB^c, each of which answer the conditions of the ques« 
tion. The required lines and angles being measured, 
give 

AB = 117 .... ACB = 22vi° . . . . Ane = 134|° 
AD'=282 acb'=112° ab'c= 454°. - 

Computation. To find the angle B; 

AsBC 117. 20681859 

To sin A . . 22^ 37'. . . . 9-5849685 
So is AC. 216 2-3344538 



To sin B 45° 14' or 134° 46'. . 9-8512364 

Add to each il A 22° 37' . . 22° 37' ■ 

Take the suras 67° 51' . . 157° 23' 
From 180° 0' , . 180° 0' 



Bemain. .. . 112° 9' or 22° 37', being acb' and ac»» 
Here since acb = bac, we have ab = bc = 117. 
But to find ab, reverse the first two terms of tliji 
former proportion, and say^ 

As sin A 22° 37' ... . 9*5849685 

To BC 117 2-0681859 

So is sin acb' . . 112° 9' 9^667048 



To JI.B' 28179 2-4499222 



6. Remarh The ambiguity in this and similar ex- 
amples, does not, as has been often affirmed, depend 
upon the circumstance that an angle and its supplement 
kave the same sinei but solely upon this, that in con- 
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ttructin^ triangles from aMtlog»iMr iafOf mkm^ tke swhi 
CB has Its length beturaen^ cevUm limitay Aoi ky Inn 
tween the }«ngth of the side ac, and that of the pev^ 
pendicalar cc^ fVom o on the tUrd siia ab^Ai imiBk n»* 
4rssarih cnt the indefinite ri^t Ub« jlbb' in tvt> peinte. 
Beyondf those limits there is no ambignitj; te wnen gb 
is proposed to be lets than cd^ the prdbiem is impoa* 
atUe; and when cb exceeds ca» the angle a being ali 
along supposed given, the line abb' ean only be cut ia 
one point. Hence the practical maxim may be thu&ex- 
pressed :— -when cb is proposed less than ac sin a» the 
data are erroneous ; when it is given greater than ac 
there can be only one triangle ; between those limits 
the problem is ambiguous. 

Ex, 3. Given two angles of a plane triangle 22^ S7' 
and lS4f^ 4^, and the side between them 351 . To find 
the remanting angle and sides. 

Ans, AmW 22P ST ; sides 351 and Gi^B. 

Ex. 4; Given two sides of a plane triangle 50 and 40 
respectively, and the angle opposite to tlie tatter equal 
to 32^ ; to determine the triangle^ 

Ans. If the angle Opposite to the side 50 be aeulfi^ 
then is it = 41'' 28^, the thh-d angle 106'' 32'» and the 
remaining side 72*36. If the angk opposite to side 50 
be obtuse^ it is sa ld®0 52^, and the other angle and 
side SP 28' and 12*415 respectively. 

Cass II. 

7. When two sides and the included angle are given. 
The solntion is effect^ by means of chap. ii. prop. 15. 
Take the given angle from 180^, the remainder will 
he the sum of the other two angles. 

Then say^— As the sum of the given sides. 

Is to their difference; 
So is the tsngent of half the sum of 
the remaining aaalesy 
To the tangent of half their diffRsence^ 
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Half die Aftmm adM. 4e half ^^w» of tbiMe 
^uigte, gives tiw gmter of (iMm; sitfl ^ciim'tiroio half 
tbe sillily iesves tlM^ less*. 

All tiie angles beeooung knaRro b5r#ii»piQB9aiB,.l% 
third tide' is found by the rale in case 1. 

8« Let there be given in a plane triangle abc, ac 
SB 450^ BC s ^40, i^ the included angle c f^ 80^; to 
find the remaining angles and sid^. 

liaaving the consirMciion to be. effi^ct^d by the pnpiti 
i shidl pr<H!«ed to tbe Q^n»f)>atation. 

BC + AC = 990, BC - AC = 90, 180^ - c « 100^. ^ 
A« w -f AC ., . . ... 990 . . .2-9^56^52 
To BO -AC .*.... 90.. 1-9542425 
Soiitaoi(;4-f B) 50°.. 100761665 



■Mi 



To tan i (a - b) , . 6** 1 r 9-0347938 

«eaec5(f + 6° 1 r ^^56** rr« a;50».I^ r«4S^4y»: B. 
TheOji to find the third side ^b, say, 

AsskiB 43^ 49' .. 9*84031276 

To Aft 450 . . . . e-65821£5 

So is sin c . . 80° 0' . . 9-99S35J5 



ttmmmm^m 



To AB 640-08 . . 2-8062364 



P««W' 



Example II. 

9. The tvro sides of a triangle are 40 and 32, aad the 
inckided angle 90^, required the other angles and side. 

In this example the operation may be considcraUy 
shortened by working 'mmout^ insteaa of with, theloga- 

• tet a 4- 5 « «, and a^h^dx then, by addition 2a — 5 + <f» 
or d » Jj + \d% and^ by sntitreettiHi «» « # — rf, or 6 « i* — Jrfj 
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vithms. For, since the ^iven angle is 90^, the half sum 
of the remaining angles is 4.5°, whose natural tangent is 
unity ; and the sum and the difference of the given sides 
are 72 and 8 respectively. Hence 

As 72:8::!:^ = ^ = •1111111 = nat. tan. 6° 2(/. 

Therefore 45° + G^SC = 51^20', and 45° - 6° 20' 
= 38° 40^, are the remaining angles. 

An d the thir4 side (Euc. i. 47) = ^40* + 32* 

= 1/2624 = 8 >v/41 = 51-225. 

*^* Other methods, still shorter, of solving right an- 
gled triangles, will be given before we terminate th« 
present chapter. 

Ex. 3. Given two sides of a plane triangle 1686, and 
J>60, and their included angle 128^ 4'; to find the rest* 

An$. Angles 33° 85', 18^21', tide 2400. 

Case III. 

10. When the three tidei of a plane triangle at^ 
given, to find the angles. 

1st Metlwd. Assume the longest of the three sides at 
base, then say, conformably with chap. ii. prop. 16. 
As the base. 

To the sum of the two other sides ; 
So is the difierence of those sides. 

To the difierence of the segments of the base. 
Half the base added to the said difierence, gives the 
greater segment, and made less by it gives the less ; 
and thus, by means of the perpendicular from the ver* 
tical angle, divides the original triangle into two, each 
of which falls uuder tlie first case* 

2d Method. Find any one of the angles by means of 
prop. 17, of the preceding chapter; ^nd the remaining 
angles either by a repetition of the same rule, or by the 
relation of ^ides to the sines of their opposite angles. 
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Example I. 

11. The three sides of a triangle are 40, 34-, and 25 
Required the angles. 



By Rule I. 
As AB : AC 4* BC :: AC — BC : AD — bd; 

that is, 40 : 59 : : 9 : —^ = 13-275. 

40 

Then 1^^== 26-6375 = ad: 
and L = 13*3625 = db. 




D B 



As AC 34.... 1-5314789 

To8inD....90O ..100000000 
So is AD . . ^6-637 5 1 -4254935 



To sin ACD . . 5P 35' 9-8940146 



AscB 25 1-3979400 

To sin D... 90O ..10*0000000 
So is DB . . 13-3625 1-1258878 



To sin BCD . . S20 18' 9-7279478 



Hence 90° - 51° 35' = 38^25' = a; 90° - 32° 18' 

= 57°42' = b; 
and 51° 35' + 32° 18' = 83° 53' =; acb. 



By Rule XL 

Ac^ = 1 156, BC» = 625, ab* = 1600, cb . ca = 850. 
From log ac* -|- bc* - ab* = log 181 = 2-2576786 
Take U>g 2cb . ca = log 1700 ss S-2304489 

Rem. 4- 10(in the index) = log C08C=83°53'=90272297 

The other two angles may be found by case 1. 

Ex, 2. When the sides of a plane triangle are 408, 
351, and 159, what are the angles? 

Ans. 99° 16', 58° 7', and 22° 37'. 

Ex, 3. When the sides are 4, 5, and 6, what are the 
angles ? 

Ans. 41° 24' 35^', 55° 46' 16", and 82«* 40' B'\ 

c5 
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RIGHT ANGLED PLANE TRlAIfGLES. 

IS. 1. Right angled triangles majr^ as well as others, 
be solved by means of the rule to the respective case 
under which any specified example falls: and it will 
then be found, since a right angle is alwavs one of the 
data, that the rule usually becomes simpljned in its ap* 
plication; as appeared in the Solution of the second ex- 
ample to case 2. 

% When two of the sides ar6 given, the third may be 
fonnd by means of the property demonkrated in £uc. i* 
47. Thus, 

Hypoth. = V (base * -f perp.*,) 

Base - l/(hyP>- PcfP.'*) = > /(hfp, + perp.) . (hyp. - pcrp Q 
Perp. « V(hyp.« ^ base') » \/<|iyiK + ba8e>.<byp. -- bft^). 

5. There is another method for right angled triangles, 
InoiTD by the phrase making any side radius; which is 
this. ^ 

" Tojind a side. Call any one of the sides radius, 
and write upon it the word radius; observe whether the 
other sides become sines, tangents, or secants, and write 
those words upon . them accord inaly* Call the word 
written upon each side the Tzameofeach side: then say,- 
** As the name of the given side, 

** Is to the given side ; 
^ So i* the name of ibe required side, 
•• To the required side," 
^* To find an angle. Call either of the given sides 
radius, and write upon it tbe word radius; observe whe* 
ther the other sides become sines, tangents, or secants, 
and write those words on them accordingly. Call the 
word written ifpon each side the name oi that side. 
Tbaasay, 

** As the Side made radius, 

** Is to radius ; 
** So is the other given side, 
** To the name of that side : 
which determinef the opposite angle.'' 
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13. When the numbers which mewure thd sides of 
the triangle, are either under 12, or resolvable into 
factors which are each less than 12, the tqlutlon may 
be obtained, conformably with this rule, easier without 
logarithms than wiUi them. For, 

Let ABC be a right angled triangle, in C 

which AB the baae is assumed to be radius; "* 

BQ is the tangent of a, and ac its secant, 
to that radius ; or, dividing each of these 
by the base, we^hall have the tangent and ^ ^ 
secant of a, respectively, to radius 1« Tracing in like 
manner, the conseouences of assuming bc, and ac, eadi 
for radius, we sh^ji readily obtain these expressions. 

2. 
3. 




5. 
6. 



base 


=E nui an^K; at i/iuc* 


hase 
perp. 


ss tan angle at vertex. 


fcyp. 

iKlse 


s sec angle at base. 


hyp- 

P«-p. 


= sec angle at vertex. 


perp. 
hyp. 


sss sin angle al base. 


baae 

hwn 


s: sin angle at vertex. 



Example I. 

14. In a right angled triangle are given, the hypo- 
thenuse and the base, 25 and 24 respectively; to nnd 
the rest. 



Perp. = V(l»yp.* -base') = / (25 + ?,4) . (2S - 24) =7, 
^ = ^= ^ = -2916666 = tafl 16^ 15', 37", angle 

baw 24 6 ^ 

at the base; whence 80^-- i^ 15' W is 73° 4i' 23", 
angle At vertex. 
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Or,-5^ = ^= 34285714=tan73°44'23",ang.at vert. 
Or, thus, by the secants. 
^ = H = ?|5 = 10416666 = sec 16° 15' 37", 

base 24 6 ' 

-5^ = ^ = 3-57 14285 = sec 73° 44' 23". 

perp. 7 

► Or, thus, by the sines. 
^ = i=^=0-2« = -16-I5'37", 

••^ = sT = W=P-96 = sin7SOM'23". 

Ex. 2. In a right angled triangle, given a leg and its 
opposite angle 384, and 53° 8' respectively; to find the 
other leg and the hypothenuse. 

Ans, Leg 280, hypothenuse 480. 

Ex, 3. In a right angled triangle are given the base 
195, its adjacent angle 47° 55"; to find the rest. 

Ans, Perp. 216, hyp. 291, vert. ang. 42° 5\ 



CHAPTER IV. 



Plane Trigonometry/ considered Analytically/. 

I. IN the preceding chapters the investigation of tri- 
gonometrical properties nas been conducted geometric 
colli/; the various relations of the sines, cosines, taa« 
gents, &c. of arcs and angles, whether depending upon 
triangles or not, being deduced immediately from the 
figures to which the several enquiries were referred. 
This method carries conviction at every step ; and bj 
keeping the objects of enquiry constantly oefore Uie 
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€ye of the student, serves admirably to guard him 
against the admission of error ; and is, therefore, well 
fitted for adoption at the commencement of ^is branch 
of science. But of late years, another method, first in* 
troduced by Euler, has been generally employed by the 
continental mathematicians, and very A-equently by those 
of England. It is onalytieaL The nature and mutual 
relation of the lineo-angular quantities, sines, tangents, 
&c. being defined by a few obvious and simple equa* 
tions, every other theorem and formula that is likely to 
be of use, is deduced with great facility by the mere re- 
duction and transformation of the original equations. 
This method serves greatly to shorten almost all trigo- 
nometrical investigations, except a iew which lie at the 
foundation of the science : and admitting of an exten- 
sion to which the geometrical method cannot lay claim^ 
at the same time that it proceeds to some of its most 
important results with great rapidity ; no treatise on trv>. 
gonometry can be complete that does not assign to this 
manner of handling the subject a considerable place. 

2. Previously to the student's entrance upon this de« 
partment of enquiry, it will be expedient for him to 
trace the mutations which the principal intermediary or 
lineo-angular quantities undergo, when they relate ta 
arcs found in diiferent quadrants of the same circle. 

To this end let him draw afresh and lay before him, 
the diagram given at chap. i. art. 18, and first trace the 
mutations of the sines and the cosines ; keeping in mind 
this general principle^ that every variable algebraic quan* 
tity changes its sign after it becomes 0. 

3. Let the arc be supposed to commence at a, and to 
increase in the direction abea^b. As the arc augments 
through the first quadrant ae, the sine augments till it 
becomes equal to ce, the radius ; passing from 90° to 
180° through the quadrant ea', the sine diminishes, but 
IS to be regarded as positive till the arc becomes aea^ 
©r 180°. In that state of the arc the value erf tlie siae 
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is obTioudy 0« Passing on to the third qoadraat, at 
when the arc is aea'b^ the sine d'b' is directed contra* 
rily to what it was in the first two quadrants, and is then 
to be regarded as negative. In this state it continues to 
increase through the third quadrant, at the end m' of 
which it is again equal to radius. From thence the ne* 
gative va>ue of the sine diminishes, till at the end a of 
the fourth arc, it again passes through zero^ and the 
sine becomes positive in the Jifth quadrant ; as' it obvi* 
ously ought to do, since the fi^h quadrant is cmncident 
with the first. 

In the 1st and 2d quadrants, then, the sine* are +9 

In the 3d and 4th, they are -^ . 

If the arc were taken negatively, its sine would, for 
like reasons, be negative in the first half, positive in the 
second half, of the circle. 

4. The cosine of an arc is equal to radius at the point 
A, where the arc is evanescent. From thence it dimi* 
nishes while the arc increases through the first quadrant; 
at E the cosine is 0. Then it changes its sign and con« 
tinues negative through the arc ea'e', that is, from 90° 
to 270^- At nf the cosine is affain 0; and, of course, 
from e' to A, through the fourui quadrant, it is again 
p^sttvoe* 

The rule is the same for a negative arc. 

5. With regard to the signs of the tangents^ it is evi-^ 

tin ' 

dent, since tan = — (chap. i. 19), that when iht signs 

of the sine and cosine are both a2ij^, whedier podtive or 
negative, the sign of the tangent is positive; and when 
those signs are unlike^ the sign of tne tangent is nega* 
tive. 1 he tanpent, therefore, is positive in the ^rst 
quadrant, the sme and cosine being then both positive : 
it is negative in the second quadrant, the cosine being 
then negative though the sine. remains positive; it be- 
comes positive again in the third quadrant, the sine and 
cosine being then both negative : finally, it is negative 



j 
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in Xhejimrth qindranty smce the sioo is then negative 
and tke oosine positive. The tangent ^ therefore, changes 
its sign at the end of every quadrant, where it pasees 
alleraately through nothing and infinity ; these being* 
indeed, the algebraic indications of the phanges of 

sign. 
If the arc is regarded m negative, the rule for the 

tangents becomes inverted ; the tangent being then ne^ 

gative in the Jirst and third, positive in the second and 

fourth arcs. 

6. For the cotangents the rule of the signs is the 
same as for the tangents: this is evident, because 

tan 35: — -, and cot =s: — - 
cot' itm 

7. So again, fiie role for th« secants is the same as for 

1 

the cosines; because sec 9: — • 

cos 

8. The rule for the cosecants isj also, the same as foir 
the Sines ; because cosec at -r- 

sin 

. 9w Proceeding in this way, a second, a third, &c« 
lime over the circumference ai the ctrcle» like muta* 
tions would occur. The results of the whde may be 
thus tabulated :«—• 

SM cof taa cot Ut coiee 
1st.. 5th. . 9th,. 13th ")§ ^- 4. + 4. 4. 4.^ 

ii . . 6th. . 10th. . 14.th (g + +(/a\ 

3d.. 7th.. 11th 15th (-a + + (^^'> 

^th. . 8th. . 12th: . I6th } g, - + -f — J 

10. Let it be remembered that wlien the tangent 
passes through infinity, the secant does, and for the 
same reason, viz. because they in that case could only 
limit each other at an infinite distance. The principal 
changes, then, in pohit of magnitude, may be easily 
traced, and tabdated as below; where the sign 00 de* 
notes infinity , ' 
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0P....9O^..,.18O^.... 270^ .... S&f ^ 

OlD ••••0 .... R •••. v) ,,,,— 'R ..t. U 

t&n ..•.0....00 .... ..••~"0o«.,. 

sec ....R ....OO ....•-R .... — 00 . . • . R f (b.) 

cos «a..R ...jt \f . • • • ^** xC .... \J • . • • A 

CO V • • • • OO . • . • V/ * • • . ""• OO • • . . V .... y^f 

cosec ..oo,...R ..•.— OO.... R ....00 

11. These particulars premised, the properties and 
relations of the sines, tangents, &c. of combined and 
multiple arcs, as well as rules for the solutions of tri- 
angles, may be investigated analytically. 

Let ABC, in the annexed figure, be 
any plane triangle, c the vertical angle, 
CD a perpendicular let fall from it upon 
the base or base produced, and let a, 6, 
and c, denote the sides respectively oppo- 
site to the angles A, b, and c. 

Then, since AC = by ad is the cosine of a to that 
.radius; consequently, when radius is unity we have 
AD = b cos A. In like manner bd = a cos b. There* 
fore, AD + BD = AB = c = a cos B + ^ cos A, If one 
of the angles, as a, were obtuse, the result would, not- 
withstanding, be the same ; because, while on the one 
hand cos a would be negative, ad, lying on the contrary 
side of A to what it does in the figure, must be deducted 
from BD to leave ab, and a negative quantity subtracted^ 
is equivalent to a positive quantity added. By letting 
fall perpendiculars from, the angles a and b, upon the 
opposite sides, or their continuations, precisely analo- 
gous results will be obtained* They may be placed to* 
gether, thus : — 

a = 5 cos c + c cos b1 
b=^a cos G 4- c cos a > (1.) 

C =s a cos B + ^ cos AJ 

12, If BC, or a, be regiurded as radius, cd will be the 
sine of the angle b to that radius ; therefore, to the ra- 
dius unity, CD will be = a sin b. So again> for a likje 
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reason, cd =s b siti a. ~ Consequently, a sin b =s ^ sin A, 
or T- = -j—r- In a similar manner, we may obtain 

« -: — , and - = -: — . Or, chanein? the denomina- 

c sin c c sin c o o 

tors, the relations of all the six quantities may be thus 
expressed, 

sin A _^ sin B ^__^ sin c . 

a c ^ ' 

These equations are, manifestly, of similar import 
with chap. ii. prop. 14** 
IS. From the last equations we have, 

sin A ^ sins 

fl a: ^ -: — . . . . 6 ^2 C -: — • 

sin € 810 G 

Substituting these values of a and b for them in the 
equation bb a cos b + ^ cos a, and multiplying the 

equation so transformed, by — , it will becomi 

sin c s sin A cos b 4- sin b cos a* 
Now, since in every plane triangle, the sum of the 
three angles is equal to two right angles, a -f b ss sup- 
plement of c ; and, since an angle and its supplement 
nave the same sine,- it follows that sin (a + b) :=s sine; 
whence 

sin (a + b) = sin a cos b 4- sin b cos a. 

14. If in this equation b be regarded as subtractive, 
then will sin b obviously be subtractive also ; but cos b 
will not change its sign, because it will still continue to 
be estimated in the same direction on the same radius 
The equation will, therefore, become 

sin ( A — b ) == sin a cos b — > sin b cos a* 

15. Conceive b' to be the complement of b, and | Q 
to be the quarter of the circumference, or the measure 
of a right angle: then will b' « | Q — *> sin b' =s cos b, 
and cos b' =s sin b. But, by the preceding article, sin 
( A — b') =s sin A cos b' — sin b' cos a. Substituting for 
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mn h\ cos b'» iheix vei^^ Iherc wiU rafiult sio (ii -- b') 
= sin A sin B — cos a cos b. Hence, because b' s^ 
I O — »» w® J^ave sin (a - b') « siti (a -f- b — J O) 
= sin [(A -f b) -- J O] = - sin [i O - (a ± b) = 
— cos (a -f b)]. Tliis value of sin (a — b') beisg s«ib- 
stituted for it in the equation above^ it becomes 
cos ( a + b ) as cos A cos B — sin A sin b. 

16. If b in this latter equation be made subtracthre, 
sin B will become — sin b, while coa b will not change 
(art. 3, 4). The equation will consequently be trans* 
-toTDied into this : viz. 

cos (a — b) = cos A COS B + skl A KR B. 

If A and b be regarded as arcs instead of the angles 
which they measure, the results will be equally conclu- 
sive and correct. They may. be expressed generally for 
the sines and cosines of the sums or di&rences of any 
two arcs or angles^ b^ th«se two e<|uations, vis&» 
sin (A ± B) = sm a cos b ± sm b cos aI ^ v 
cos (a. ± b) 3^ COS A cot B ^ sin A sill b3 ^ '^ 

17. The actual value of the sine» cosine, &c. depends* 
obviously, not only upon the magnitude of the arc, but 
also upon that of tne assumed radius. In the preceding 
investigation we have supposed it to be unity. If we 
wish to make the above or any other formulae, appli- 
cable to cases where the radius has another value r, we 

810 A **" 

have only to substitute in the expression, — *- for sin a, 

for cos A, for taa a, and so on. Or, gene- 
rally^ we must so distribute the several powers of R, as 
to make all the terms hom<^etieouSf as to the number of 
lines mi^Ufftlied: this is e&cted by multiplying each 
term by such a power of r as shall make it of the same 
dimension, as that term in the equi^on which has the 
Jtigfaest dimension. Thus the expression, 

sin 3a as 3 sin A — 4sin3A (rads I) 
#heQ radius is assumed ss b, becomes 
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R^sinSA == R^Sski A ^ 4ua3A, 
.^R* lin A — 4 sin 'a 



or sin 3a s;: 



•R" 



1 
1 



(E.) 



(»0 



18. Supposing that in formala; (c) a ss b, and taking 
the superior sign, we shall have 
sin 2a = 2 sin /.cos A = 2 sin a Vd — sin^A)! . v 
cos 2a = cos *A — sin ^a = 2 cos *a — 1 3 ^^' 
by substituting 1 — cos *a for sin *a, and 1 — sin *a for 
cos^^a. 

So, again, by supposing b to be successively equal t« 
2a, 3a, 4a, &g. we shall find 

sin 3a = sin a cos 2a + cos a sin 2a 
sin 4a =s sin A cos 3a 4- cos a tin 3a 
sin 5a s= sin a cos 4f a + cos a sin 4a 
Or, for the successive cosines^ 

cos 3a s= cos a cos 2a -— sin a sio 2a 
cos 4>A ss cos a coa3A — sin a sin 3a 
cos 5a s= cos a cos 4a — sin a sin 4a _ 
19« If in the above expressions for the several mul- 
liplca of the sines, we introduce for the cosines their 
values in terms of the sines, and in those for the mul- 
tiples of the cosines the values of the sines in terms of 
the cosines, the following expressions will be obtained, 
hi which each quantity is expressed in terms of its own 
kind. 

sin A rs s 
sin 2a = 2s ^{\ — s*) 
sin 3a s= 3s «- 4s9 
sin 4a =(4s — 8s3) ^{\ - s*) 
sin 5a = 5s — 20s3 4- 16s5 
sin 6a = (6s — 32s3 + 32s5) ^(l - s^) 
&c. &c. ^c. 

, cos A =s C 

COS 2a ss 2c* — 1 

cos 3a = 4c3 — 3c 

cos 4a = 8c< — 6c» + 1 

cos 5a = 16c5 — 20cJ + 5c 

cos 6a = 32c^ — 48c-t + 18c» - 1 ^ 



(a.) 
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20. Other useful expressions for the sines and cosines 
ofmultiple arcs, may be found thus : 

Take the sum of the expanded expressions for sin 
(b -f a) and sin (b - a) ; that is, 

add sin (B + a) = sin B cos a + cos b sin a 

to sin (b — a) = sin B cos A — cos b sin A 

there results, sin (b -f a) -f sin (b — a) = 2 cos a sin b. 

So again, the sum of the expressions for cos (b -f- a) 
and cos (b — a), is 

cos (b + A J -h cos (b — a) = 2 cos A cos B. 
Whence, cos (b 4- a) = 2 cos a cos b — cos (b — a)^ 

Substituting in these expressions for the sine and co« 
sine of B -j- A, the successive values of A| 2a, Sa, &c. 
instead of B, we shall have, 

sin 2a s= 2 cos A sin a "^ . . 

sin Sa »s 2 cob a sin 2a — tin A \ ft \ 

sin 4a = S'cof a sin 8a — sin 2a r I'* a 

sin nA s= 2 cos a sin (n -« 1 ) a — sin (n - 2) a 3 
cos 2a =s 2 cos A cos A — co^ O(ssl) *) 

cos Sa = 2 cos a cos 2a — cos a \f\ 

cos 4X = 2 cos A cos 3a — cos 2a if ^^'* 

cos «A = 2 cos A COS (n -r 1) A — COS (« — 2) A 3 

21. If the cosine of a be represented by a particular 
binomial, the formula (k) will be transformed into a 
class of very elegant ana curious theorems : thus 

make 2 cos a = »-}-- ; 

then 2 cos 2a = 2 (2 cos *a - 1) = 2 [J (z + -)*- 1] 

1 

= 2;^ + 



»» 



A like substitution in the forms for 2 cos 3a, 2 cos 4a, 
&c. will give 
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(3 

2 cos 4a = 5:4 -^ 



2 cos 3a = 5r5 -L 

«3 



24 

2 cos 5a = ;r5 _l — 
2 cos wa = 2** -^ 



C^) 



J 



22; By an inverted process, the sine and cosine of a 
single arc may be inferred from those of a double arc; 
or, which comes to the same, those of a half arc from' 
those of a whole arc. 

Let X — 2; = v'(l — cos 2a), or x^ — 2x:s -|- 5;* = 1 
- cos 2a, and assume a:* + «» = 1 ; then 2xz = cos 2a; 

and, exterminating z, x* + 2^^M _ j^ 

Hence ^4\» ^r* + J ==: | (1 - cos* 2a) = J sin» 2a, 
.\x^t= l^±l sin 2a, and o: = J ^(1 ± sin 2a) 
and 5f» = j ip J sin 2a, and z = J ^(1 q; sin 2a). 
Hence, sin a = J V(l + sin 2a) — i ^(1 - sin 2a) 
cosA = | ^(1 + sin 2a) +| a/(I -gin 2a). 
Or, for the half arc, ' 

sin jA = i V(H-sinA) ~J ^(1 -sinA)7 , . 
cos J A = I ^(1 + sin A) + J V(l - fiiQ a) J (^'-^ 

• This remarkable class of formulas may be of use in the sum. 
mation of series. Thus, cos A + cos 2a + cos 3a + cos 4a + &c. 
. .cos nA, is equal to the sum of the two series ^{z + z^ + z^ + 

&c. .,«»), and J (- + -+_ + 4c, ..-) : this is equal 



n+1 



(« — 2 2« — 1 V 
; — + "TT rr I » which, after due redoctfon, cones 
2—1 2»(2 — I)/ » • 

M 4> 111 1 

at last to (sin -A cos -7-^ — a) -f- sin Ja, This theorem em- 

ployed to detenbine the sum of all the natural cosines of every 
minute in the quadrant, gives sin 45 ' x cos 45^ O' SO"-^iiii 30" 
=.3487 -2470374. 
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23. Otherwise, in order to obtain expressions for th^ 
sine and cosine of a half arc, take 

1 = co« *A -h sin ^A 
, • cos 2a = cos* A — sin *a (see formulae d), 
the sum and diilereace of these respectively, gi^'e 

2 cos *A = 1 -f cos 2a, and 2 sin *a = 1 — cos 2a. 

Changing a and 2a into J a and a, we shall have 
2 cos* j|a ^ 1 + cos A, and 2 sin* ^a s= 1 — cos a,' 

- /I + cog A . - /I — COSA*! 

/.COSjAx=y^— g— ;sinjA=^— ^ 7 

or cos iA «a i y/{2 + 2 COS A) I ^ •-' 

sin J A = J -v^ (2 — 2 cos A ) ' 3 

Suppose, for example, a = 60*^, then cos A = sin SO* 

and cos 30^ = i ^(2 + 1) x= J ^3 = •8660254, 

sin 30^ = I .v/(2 — 1 ) = |, as it ought to be : 

cos 15° == i ^(2 + V'S) ^i( V6 -f. V2) = -9659268 

sin 15° = i V(2— v^3) =|( ^6 — ^/2) =-2588190:. 

and so on, l)^ continual bisections, as low as we .please. 

24. If the formuke (c) be divided ene by the otfafli^ 
there will result, 

sin (a ±8) sin a cos b db cos B sin A 
COS ^A ± B) COS A COS B qp siu A MQ • 

Here dividing the two terms of the second member 
of the equation by cos a cos b, and recpllecting that 

tan A=s ^ we shall obtain, 

cos a' ' 

y _f \ tan A 4 tan B , ^ 

tan (A ±b) = 7— ~ — .... (o.) 

^ ^ 1 r tan A tans ^ ' 

If A in this formula be = 45®, we shall have tan a as 1 1 
Mid consequently, * 

tan (45« ± b) = i^i^!I^ . . . . (p.) 
If A =: B, the formula (o) will give for the double arc, 

^ „ Stan A . ^ 

tan 2a =s ' — --J- .... (q.) 

1 ~ tau *A ^ ^ 

1 
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Whfle, on the other band, dividing ite iim Tdoes <^f 
fin |Ay cos ^A (formula n) one by the (Hhefi -there will 
result, 

- /I— cos A l*-e08A ^ . 

tan Ja =s 4 / -, = — : .... (R.) 

* Y/ i + cos A ilB A ^ ' 

•m. . «^ 1-COS60O l-J 

TTius tan 30* = -jj;;^55- = -pj = W3 ; 

and so on, to any proposed extent. 

25. Pursuing an analogous process to thaft by which 
we obtained tan ( a ± b ) , the ioUawing may be aeduced 
from formulae (c): viz. 

oot (a ±b) s ,.,. (o.) 

sio (a + b) cot B + cot A tan a -^ tan b ^ 

■ I ^M^»^— — J3B ■ ■ ^-— ^ I SB III I ■!« 1-*—^ ill ■■ 

sin (A — B) cot B — cot A tan a — tan b 

sin (a ± b) ^_^ cot B ± cot A tan a ± tan b 



C08(A T B) ±l-fCOtACOtB 1 dc tan A tBB B 

cos (a + b) __ cot B — tan a 1 — tan a tan b 



(••) 



cos (a — b) cot b -f tan a 1 -f tan a taoB^ 

^. Taking again the equations (c)1br the sine of 

the sum and the difference, there results, 
by add. sin ( A + b\ + sin f a — b) ss 2^q a cos b 
by sub* sin ( a 4- b J — sin (a — b) = 28in b cos a. 

.The first of these formuue divided by the second 

gives 

sin (a + b) -f itn (a — b) lin a cos b tao a 

» i> ■■ 1 1 ■ M ■»— ^— I ■ ■ 8S ■ ' • ' ^ ■ I <i SB * ■ ' « ■ I 

Bin (a + b; — %\n{A — b) cok a tin b tsiia ' 

If, therefore, we suppose, A + b a= a', a — b » b', 
whence a = J (a' + b'), b =s J (a' ~ b')» we shall have 
siba' ^ 9^^M' _ toni^U' -k- b") . 

fin A'- sin b' "^ taii^(A' - b) " * ' ''•'' 

But, ft has been seen (formula 2) that 
-r-T- = ~, whence it follows that -r-:7 — :--j as .. 
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The preceding equation, therefore, establishes the truth 
of the following, viz. 

a + b taiiJ(A' + BO >o N 

— i = '. ... • • • « I «5»/ 

a - ft tan i (^A - b') ^ 

27. Similar computations with the equations (c), com- 
bined 2 and 2, would produce a great variety of other 
formulae. From these, however, since the ingenious 
student may investigate them nearly as rapidly as he 
can write them down, we shall only select the following 
for insertion here. 

sin A -f sin B = 2 sin J (A + b) cos | (a - b) ^ 
sin A - sin b = 2 sin \ (a - b) cos J (^ + ») V. (u.) 

COSA + cos B = 2 C0S| (A + b) COS ^ (A - b) ( ^ 

cos B - cos A i= 2 sin J (A + 3) sin J (a — b) ^ 

Making a 3= 90** in the first two, and b = 0, in the 
others, there result, 
1 + sin b = 2 sin (45° + Jb) cos (45^ - Jb) = 2 sm» 

(45° + ^b) 
1 - sin b = 2sin^ (45° — |b) = 2 cos- (45° + Jb) 
1 4- cos A = 2 cos* Ia\ f , X 
1 -.co8A = 2sin^ Ja| ^^•^- 

cin A 4- «iri B V sin A — sin b " . . v 

%xTi A + sin B _ ^ajj 1 /^ J. b) . = cot *(A + b) 

COSA + COSB "^ *^ ^ -"COSB-COSA -^^ 

COS B- COS A ^^^^A ">'» COSA + cob B ^^ 

COS A 4- COS B ^ -I / I « \ ««* I / A « \ 

=s — cot J (a + ®) ^^^ 2 (^ "~ ^) 

COSA— COS B '^ ^ 

1 + siDB 8in«(450 + Jb) 1 - sin b siii« (45° - Jb) 

1+COSA COS'jA ' 1— COiB SIB«4b 

28. Some useful theorems in the computation of sines, 
cosines,' &c. result from the introduction of the ima^* 
nary quantities that arise from the solution of the equa- 
tions A* -h 1 5= 0, and b* + 1 = 0: so that, though 
these roots, a. = ± >/■*■ 1> ^^^ b = ± ^/ — 1, are in- 

5 
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dications of an absurd supposition, they still serve as 
convenient instruments of investigation. Their utility 
must, therefore, be briefly shewn. 

The expression sin *a -f cos *a = R or 1, is resolv- 
able into the imaginary factors, 

(cos A -f sin A V "" 1 ) • C^^* ^ — sinA^/— l)s=l. 
. In like manner, introducing another arc b, and em- 
ploying imaginary factors, we shall have (cos a + sin a 
V-^ 1) • (cos B + sinBv'— 1)= cos a cos b — sin a 
sin B -f- V "^ i (cos A sin B + sin A cos b) = cos (a -f b) 
-f sin (a -f b) V — 1j [by formula c]; also (cos a. — 
sin A v'.v— 1 ) . (cos B — smB>v/— 1) = cos (a + b) 
r- sin (A + b) >/ — 1. By a like calculation it will be 
seen that (cos a ± sin a -/ — 1) • (cos b ± sin b V— 1 ) 
. (cos c ± sin e V — 1) = cos (a -f b + c) ± sin 
(A-f-B-fc)./— 1, It appears, therefore, that the 
multiplication of this class of quantities is effected by 
simply adding the arcs, a property analogous to the 
characteristic property of logai ithms, 

29. If the arcs a and b be supposed equal and two 
imaginary factors be taken, we shall have ( cos a ±: sin a 
^ — l)a = cos 2a ± sin 2a v' •- 1 ; if three factors be 

.taken, tlie result will be (cos a ± sin A V -* l)^ = cos 

3a ±sin3A V— I. 
Whence, in general, 
(cos A ± sin A .^ — 1 )» = cos wA ± sin WA >v/ — 1. 

30. From the last equation we obtain 

sin rtA v' — 1 = (cos a + sin a /^Z — 1 )" — cos n A, 
and sin wA v'— 1 = — (cosa — sin a v^— 1)* + cosnA, 
dividing the sum of these by 2 >/ — I> there results the 
following expression for the sine of any multiple arc ; 
viz. 

(cos A + sin A ^ — 1)« — (cos A—sin a v' — 1)* 
Sin «A ^ • ^^^— j . 

An analogous process will give 

(cos a + sin A a/ — 1)" + (cos a — sin a -*/ — 1)* 

cos 71 A = ' . 5 '— ' — • 
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SI. These quantities may re«dil}f be expanded into 
eeries, by naeaivB of the bioomial theorem; in vbich qas^ 
all the terms affected w^U) imagiBaries will be annibi- 
latedy and th^e will be obtaiimci tbe two following ge- 
neral series, one for the sines tbe other for the cosines of 
multiple arcs. 

sm wA s= « cos * A sin A — — ^ — , a\ cos* •* a 
Sin 3A + -^^ 1 o r^ ft ^^« -^ sin<A-&c. 

• • • • ^ W» ^ 

COS HA = cos "A TT"*^ •A6in*A + 

_-_ COS A Sin 4A - 

1 2 3 4 ' s ' 6" ' ' " ' ^^ ASm^A + oCC. 

• • • • (^x./ 

$2. If the arc a be supposed indefinitely small, A^n 
Will sin A St Ay COS A = 1, and that the arc nA may be- 
come an assignable quantity, n itself must be r^^arded 
as indefinitely great; in that case unity will (practicalM 
vanish in the terms n -^ 1, n -^ 2, Ac. so that n (n — 1) 
will become = n\ w (« — 1) (n — 2) = «3, Ac. Hcmce, 
if we put 7IA =? c, we shall have (since «in a ss a, and 

C \ t* C3 

A = - j, sin »A =s -7, sin ^ w "5"»*^' ^^^^ cos A, cos* 

Ay COS 3A9 w31 each ?:? 1. The two last formulse will, 
tiiereforoy be reduced to the following, by means of 
which it will be ea^y to expvess the Hus and cosine of 
nny ore, in parts of that arc, or in decimals of the radius, 
that is, to calculate tbe naturul sine and codne of such 
arc. 

«»<'=1- U + UJa - l.y.3.4.3.6 + ^ 
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These series will converge rapidly wben the are is 
small.* 

S3. From expressions^ such as tiie preoedingy for the 
sineSf tangents, &c. of the suaw, differences, and pro« 
ducts of tooQ arcs, or angle99 it would be easy to pass to 
those for three, four, or more arcs. But as the pro- 
perties which might thus be developed) however curiou? 
and elegant, are comparatively of little utility; we shall 
not present them here, but confine our investigation, 
either to the angles of a |^lane triangle^ or to those 
which have an obvious relation to them. 

A, B, and c, being the ^ree angles of a plane trianglei 
ttnce c = 180* - (a 4- b), 

. . tan A -j- fan b 
tan€ » — tMXL (a + b) s=e — r : — -X — -» 

whence, takii^ away the denominator, 

tan c — tan a tan b tan c =& — tan a •«- tan b, 
and^ by tra^nsposition, 
tan A + tan B 4> tanc =s tan A tan b tan C. • . . (4.) 
Dividing this equation by the whole of the first mem* 
her, and substituting for^ the products of the tangents 
divided by their sum, their corresponding values in co« 
tangents (firom e^ua. s), there will result, 
1 ss cot A cot b -h cot B cot c 4- cot A cot c, . . . (5.) 
If the sum of a, b, and c, instead of being 180*^, were 
360*, the same formulae would result, as is evident fVom 
the consideration, that in that case also we should have 
tan c ss — tan (a + B).t It ipay, farther, be readily 
seen that the same expression is apfdicable, so long as 
A +B + car ». 18(ror2n.9(f. 

• This branch of the sabject is panned, with great ele|^ce, 
l9 a coDsidorable exteiiC, by Euler, in Us Talaable work, Ana- 

f liie property rettricied to the case When k + % ^c=^ 360^, 
was announced and demonstrated by Dr. Magkelvne in the PhU 
losophical Transactions for 1808: In the case of the triangle it 
had been previously demoosirated by Cagnoli. 

d3 
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M. Suppose A + B + c = 90°, then tan c = «ot 
r 

(A + B) — tan (A + b)» 

1 — tan A tan B ^, . 

or tan c = —- (by equa. o.) i 

tan A + tan b ^ •' * '' 

or, tan A tan c + tan b tan c = 1 — tan a tan b (by mul.) 
or, 1 = tan A tan b -f tan a tan c + tan b tan c (by trans.) 
and cot a cot b cot c = cot a + cot b + cot c. . . . (6.) 
And this formula will obtain, in like manner, so long as 

A'+ B + C= (27Z+ 1)90°. 

sin 

. 35. Substituting for tan, its value — , in equa. (4?) 

cos 

preceding, it becomes 

sin A sin B sin c sin A sin b sin c 

}. ' -| =s , 

cos A cos b cos c cos a cos b cos c 

» « ■ 

whence, taking away the denominators, there results^ 
sin A cos B cos c -}- sin b cos a cos cI .,. > 

4- sip c gos A cos b = sin a sin b sin c J " * ' ' -^ 

36. By adding 3 sin a sin b sin c to both sides of equa. 
(7) we have 

4 sin A sin B sin c = sin acos b cos c + sin a sin b sin c 

4- sin Bcos A cos c + sin b sin a sin c 
+ sin c cos A cos b -|- sin ,c sin a sin b 
sssinAcosfc — b) +sinBcos(c— A)-f sinccos(B — a) 
=:isin(A + c— b) + Jsin(A— c + b) -f-|sin(B + c— a) 
4- |sin(B— c + a) + |sin(c + B — A)-f Jsin(c — b + a) 
= sintA + c— b) -i- sin(A + B — c)+ sin(B-|-c— a) 
= sin 2fi + sin 2c + sin 2a .... (8. ) 

Let a' = A + 90°, b' = B + 90°, c' = c + 90°, then 
we shall have 
4 cos a' cos b' cos c' = cos 2a + cos 2b 4- cos.2c . . (9.) 

The formulae 7, 8, 9, are due to M. Mello : the last 
applies to the case where a' 4- b' 4- c' = (2n 4 1) 90^. 

37* We may now add all that is requisite in the solu- 
tion of rectilineal triangles : and shall first take the caseT 
where, instead of having two sides a, b, and their in« 
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eluded tingle c given , the logarithms of those sides are 
given; as frequently happens in geodesic operations, 
and in astronomical tables for the distances of the 
planets from the sun. Here if a and b are regarded as 
the sides of a right angled triangle, in which <* de- 
notes the angle opposite to the side a, we shall have 

tan « = r» But, since a is supposed greater than b, 

this angle will be greater than half a right angle, or will 
be measured by an arc greater than 45°. 

Hence, because tan (« — 45°) = -. — r—^. — T^> 

' ^ ^ I + tSLua tan 45° ' 

and because tan 45^ = r = 1, we have 

Consequeatly, from equa. (3) 

. s= ^.,, 1/; ^^ ^ . : wnenc6 

a -^ b tiua i (▲ + b; cot Jc 

tan A (A -. b) = cot Jctan (ai— 45°) . . . (10.) 
Hence results the following practical rule :—- 
Subtract the less from the greater of the given logs, 
the remainder will be the log. tangent of an angle: take 
45® from that angle, and to the log. tangent of the re- 
mainder add the log. cotangent of half the given angle, 
the sum will be the log. tangent of half the difference 
of the other two angles of the plane triangle. 

38. Let us next return to the equation (1) in art. 11 
of this chapter ; namely, 

a = ^ cos c + c cos B 
b zs a cos c -f c cos A 
c = « cos B H- 6 cos A 
The first of these equations being multiplied by a, 
the second by ^, the third by c, and each of the equa- 
tions thus obtained, being taken from the sum of the 
other two, there will arise 
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8» + c*— fl*=2^cco9A,wne»ceco8A= — jjj — 

«a + c»— J*=2accosB, COS B = — si; — r(*^'^ 

ii« ^- i^«-c^ = 2ao COS c, COS c ss ■> — 

These equations are, obviously, equivalent to prop. 
17, chap* ii. They may be expressed in a form rather 
isietter suited to computation, tuus : 

COS A = ^ 1 . . • . (12.) 

Where, since the expressions are perfecthr synnnetncal, 
those for coif^, cos €, need not be put down. 

39. Substituting in equa. (12), for cos a its equiva- 
lent 2 cos* Ja — 1, we have 

COS Ja = 4/ JJ ^. . . . • (13.> 

If, iflr equa. (11) we sutelitate 1 -^ sift* Ja fo» 
cos A, we luiall have 

2sin4Aail+ g^ .rsLJ: — d^ \ Therefore 

. , /ii (fl 4- ^ + c) " ' [i(g + ft + c) -- ft] . . 
•BjArr^/ J^ -U*-) 

If, again, equa. (U) be divided by equa. (13), th^ere 
will result, 

/[i (fl 4- ft 4- c) -ftl . [Kft+ ft + c) - C] . 

taniA=^.^j(^^^^^)^^3,y^^^^^,), .-(157 

40. Of the rules for the determination et the angles 
' •f a plane triangle when the three-sides are given, com- 
prehended in the formula?, nliarked 11, 12, 13, H, 15, 
the last three are the best in practice, except the sides 
are integers and lie withm the compass oi a table of 
squares. When the angle sought is small, k is umially 
better to emi^oy the method of equa. (14) than that of 
equa. (13). The method of equa, (15) is tolerably 
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tOfoxaodhuSf And very correct^ except wben a k either 
very small or n^ar 180**. 

In some cases \rhere great accuracy may be required^ 
the student may wish to obviate the uncertainties) th^t 
would arise from the use of some of these rules. For 
this purpose Dr. Maskelytie hts given, in the introdue* 
tion to Taylor's Logarithms, the following rules m re* 
ference to the sined and tangents of very small arcs. 

li Tojind the sine. To the fogarkhm of the arc re- 
duced into secondly with th^ decimal annexed, add the 
constant quantity 4 '685574<9> and from tlie sum subtraet 
one third of the arithmetical complement df , the log. 
cosibe^ the Remainder trill be the log. sine of th6 given 
ftrc. ^ 

2. Tojindihe tanseni. To the log. arc afid above 
constant quantitv, add two-thirds of the arithmetical 
complement of the log. cosine, the sum is the log. tan- 
gent of the given arc. , 

3. Tojind the arc from the sine. To the given log. 
sine of a small arc add 5'314425i, and \ of the aritL 
comp. of log. cosine : substract lOftom the index of the 
sum, the remainder will be the logarithm of the nuinber 
oi seconds and deciiKials in the given arc. 

4. Tojind the are from the tar^ent. To the log: 
tangent add 5*3144251, and from the sum subtract ^ of 
the arith. comp. of log. cosine; take 10 from the index^ 
and there wili remain the log^itbm of the number of 
seconds and decimals in the given arc. 

4L Having at the end of the ^ chapter advt^rted 
briefly to the method of constructing a table of natural 
sines and tangents, the subject need not be resumed 
here. We shall merely subjoin the values of aP few of 
the sines, cosines, &c in surd expressions, and a feir 
formtd£ of verification^ sttch as may readily be reduced 
to identical equations. 

'i^ow^ to radius 1, we have 
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sin 15° = cos 75° = ^ l/2 - V3 = i ( -1/6 - ^2) 
sin 18° = cos 72° = | (-JjWjS) 

sin 22|° = cos 67 J° = i- v/2 - ^2 
sin 30° =cos60° =J ^ 

sin 36° =cos54° =il/lO-2V5 

sin 4.5° = cos 45° = 1 a/2 

sin 54° = cos 36° = i {1 + V^) 

sin 60° = cos 30° = ^ V3 ^ 

sin 67i° = cos 22 J° = J l/ 2 -f V2 

sin 72° = cos 18° = i \/ lO 4-2^/ 5 

sin 75° = cos 15° = J ^^2 -f ^3 =i(>v/6 + ^21. 
From thes», by means of the formulae (g), (i), (n), 
^c. the sines of any other arcs proposed may be com- 
puted : from these, also, may be deduced the tangents 
and secants. 

For, since tan = — > we have, for example, 

sin 300 J 

The secants may be computed from either the tan- 
gents 01" from the sines. Thus, from the tangents, since 
sec = V(tan ^ + rad^), we have 

sec 15° =:l/ (2>- V3)^+P = V^ 8-4v^3 = V6«- ^2, 

sec 75° = y/ (2+^3)^+1^ = J^ S-f^^/S a ^/6 + V2« 

sec 22i°= V' (>v/2>-l)^ + P = \/ 4-2a/2 . 

«ec67J°=i/(v'2-M)Hl'=/4+2V2- 
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I - 

Or, since sec = — > (chap. i. 19 h), we have 

These may obviodsly be extended to other a^^cs, by 
means of formulae (p), (q), (r), of this chaptiir, and 
prop. 3 of chap. ii. 

42. Operations of this kind ought not to be carried 
far without being subjected to checks titid proofs for 
this purpose, after t\h sines and cosines, are found; the 
tangents, secants, &c. are easily verified by their mutual 
relations. The sines and cosines tbeihselves/ are Exa- 
mined by means of some of the folfoiVing ^' formulae of 
verification.*' 

18° + A ) + sin (18^ - a) = 2 sin 18° cos a 
54° + a) + sin (54° - A )= 2 sin 54° cos a 
'54° -f a) + sin (54^ — a) — (18° -f a) ^ sin 
(18°- A) = sin (90°— a) 
sin a + sin (36° - a) -f sin (72° + a) =* sin (36° + a) 
+ sin (72°- a). 
Here a may have any assigned value less than the 
least specified arc. Thus, if a were 9°, we should have 

sin 9° + sin 27° + sin 81° = sin 45° + sin 63°, 
and if from any table the sines thus taken make equal 
sums, it is highly probable they are all correct. Taking 
these from Dr. Button's tables, we have 
sin 9° = '1564345 

fin 27°= -4539905 sin 45° = '7071068 

sin 81°= -9876883 sin 63° = -8910065 




1-5981133 equal sums .... 1-5981133 

43. Of the formulae investigated in this chapter, those 
which' have letters of reference (a), (b), (c), &c. relate 
to the sums, differences, multiples, &c. of sines, Tan- 

T>5 



?ent8, &c, while those which have J^gures of reference^ 
1 ), (2), (3), SlC. will be emploTed in the solutions of 
plane triangles. Other kinds will find their application 
m subsequent parts of this ihtfoductioh ; and the student 
will do welly after he has gone through their investiga^- 
tion, to arrange them in sepftMte tablesr fttr use. We 
shall terminate the present chapter by subjoining three 
examples. 

Example !• 

Givjsik the Ibree ludes of a plane triangle iO» d4> and 
25» respectiyely^ to find the largest an^e, by formula 
(15). 

Here 4 (a + i + c) — e =s 15-5 .. log ac H90S917 
5 (« 4. J -. c) -* 5^ « 24-5 . . log= 1-3891^1 

Their prod, shown by the sum of the log» •• 2'57M9?8 

Abo, j(a4^ A-c) - c=s 9«5.. log ;b 0-^77236 
ila + d — c) a 49*5., log a 1-694605^ 

Their prod, shown by the sum of the logs • • 2*6723288 

The latter sum taken from the former 1 lo^orvti/scwv 
borrowing 20 for radius squared, gives.j ^^"yWAeWi 
The latter log. -f- by 2 for the V» j^ives 9*953584>5» 
This, by the tables, is nearly tan 41^ 56i', and by the ' 

formula it is tan ^A ; therefore Ja =b 41^ 56^^ and the 

required angle =b 83° 58' nearly. 
Note. In chap. iii. case S9 the aaaie result is obteined 

by a different process. . 

Example IL 

What are the angles of that plane triangle whose na* 
tural tangents are integers f 

J^ is evident from equa. (4) that the sum of the three 
tangents must be equal to their continual product. NoWy 



the only dime int^ers which poocit this property^ aro 
1^ 2> aad 3 ; which are, therefore, the tangents reqotred. 
Tte aagbs^ of which thi^ are the tangents, are 45% 
aa^ ^ 6^% and 71'' ^^ 54''; whoM sum makes 180°, aft 
it fught to do. 

Exampk in. 

There is a pJane triangle whose sides are three con- 
secutive terms in the natural series of integer numbers, 
and whose largest angle is just double the smallest. Re- 
hired its^ si^s and angles* 

That the student may compare the two methods, we 
shall present both a geometrical and aa algebrafidid sohi^ 
Uon to thiB problem. 

lst« Geomitriealfym 

Analym. Suppose the triangle abc to be that whose 
ndes CB, ba, ag, are respectively as three 
consecutive terms in the increasing series 
of integer numbers, and the greater angle 
ABC equal to twice the less angle bag. 
From c upon ab let fall the perpendicular 

CD, make pft = ©b, and join bc Then, j^ "Jj^^ 

because the an^le c6b (= abc) is equal 
to 2cAB, the pomts a and c are in the ch^umference of 
a circle whose radius is dA, or 6c, and centre b. But 
AB : AC + CB (« 2ab) :: ac — cb (=2) : At> — db: 

= aJ (= - — = 4) = CB; hence cb is given; and be^^ 

AB 

cause AB = CB + 1 s= ac — 1 (by hypothesis),, tlte 
.three sides are ghren, to construct the triangle. 

Construction. Let the riffht line ab be made equal to^ 
5, on any scale of equal parts; irom centres a and b 
with radii 6 and 4 respectively ,^describe arcs to-inters^ct 
each other in c; draw ac^ bc, and ajsc is the reqfiired 
triangle. 

Demonstration. The Siides cb^ Bik-, ac, are three con- 
secutive terms in the series of natural, numbers (by 
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const.) From c upon ab demit the perp. en, set off 
T>b = DB, and draw 6c, Then, ab (ss 5) : ac + cb 
(=6 4-4) :: AC — cb (=6 — 4) : Ai> ^ db = a6 ==s4; 
Therefor^ a^ =s bc = ^c : and hence the points a and 
c are in the circumference of the circle whose centre is 
h and radius ^a, or bc; and consequently (Euc.iii. 20) 
angle c^b = cba =s 2 angle cab. 

2dly, Algebi'aically. 

Denote bc by j; — 1, ba by a?, and AC by a? -f 1 ? 

then, (be being perpendicular to Ac the longest side) 

' we have ac : ab -f- bc :: ab — bc : ae — ec, that is, 

a; + 1 : 2x - 1 :: 1 : ?i^- Half this added to half 

2jp — 1 jc + 1 A* + 4jp -J 

AC, that is, z z H 5~" = o -^ o == ^^* ■'^"* ab : 

*' + Ax X + 4i 
rad :: ae : cos a, or, d? : 1 :: ^^ + 2 ' 2x + 2 ^ ^^^ ^* 

Whence sin a = ^/(l - cos *a) = 2x + 2 

. . . . x + 1 t/(3x»-l2) 

Agam, BC : sm A : : AC : sm b = r , —r^^ — ; 

° ' X " i 2x^+ 2 

and (by the quest.) this angle = 2a. But, equa. (1), 
sm 2a = 2 cos a sm a s= r • — r r — = sm b. 

X + I 2x + 2 

By equating these two values of sin b, we have 

X + \ X + ^ 

r = — n ; whence a:* 4- 2j; + 1 3= ar- + Sar — 4, 

and x=i 5, The sides, therefore, of the triangle are 4^ 

3 

5, and 6.- The cosines of the angles are, cos a =: t> 

9 1 1 

COB c s= —9 cos B = g-« The sines are, sin a =s j ^/l^ 

5 8 

sia c = — ^7, sin b =: g- ^7. 
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Aiui the angles are, a = 41"^ £V 34'' 34 

c = SS"" 46' 16" 18"' 
B = 82° 49' 9" 8'" 



CHAPTER V. 

Application qf Plane Trigonometry to the determination 

*qf Heights and Distances^ 

1. One of the most familiar^ and at the same time, 
useful, applications of plane trigonometry, is to the de- 
termination of the altitudes and distances of remote ob- 
jects^ the former usually designated by the term edit' 
metri/f the latter by that of tongimetry. It is not in- 
tended to treat tliem separately here, nor to.treat them 
jointly much in detail ; but simply to present and solve 
a selection of such problems as are most likely to occur 
in practice, and as are best calculated to suggest the 
modes of procedure in other cases. 

2« The instruments employed to measure angles are 
. quadrants, sextants, and other circular instruments, 
ror military men, perhaps, the best instrument is a 
pocket sextant, which, if accurately constructed by a 
skilful artist, will enable a careful observer to take an- 
gles- to within a minute of the. truth. But for general 
purposes the most proper instrument for the measuring 
of horizontal and vertical angles, is a theodolite fnr- 
nished with a compass and level, one or two telescopes, 
and a vertical' arc. Such an instrument, when each 
circle is 6 or ? inches diameter, and has a noniu) 
adapted to it, will enable the observer to ascertain an- 
, gles to half a minute. 



S. The snAce would be impr<yperly o<)ciJl|^6i!iif gWing 
particular descriptions of tlrese instruments, and the 
manner of adjusfmg them for Use. These matters will 
be much better learnt from an examination of the in- 
struments, and afew explanatory remarks from a judi- 
cious tutor. Nor shall we here embarrass the compu- 
tation and diagrams, by showing how to allow for the 
height of the instrument, for that is a matter which re- 
quires only a single hint from the person who teaches 
toe use of the instrument employ^. So again, in re- 
ference to chains, tapes, and other contrivances for 
measuring lines, descriptions are suppressed. It ought, 
however, to be observed, that whenever a base, or dis- 
tance between two stations, is measured on sloping 
ground, it must be reduced to the corresponding hori- 
aonlal line, before it is employed in the gtxierS. com- 
putation, if horlasontal angles are taken ad it^ extremities 
with a theodolite. This it in all cases easily eiected i 
ibr, if the sloping or hypoChenusal line be regarded as 
radius, the corresponding liorizontal line will he the co- 
nne of the inclination of the plane on whkh the sloping 
line was measured. It is, therefore, simply sequisko tt> 
multiply the natural cosine of the angle of inclinatioii, 
by the length of the line measured, to obtain the true 
horizontal line. 

Suppose that on a plane indined to the horiison in an 
angle of 4^ degrees, a distance of 400 yards were mea- 
sured, what would be the corresponding horizontal dis-- 
tance ^ 

Multiply oat. cos 4|'' » -9969^179 
By 400 

Product gives faor. dnt. ss S98-7669900 

—^^—^ 

Here the difference is not l^ yard, or not a S30<ft 
^part of the measured line. As this is not a greater de- 
viation from accuracy than will occur in l^e iasual pre- 
eesses foi^ measuring distances wiUi a chaia et a tape^ 
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the rMootion fnun,tkfi riapiag to the hotiniiltal liaei 
nmyr in comnion cases, be disregarded^ accept the ao* 
gle of mclinaieiciD eiceed 4 J^ or 5P. 

4. There areaereral simi^ methods of appvi^iaatiog 
to the heights of both accesaible and inacceteSsle ol^ 
j%ets, ^r means of sHadonm, nnrrdrs, unequal vestical 
atais, &e» Bat ae these dq[>end ac^ljp upan the ptui«> 
ciple of simihir triangles/ and do not require the theo- 
rems and formula^ of trigd^nometrj, pttiperljr so eadfled^ 
iheff are not described here* The student mssy, with^ 
out being detained by farther observatioBS, proceed ii9 
the solution of the following problems. 

Example L 

In order to ascertain my distance from a tower, which 
Yfas inaccessible by reason of an intervening river, I 
measured on a horizontal plane a base line of 600 yards, 
and at each end took the angle indttdsd between the 
other end and th^ tower, finding them to be 57^ S5' and 
64j® 51' respectively. Required the 
distance of the tower from each end 
of the measured base. 

In the mmexed %ure art giren 

AB=3 600 

CAB =» 57** 35' A.4 

CBA=:(54^5l' ^- 

eonseq. c =» 180* - (a + ») sc 57^ 34'. ^ 

Hence, sin c . . . . 57° 34' i . . . 9^9263507 
ToAB... 600 . . , . 2-778151S 

So is sin a 57° 35' 9-9264310 

To BC . . , 600-11 . . . . 2-778S316 
and. So is sin b 64° 51' ... . 9-9567437 
To AC . . . 643-49 .... 2-8085443. 
Remark, These distances might have been deter- 
mined without the aid of an instrument to measure 
luigles. Thus, suppose in the continuations of the res- 
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pective lines ca, cb, two distances, ADy b£ were mea- 
sured, each = 120 ; and suppose, on measuring the dis- 
tances BD, AB, the former is found to be 660, the latter 
672 yards; from the«e measures the required angles 
may be determined. 

For, in the triangle abb thus formed, we have (£uc. 
ii. 12) AE* = AB» 4- BE* + 2eb . BP. Whence,, by traosV 

AE* — AB^ — * be' 

position and division, bp = . But bp is 

the cosine of the angle abc, to the radius ab ; so that, 
dividing the preceding expression by ab, we shall have 
the cosine of that angle ta radius 1. A like process 
will give the cosine of cab. 

^, AE? - AB' - BE' 672' - 600' - 120' 

IhuS, cos ABC = ' = ^,^ ^^^ 

^ 2eb . BA 240 . 600 

= -425 = COS 64° 5r 

BD«-AB«-AI^ 660' - 600' - 120« 

and. COS bac = = ^^ 

• 2ad . IB HAti. 600 

= -536 = COS 57° 35', 
Hepce, the angles abg, and bag, being determined, 
the distances are found as before. 

Example II. 

In order to find the distance between two treefe a and 
B, which could not be directly measured because of a 
pool which occupied much of the intermediate space, 1 
measured the distance of each of them from a third ob- 
ject c, viz AC = 588, BC = 672, and then at the point 
c took the angle acb between the two trees = 55° 40'. 
Required their distance. 

This is an example to case 2 of plane triangles, in 
which two sides and the included angle are given. The 
work, therefore, is left to exercise the student : the an- 
swer is 593-8 

Example III. 

Wanting to know the distance between two inacces- 
sible objects, which lay in a direct line from the bottom 
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of a tower on whose top I stood, I took the angles of 
depression of the two objects, viz. of the most remote 
£5 J®, of the nearest 57°. What is the distance between 
them, the height of the tower being 
120 feet? 

The figure being constructed, as 
in the margin, ab = 120 feet, the 
altitude of the tower, and ah the 
horizontal line drawn through its ^ 
top ; there are given, 
HAD = 25° SO', hence bab = bah — had =s 64° 30' 
HAC = 57° O', hence bag = bah — hac = 33° O'. 
' Hence the following calculation. 




In right angled A abc. 

As rad 10-0000000 

T0AB..I2O.. 2-0791812 
So is tan BAG 33° 9*8125174 



ToBC..779«9 1-8916986 



In right angled A abd. 

As rad 100000000 

Toab ..120.. 20791812 
SoistanBAD64i°10*3215039 



«w 



Tobd..2S1'585 24006851 



Conseq. bd — -hc ^ 173*656 feet, the distance required. 

Such is the way in which this problem* is usually 
solved : it may, however, be done more easily and con- 
cisely, by means of the natural tangents, . For, if A b be 
regardea as radius, bd and bc will be the tangents of 
the respective angles bad, bag, and cd the difference 
of those tangents. It is, therefore, equal to the product 
of the difference of the natural tangents of those angles 
into the height ab. 

Thus, nat. tan 64 J° ;i= 2-0965436 
nat. tan33° = 0-6494076 



difference 1-4471360 

multiplied by height -• 120 



gives disti^nce cd . . , . 173-6563200 
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EXAMPLIS IV, 

From the top of a hill I observed two mile-ttones bn 
a horizontal road, which ran straight from its bottom^ 
and took their respective angles of depression below the 
horizontal plane passing through the place of my ere ; 
that of the nearer mile-stone was 14*^ 3'* that of the fiur-^ 
ther was 3* 66\ Reqmred the height of the hill. 

The figure being drawn^it will be found analogous to 
that in exam. S, to which, therefore, we shaU refer* 
There are given cd = 1760 yards, the distance between 
the two mile-stones; adb = had = 3^ 56'; acb = hac 
SB 14*^ '3^ This admits of three distinct modes of de* 
termination, as below. 

l6t Method. 

The angl6 aCb is equal to the sum of the angles cai^ 
and CDA (Euc. i. 32): therefore CAt) = acb — adb 
s= 10^ T. Then, in the triangle acd, i^ will be,' as sin 
CAD : CD :: sin cDa : ca. And, in triangle acb, it will 
be, as rad. or sin b : ac : : sin o : ab = 166*85; and so, if 
it be required, is sin cab : cb ^ 666'*J$. 

According to this method the logarithmic process t^ill 
require eight lines. 

2d Method. 

« 

Since cad it the difference of acb and adc, We have, 
Sih (c — d) : CD :.' sm D : AC ^ . / / Alstr, fad : aO 

^ ' sin (G — D) 

(= -r-7 r) ::sinc: AB de — -r-p^ — r** But (ch. 1. 

^ sin (c— d)' iin(c-*-D) ^ 

1 
19 h) GQSee (C — d) = -r— ; r» HenCO AB = CD 

sin c sin D cosec (c — b). 

Or, making the terms homogeneous f ch. iv. 17)» 

AB . rad^ t= CD sin c sin d Cdsec (c — • d) . 
The logarithmic formula is, therefore, this ; 
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log AB slogCfi + logsittC «f k>g8i&l> 4. )^COiS€C(C — d) 

— 30 [in the index of tlie Jog]. 

Thus, log CD ,1760 S-24^5127 

• log sine ...r.. 14° S'.. 9-3g51924. 

log sin D 3° 56' . . 8'8S62969 

log cosec (c— d) 10** T . . 10-7553442 

The ram — 30, is log ab 166-857 feet 2^223462 

• — ■ — 

This method is, obviously, sj^licable to all sisiilaf 
examples. 

* Zd Method. 

If AB were radius, ci> would eTidefitly be the differ-* 
ence of the tangents of bai> and bag, or^ of the cotan-* 

gents of BUA and bca. Hence ab = • 

Thus, nat cot n =14-543833 
natcotc=: 3*995922 
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From the comparison of these three methods, it will 
appear that the seeond ought to have the preference 
to the first: and that, considering the time employed in 
looking out the logarithms^ the third method is prefer'- 
able to the second. 

Example V. 

Wanting to know the height of a church steeple^ to 
the bottom of which I could not measure on account of 
a high wall between me and tlie church, I fixed upon 
two stations at the distance of 93 feet from each other, 
on a horizontal line from the bottom of the steeple, and 
at each of them took the angle of elevation of the top of 
the steeple, that is, at the nearest station 55** 54f\ at the 
other 83° 20'. Required the height of the steeple. 

This is similar to ^xam. 4<, and being worked by the 
2d method, the height of the steeple is found to b« 
1 10*37 feet* 

Example VI. 

Wiahinjff to know the height of an obelisk standing at 
the top of a regularly sloping hill, I first measured fVona 
its bottom a distance of 36 feet, and there found the 
angle formed by the inclined plane and a line from the 
centre of the instrument to the top of the obelisk ,41®; 
but after measuring on downward in the same sloping 
direction 54 feet farther, I found the angle formed in 
like manner to be only 23° 45'. What was the height 
of the obelisk, and what the angle made by the sloping , 
ground with the horizon ? 

The figure being constructed, as in 
the margin, there are given in the tri- 
angle ACB, all the at)gles and the side 
AB, to find BC. It will be obtained by 
this proportion, as sin c (=;: 17° 15' = 
B — a) : AB (= 54) :: sin a ( = 23° 45') 
: BC = 73-3392. Then, in the triangle 
DBc are known bc as abovCi bd ss 36, 
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€Bd = 41 ; to find the otbei* angles, and the side cd. 
Thus, first, as cb + bd ; cb — bd :: tan ^ (d -f c) = 
^ (139°) : tan J (d - c) cs 42° 24i'. Hence 69° SCT 
+ 42° 24^' = 1 12° 54 J° = cdb, and 69° 30' - 42° 24^' 
= 26° 5^' = BCD. Then, sin bcd : bd :: sin cbd : cd 
= 51*86, height of tl^e obelisk. 

The angle of inclination dae = hda = cdb — 90^ 
= 22° 54^'. 

Remark. If the line bd cannot be measured, then the 
angle dae of the sloping ground must be taken, as well 
as the angles gab, and cbd. In that case dae + 90° 
will be equal to cdb : so that afler cb is found from the 
triangle acb, cd may be found in the triangle cbd, by 
means of the relation between sides and the sines of 
their opposite angles. 

Example VIL * 

Being on a horizontal plane, and wanting to ascertain 
thcheight of a tower standing on the top of an inacces- 
sible hill, I took the angle of elevation of the top of the 
hill 40°, and of the top -of the tower 51°, then mea- 
suring in a direct line 180 feet farther from the hill, I 
took in the same vertical plane the angle of elevation of 
the top of the tower 33° 45'. Required from hence 
the height of the tower. 

The figure being constructed, 
as in the margin, there are given, 
ab = 180,cab = 33°45' 

acb =; CBE — CAE = 17° 15' 
CBD = 11°, BDC = 180° - (90^ 

— . dbe) = 130°. And cd may 
be found by two proportions, viz. 
1st. As sin AGB : ab :: sin cab : cb, and 2dly, as sin d 
: CB :: sin cbd : CD. This process would require eight 
lines. But the operation may be shortened; for, by 
the principles of method 2, exam. 4, we shall have 
CD rad^ ^s AB sin a sin cbd cosec acb sec dbe. 
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WA a3°45\. ••74*7S0O 

mnp ...... 11^ <r.. 9*06059189 

cos^e A0r . . 17« 15' . . 10-5a791445 



i«— tiMfta^9<i 



The J5im ««- 40^ is 1^ ep . . 8S'998S feet . . 1*9242707 



At the top of a castle which $tQQd OQ A hill pear tbe 
sea-shore, the angle of depression of a ship at anchor 
was observed to be 4^ 5^; at the bottom of the castl^ 
the angle of depression was 4° 2^ Required the hori- 
zontal distance of the vessel, and the height of the hill 
on which the castle stands above the level of the sea, 
the castiS itself being 60 feet high. 

In the annexed diagram, where 
HT, OB, are parallel, and at per«- 
pendicular to the hori;sontal line 
AS, are givei^ bt ss 60 f^et, ht& 
s= iP 52', con€equ£ntly ats s 
$5^ 8', and obs = 4?^ 2\ whence 
ABS s 85^ 58'; to find as and ab. Here method S» 
exam. 4*, is obviously applicable : so that we have 

AS . rad' = BT sin ats sin abs cosec Tabs -r ats^ 
ab .rads = bt sin ats cos abs cosec (abb «- atb). 

The logarithmic operation will stand thus : 




logTB 60 1-7781513 

sin ATS 85^ 8' 

sin ABS 85^58' 9-99892SO 

co8ec(f-T)50'll-8371392 



logTB 60 1-778151S 

9^84315lsin ATS 85"" 8' 9'9984<315 
cos ABS 85^58' 8-«47 1)827 
cosec (B - y)50' 1 1 -8373 JW 
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}ogAs4100'4>ft. 3*6128^ log AB 289*12 It. 2*46108i^7 
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Waattng to know the distance of anDbj/^ct at d front 
two «tli^rB A and b in tiie sanie horieontid plane, as wr dl 
as the distance between a and b, a pole was set up at c 
in a right line with ab, end ihe angle 
Ajcp was found to be 57^ The £3* 
Umce cp being measured was found to 
be 549*36 yards ; and at d the angles 
COA and ad9 were taken ; the first j^ 
H% the latter ^ 41'' SCT. Required 
the above specified distances. * 

Here, the sum of the angles c and cd a taken from 
180^9 leaved the angle cai>> and the sum of the angles c 
^nd CDB taken firom 180% leaves tho angle cjifl?. Thent 
it wll} be as «in cbd : cd : : sin c : pb. As sin CAD : CP 
::^in c ; pa. And sin abp : ap :: sm apb : ab. Thes9 
operations will give db ss 498'68y pa =s 487'279 AB =;; 
349*52 yards. 

Example X. . 

Wanting €0 knaw the horizontal distance betnreen 
two inaccessible objects a and b, and not finding any 
station from which I could see them ^ 
both* I chose two points c and p dis- 
tant 200 yards, from the former of 
which A could be seen> from the latter 
B, and at each of the points c and p a 
flag-staff was set up. I then mea- 
sured »c =*; 200, PE == 200, and, hav- ^ 
ing set up flag-staves at f and b, took 
m foljowing angles, vi?. afc = 83% ace =; 5iP 31% 
ACP = 53*» la, BPC = 156° 25', bpe = 54** 30', and 
BKP = 88*^ 30'. Required ab. 

Here, in the triangle afc, idl the angles are given, 
and ihe side fc, to find ac. Then, in the triangle acp 
frc given AC, cp, imd the contained angle, to find the 
#ther assies Aod the side ap. Next, in the triangle 
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BDE are given de and all the angles to find db. Lastly, 
in the triangle adb are known ad, db, the included 
angle bda = bdc — adc, to find ab = 345*5 yards. 

* 

Example XI. 

In order to determine the distance between two inac- 
cessible objects s and w, on a horizontal plane, we mea- 
sured a convenient base ab of 536 yards, and at the ex- 
tremities A and b took the following angles, viz. baw 
= 40° 16', WAE = 57° 40', ABE == 42° 22^, ebw = Tl"" 7'. 
Required the distance ew. 

First, in the triangle a be are given e 
all the angles, and the side ab, to find 
BE. So again, in the triangle abw, are 

fiven all the angles and ab to find bw, 
rastly, in the triangle bew are given the 
two sides eb, bw, and the included angle 
EBW, to find Ew = 939*52 yards. ^ ^ 

Rmnark, In like manner the distances taken two and 
two,' between any number of remote objects posited 
around a convenient station line, may be ascertained. 

Example XII. 

.. Suppose tkat in carrying on an extensive survey, the 
distance between two spires a and b has been found 
equal to 6594 yards, and that c and d are two eminences 
conveniently situated for extending the 
triangles, but not admitting of the de- 
termination of their distance by actual 
admeasurement : to ascertain it, there- 
fore, we took at c and d the following 
angles, viz. . 

Jacb = 85° 46' f ADC = 31°48' 
{.BCD = 23^ 5& t A^^« T= 6^° 2' 
Hequired cd from these data. 

In order to solve this problem, construct a similar 
quoidrilateral Acdb^ assuming cd equal to 1, 10, or any 
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other convenient number : compute Ab from the giv.en 
angles, according to the method of the preceding ex- 
ample. Then, since, the quadcilaterals Acdb^ acdb, are 
similar, it will be, as a& : ci :: ab : en; and cd is found 
B 4694 yards. 

Example XIII. 

If the height of the mountain called the Pike of Te^ 
nerifie be 3 miles, and the angle formed at its top be- 
tween the vertical or plumb line and a right line . con- 
ceived to touch the earth in the horizon, or at the far- 
thest visible point, be 87° 4*6' 33"; it is required from 
hence |o determine the diameter of the earth, supposing 
it to be a perfect sphere. 

Let c, in the marginal diagram, be the centre of the 
earth, the circle btg a vertical sec- ^ 

tion passing through the centre, ab 
the height of the Pike of Teneriffe, 
and AT the tangential line drawn to 
the visible horizon : let, also, be, a 
tangent to the earth's surface at b, 
meet the other tangent at in e. 
Then, in the triangle abe, right an- 
gled at b, and having the angle bae 
= 87° 4-6' 33", it is, as rad : ab : : tan A : be, and :: sec 
A : AE. But it is evident, from Euc. iii. 37, that be = 
ET ; therefore, ae -f eb = ae -f rt =x at. In the 
triangle atc right angled at t, we have, as rad j at ;: 
tan A : tc, the radius of the earth. 

The operation performed as above described occupies 
but sma]] compass ; it may, however, be shortened by 
means of ch. ii. prop. 4. For, since tan a -f- sec a = 
tan (a -f- ^Comp, a), we shall, by incorporating the 
proporti9ns from which ae, be, andbcT are deduced, 
have 

CT . rad^ = AB tan T a -f | comp. a) tan a. 

Or, log CT =± log AB H- log tan (a + J comp. a) 
^ log tan A — 20, in the index. 
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Thi]$,logAB ...S Of477121$ 

logtanA 87°4ersd" ..ii-Mcyrssi 



'»■!■* 



logCT 3979-15 S>099¥968 

The double of this, or 7958*3 miles, is the diameter of 
the earth. 

If AT be required^ we have only to take radiue (10) 
from the sum of the first two lines, the remainder 
2*1890522, is the log of 154-54 the distance sought. 

Note I. The log tangents are found in this example 
hy the method taught at p. 153 of the Introduction to 
Dr. Hutton's Logarithm Tables. 
' Ncte % This method of determining the earth's ra- 
/dius, though elegant in theory, is rendered useless in 
practice, by the extreme irregularity of the horizontal 
.refractions. 

Example XIV. 

Given the angles of elevation of anjr distant object, 
-taken at three places in a horiaontal right line, which 
«doe8 not pass through the point directly below the ob- 
ject ; and the respective distances between the stations; 
to find the height of the object, and its distance firom 
either station. 

Let ABC be the horizontal plane, ^.^-'-:^ ^ 

•VE the perpendicular height of the 
object aJbove that plane, a, b, c, the 
<three places of observation, fae, 
FBE, FCE, the angles of elevation, 
and AB, BC, the given distances. 
Then, since the triangles abf, bef, cef, are all right 
angled at e, the ftstances ae, be, ce, will manifestly be 
.as the cotangents of the angles of elevation at a, b, and c. 

Put AB = D, BC = d^ EF s X, and then express alge- 
liraically the following theorem, demonstratea at p. 128, 
J!dmpson*s Select Exerdtet: viz. 
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AS^«BC 4- CE^.ABSBE*. AC -f- AC.AB.BC^ 

the line eb being drawn from the vertex s of the tri- 
angle ACBy to any point b in the base. The equaiion 
thence resulting is, 

dx'^ cot *A + D«* cot »c ss (d + rf)«» cot *B + (d + d) vd4 
Hence, transposing all the unknown terms to one 
side of the equation, dividing by the sum of the coeffi* 
cients, and extracting the square root, we shall have 

(d + d)wi 



V: 



<f cot *A + D cot *C — (D + d) COt*B 

Thus BF becoming known, the distances ae, be, ce, 
are found, by multiplying the cotangents of a, b, and c, 
jrespectivelv, by ef. 

Car. When d = tf, or D + ^ =^ 2o == 2</, the expres- 
sion becomes 

x^d-^ V(Jcot*A + Jcot^c — COt^B), 
which is pretty well suited for logarithmic computation. 
The rule may, in that case, be thus expressed. — 

Doolde'the log. cotangents of the angles of elevation 
of the extreme stations, find the natural numbers an- 
swering thereto^ and take half their sum ; from which 
subtract the natural number answering to twice ^e log. 
cotangent of the middle angle of elevation: then half 
4he^log. of this remainder subtracted from the log. of 
the measured distance between the 1st and 2d, or the 
2d and 3d stations, will be the log. of the height of the 
object.* 

To illustrate these general methods, two particular 
examples are subjoined. 

Example XV. 
Let the three angles of elevation be 36° 5^, 21^24', 

* For geometFical constraations of this general problem the 
itndeot may coDsalt Huiton^s Course, vol. iii. p. 128, Lcybonrn*s 
l^aOkM' DUtrkiy vol. i. p. 897, o^ the Ladia^ JMury for 1748« 
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and 14% and the two equal measured distances 84 feet* 
Required the height of the object. 
Am. 53*964« feet. 

Example XVI. 

Let the distances be ab = 100 yards, bc = 400 
yards, and the angles, at a = 5° 24', at b = 6^ 27 J', at 
c = 8° 36'. What is the height of the object ? 

Ans. 44*46 yards. 

Example XVIL 

From a convenient station p, where could be seen 
three objects a, b, and c, whose distances from each 
other were known (viz. ab = 800, ac = 600, bc = 400 
yards), I took the horizontal angles apc = 33*^ 45', bpc 
= 22° 30'. It is hence required to determine the re- 
spective distances of my station from each object. 

Here it will be necessary, as preparatory to the com- 
putation, to describe the manner of 

Construction. Draw the given triangle abc firom any 
convenient scale. From the point a 
draw a line ad to make with ab an 
angle equal to 22° 30' and from b a 
line BD to make an angle db a = 33° 45'. 
Let a circle be described to pass 
through their intersection d, and 
through the points a and b. Through 
c and D draw a right line to meet the 
circle again in p: so shall p be the 
point required. For, drawing pa, pb, the angle apd is 
evidently =^ abd, since it stands on the same arc ad: 
and for a like reason bpd = bad. So that p is the 
point where the angles have the assigned value. ^ 

Manner of computation. In the triangle abc where' 
the sides are known, find the angles. In the triangle 
abd, where all the angles are known, and the side ab, 
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find (me of the other sidea'AD. Take bad from bac, 
the remainder, dac is the angle included between two 
known sides ad, ac ; from which the angles ado and 
ACD may be found, by chap. iii. case 2. The angle 

CAP = lS(f — (APC + ACD). Also, BCP = BCA — ACD; 

and PBC = ABC + pba = abc + sup. adc. Hence, 
the three required distances are found by these propor- 
tions. As sin AFC : AC :: sin pac : pc, and : : sin pca : pa; 
and lastly, as sin bpc : bc :: sin bcp : bp. The results 
of the computation are, pa = 709'33, pc = 104^2'66f 
pb = 934 yards. 

*«* The computation of problems of this kind, how- 
ever, may be a little shortened by means of the fol- 
lowing 

General Investigation. 

* Put AC = flf, BC = by APC = P, BPC = P', ACB = C, 

and let there be taken for unknown quantities pac = x^ 
PBC =3 y. The triangles pac and pbc give 

sin APC : sin cap :: ac : cp 
and sin bpc : sin cbp :: bc : cp; 
^^ . • . . flfiinx 

that is, sm Fzsmxiia: —. — = cp 

81D P 

1 • / • . ftsinv 

and sm p iBinyiib : -. — r = cP. 

.- flsinjr bsiny , . , , 

Hence-: — = -: — r; which reduces to 

a sin p' sixix ^ b sin p sin y = 0. 
In the quadrilateral acbp, we have 

cbp = 360° — APC — bpc — ACB — cap 
ory = 360° — p — p' — c — or. 
Make 360° — p — p' -r c = r, then we shall have 
y = K — J?, and consequently, 
a sin p^ slnx -^ b sin p (sin r cos x -r oos n sin x) =: 0. 
Dividing by sin x there results, 

CAS <3r 

m sin p' — isin p (sin R -:: cos r) = 0. 
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Whence we have 



to%s 



= COtXss 



uAnvf + istnpcoBft 



sin X 6 Bin p sin » 

This expression being separated into two parts, we haT# 

asinp' cosR 



OOtx = 



or, cot X = 



b sin p sin & 
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COSR 
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or, lastly, cot x = cot r (• 



a sm p 



h tin PC9S & 

a sin p' 



+ i); 



^6 sin p COSR 

Hence, a; being thus determined, we get y from the 
equation ^ = a — x, and cp from either of the express 
sions above given. 

Note. It will be a useful exercise for the student, to 
work out the computation by both these methods. The 
comparison of the results will serve to give him confi- 
dence in the deductions from the analytical invest!*^ 
gations. 

Example XVIII. 

It is required to find the distances from Edystone 
light-house to Plymomth, Start Point, and the Lizard, 
respectively, from the following data : 

r Ply mouth to Lizard 601 

The distance from < Lizard to Start Point . • 70 > miles. 

t Start Point to Plymouth 20 J 
Plymouth .... 1 C North. 

Lizard > bears from Edystone rock < w.».w. 

Start Point ... J (. E. by N. 

Ans. From Edystone to Lizatd ..... 53*04 miles 

to Plymouth . . 14-833 ditto 
to Start Point. . 17*36 ditto. 
Remarh The general problem of which the last two 
examples are particular cases^ was originally proposed 
by Richard Taivnleyf Esq. and solved by Mr. John 
Collins^ in the Philosophical Transactions, N«> 69, A. D. 
1671. See New Abridgement, vol. i. p. 563. 
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The 8ix cases there considered are, 1. When the sta- 
tion is out of the triangle made by the objects^ but in 
one of its sides produced* 2. When the station is in one 
of the sides of the triangle. S. When the three objecta 
lie hoL a right line. 4. When the station is not within the 
triai^le formed by the objects. 5. When the station t& 
within that triangle. 6. When, by reason of the rela- 
tion of the sides and angles, the points c and d (see the 
preceding diagram) fall so near together as to make th» 
continuation to p of doubtful accuracy. To these, later 
writers on trigonometry have added another case, viz^ 
7. When the point c fdls between the line ab and ttie 
station p. 

It will be advantageous to the student, to modify the. 
construction and computation to suit all these cases* 



CHAPTER VI. 

Spherical Trigonometry. 

Section I. 

Fundamental Principles, General Properties, and 

Formulce, 

1. Three planes, aoc, aob, boc, all of which pass 
through the centre o of a sphere, in- 
tersect the surface of that sphere in 
portions of great circles which form a 
spherical triangle abc. Thus also is 
constituted the spherical pyramid or 
tetraedron which has for its base the 
triangle abc, and for its vertex the 
centre o of the sphere. The angle a 
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of the triangle^ is the same as the diedral anigle, (be- 
tween the two planes bag, cao ; it is, also, the angle 
formed by the tangents to the two arcs AC, ab. The 
like may be said of the other angles. The side$ are ma- 
nifestly the measures of dependent plane angles, viz. a 
the measure of the angle cob, b the measure of COA, c 
the measure of aob. 

2. A right angled spherical triangle has one right 
angle ; the sides about the right angle are called legs; 
the side opposite to the right angle is called the hypo* 
ihenuse, 

' 6. A quadrantal spherical triangle has one side equal 
to 90% or is a quarter of a great circle. 

4. An isoseeteSi ^^ ^"^ equilateral spherical triangle, 
has respectively two sides or three sides equal* 

5. When the sides of a triangle are each 90^, it is not 
only an equilateral^ but a quadrantal^ and a right angled 
triangle. All its angles as well as its sides are equal ; 
and these sides may any of them be regarded as an hy^ 
pothenusey any of them as legs. Such is the case with 
the triangle that would be formed on a celestial or 
terrestrial globe, by the horizon, the brazen meridian, 
and a quadrant of altitude, fixed at the zenith, and pass^ 
ing through the east or west point. 

6. Two arcs or angles, when compared together, are 
said to be alike^ or of the same affection^ when both are 
less, or both greater than 90^. They are said to be 
unlike^ or of different affections^ when one is greater and 
the other less than 90^. 

7. Every spherical triangle has three sides and three 
angles ; of which, if any three be given, the remaining 
three may be found. 

8. In plane trigonometry, the knowledge of the three 
angles is not sufRcient for ascertaining the sides (chap, 
i. 6): but, in spherical trigonometry, the sides may 
always be determined when the angles are known. In 
plane triangles, again, two angles always determine the 
third ; in spherical triangles they never do. Sp, farther/ 
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the surface of a plane triangle cannot be determined 
from its angles merely; that of a spherical triangle 
always can. 

9. A line perpendicular to the plane of a great circle, 
passing through the centre of the sphere, and termi- 
nated by two points diametrically opposite, at its surface, 
is called the axis of such circle ; and the extremities 'of 
the axis, or the points where it meets the surface, are 
the poles of that circle. 

If we conceive any number of less circles, each pa« 
rallel to the said great circle, this axis will be perpendi- 
cular to them likewise ; and the poles of the great circle 
will be their poles. 

10. Hence, each pole of a great circle is 90° distant 
from every point in its circumference ; and all the arcs 
drawn from either pole of a little circle to its circum- 
ference, are equal to each other. 

1 1. It likewise follows that all the arcs of great circles, 
drawn through the poles of another great circle, are 
perpendicular to it^ for, since they are great circles by 
the supposition, they all pass through the centre of the 
sphere, and consequently through the axis of the said 
circle. The same thing may be affirmed in reference 
to small circles. 

12. Hence, in order to find the poles of any circle, it 
is merely necessary to describe, upon the surface of the 
sphere, two great circles perpendicular to the plane of 
the former, the points where these circles intersect each 
other will be the poles. required. 

13. All great circles bisect each other. For, as they 
have a common centre, their common section will be a 
diameter ; and that manifestly bisects them. 

14. The small circles of the sphere do not fall under 
consideration in spherical trigonometry; but such only 
as have the same centre with the sphere itself. Hence 
appears the reason why spherjcal trigonometry is of 
such great use in practical astronomy, the apparent 
heavens being regarded as in the shape of a concave 

s 5 
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•phore having its centre either at the centre of the 
earthy or at the eye of the observer. 

Problem* 

15. To investigate properties and equations from 
which the solution of the several cases of spherical trt^ 
gonometry may be deduced. 

In order to this let us recur to the spherical tetrae« 
dron 0ABC9 where the angles a» b, c, of tlie spherical 
triangle are the diedral angles between each two of the 
three planes aoc^ aob^ &c. and the sides a, by c, are the 
measures of the plane angles cob, coa, &c. * Here it is 
Isty evident that the three sides of a spherical triangle 
are together less than a circle, or^ a + i -f c < 360^. 
For the solid angle at o is contained by three plane 
anelee, which (Euc. xi. 21 ) are together less than four 
rignt angles ; therefore, the sides a, 6, c, which measure 
those plane angles are together less than a circle. 

16. Let the tetraedron oabc be cut by planes per* 
pendicular to the three 
edges; they will form an* 
other tetraedron o'a'b'c'i 
their faces will be respec- o^ 
tively perpendicular, two 
and t^vo. But, in the 
quadrilateral aoba' since 
the angles a and b are right angles, the plane angle o 
is the supplement of aa'b which measures the diedral 
angle aa^o'^b. The same may be shown with respect to 
the other plane angles that meet at o; as well as of the 
plane angles at o', in reference to the diednd angles of 
the tetraedron oabc. Therefore, either of these tetrae* 
drons, has each of its plane angles supplement to a diedral 
angle in the other : it is hence called the supplementary 
tetraedron* And if they become spherical tetraedrons 
referred to equal spheres, or to different parts of the 
same sphere, their bases will be spherical triangles re- 
spectively sup^menial to each other* 
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17. It is obvious from tiiis that the problema in sphe- 
rical trigonometry become susceptible of reduction to* 
half fbetr mimber; since, if there are given, for exam- 
ple, the three angles a, b, c, and the t^ree sides a^ 3, r, 
are required ; let the triangle which has for its sides a\ 
b\ (fj the supplemetatts of uie measures of a, b, and c, 
have its angles k\ b% c\ determined ; their measures 
will be the supplements of the required sides a, 6,. 
and c. 

18. Qn the surface of the sphere, the supplemental 
triangle is formed by the intersections of three great 
circles described from the angles of the primitive tri- 
angle as poles. Besides the supplemental triangle,, 
three others are formed in each hemisphere by the mu- 
tual intersections of these three great circles ; but it is 
the central triangle (of each hemii^here) that is sup- 
plementary. 

19. Every angle between two planes being less than^ 
two right angles, it follows, that the sum of the angles of' 
tt sf^erictil trumgle is less than S times 2, or than 6 right 
angles. At the same time, it is greater than 2 right 
angles ^ for the sum a' + 3' 4- c' of the sides of the sup- 
plemental triangle is less than 360° (art. 15 above):- 
taking the supplements, we have 

S X 18(y>- (a' -f ^' + O > isomer A + b + c > 180^; 

20. To deduce the fiimdamental theorems, we may 
proceed thus. From any point a of the edge ao of the 
Cetraedron» leti&ll on the plane or face boc the perpen- 
dicular AD : draw, also, in that plane, the lines dh, nc, . 
perpendicular to ob, oc, respectively; and join ah,«ag; 
tben will AH be perpendieuiar to ob, and Acto/oc. It 
is evident,, therefore, that the angles acd, a-hd, measure 
the angles between.the planes aoc, oob^ and aob, cob». 
that is, the angles c and b of the spheric^ triangle abc. 
It is also evident that the plane angles in o, are aob 
= c, Aoc = i, boc =s a. This«being premised, the tri- 
angles AGO, ACD, theformer right angled in C| the letter ^ 
in D, give 
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AC = Ao sin Aoc = AO Bin b 
AD = AC sin ACD = AO sin b sin c. 
In like manner, the triangles aoh, adh, right angled 

in H and d, give 

AH = AO sia AOB = AO sin c 
AD = AH sin AHD = AO sin c sin b. 
Making these twro values of 

AD equal, we have 

AO sin B sine = ao sin c sin b. 

And therefore, by division. 



SIDB 



sine 

- 4 

sio c 



In a similar manner it may 
be shown that 




sin A sinB , ^ 

-:: — = -T— 7: therefore, 

sjn a sxvib ' 

sin A sins sine ^ ^ 

sin n Bin e* \ / 



Sin a 



sin b 



sine 



Hence, the sines of the angles of a spherical triangle 
are proportional to the sines rfthe opposite sides. 

21 . Draw ce and df, respectively perpendicular apd 
parallel to ob; then will tne angle dcf = eoc = a. 
But the right angled triangles aoc, acd, fcd, give 
AC = AO sin />, DC = AC cos c = ao sin 6 cos c 
and FD = DC sin a = ao sin a sin b cos c. 

Now OH = OE + EH = OE + FD, 

or AO COS c = oc cos a + fd = ao cos a cos b -}- fd 
== AO COS a cos ^ -h AO sin a sin b cos c. 
Therefore, dividing by ao, we have 

cos c = cos a cos 6 -f sin a sin b cos c. 
Similar relations are deducible for the other sides a 
and b : hence, generally 

ces a = cos b cos c + sin & sin c cos A 
cos b = cos a cos c + sin a sin c cos b J- (2.) 
cos c = cos a cos 6 + sin a sin b cos c 
, 22. These equations apply equally to the supple- 
mental triangle. Thus, putting for the sides a, by Cf 
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180** - a\ ISQP - b', 180° - c\ &c. and for the angles 
A, B, c, 180^ - a% 180*» - b\ &c. we shall have 
^— cos a' = COS b' cos c' — sin 6' sin c' cos a\ 
Here again we have three symmetrical equations ap* 
plying to, ani/ spherical triangle, viz. 

cos A = cos a sin b sin c — cos b cos cl 
cos B = cos b sin a sin c — cos a cos c > (3.) 
cos c = cos c sin a sin b — cos a cos b J 
£3. Another important relation may be readily de- 
duced. For, substituting for cos b in the third of the 
equations marked (2) its value in the second ; substi- 
tuting also for cos* a its value 1 — sin' a (chap. i. 19), 
and striking out the common factor sin a, we luiall have 
COS c sin a = sin c cos a cos b + sin b cos c. 

But, equa. ( 1 ) gives sm o = — : ^» 

Hence, by substitution, 

_ . . . sin » cos c sin c 

cos c Sin a = sin c cos a cos b H . ■■ • 

Bin c 

Dividing by sin c we have, 

cos c . ' sin B cos 

Sin a = cos a cos b -|- 



-- cos - _ ' , - 

But -7- = tan (chap. 1. 19). 



stn c * tin c 

cos 

sin 

Therefore cot c sin a = cos a cos b -f sin b cot c. 
Thus, again, we get three symmetrical equations, 
cot asinb =z cos b cos c + sin c cot A 1 
cot 5 sin c = cos c cos a -f sin a cot b > (4.) 
cot c sin a = cos a cos b + sin b cot c J 
24. The classes of equations marked 1, 2, 3, 4, com- 
prehend the whole of spherical trigonometry : or, in 
truth, the equations (2), from which the others may be 
made to flow, may be regarded as comprehending the 
whole. They require, however, som% modifications to 
fit them for logarithmic computations, and become sim- 
plified in their application to some kinds of triangles. 
We shall, therefore, now show the pupil how they be» 
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come tranMbrfned #lieR they are applied to fiit prift^ 
cipal casei which occur w practice. 

Sietion IL 

Resoluiion of Right angled Spherical TriangUu 

25. Suppose^ in the first dkigvaBi in tUs i^pter, the 
angle a te be rights er the faces oab^ oACy to be per- 
pendicular to each other* The^v suk:^ aii> a =^ 1, the 
eqiiatiena marked (1 ). becaiae 

1 sia» , sine ^ . 

-r— ss -r-r =r -i — • CoiisequcBftlr, 

Biikb • sine > 

ain B = -; — • • • SHI C =s -r-* • • • f /r \ 

sin 3 = sin B an a ... sin c = sin c Bin a J 
Also, since cos a is then = o, we have from eqiM (/ty 

eoBn = cos b cos c . . • . (6») 
For the same reason, the first of e^ia. (3) girefr 
cos asin,B sin c =s cos b cos c ; 

- COBB cose ^ . ,a_ V 

whence coaa =:i -: : — =scotB cote .... (7.1 

sin B sill c ^ ^ 

Upon the same hypothesis, cot A becomes := o, so 
that the first of equa. (4) becomes 

cot a sin 6 = cos 6 cos c. Or, dividing by sin 6^ 

eo%b 

cot a = -r-iC0SC = C0tdC0SC\... (8.) 

sin 9 ^ 

The two last of equa« (3) give also, upon the same 
hypothesis, 

cos B s= sin c COS 67 .^ v 

cos c = sin b cos c j • ' ' ' ^^'^ 
And, lastly, from equa. ^4) we hare 

cotB =: cot&sm c\ fif. % 

cot c\= cote sin A J ••••U"-; 
From these equations by a few obvious transforma- 
tions, the six usual cases of right angled sphmcal tri* 
angles may be solved, as below. 

6 




S6. Given the hypotfaenme a 
and an angle b ; to find the rest ; 

sin & =: sin a sin b ; 
or, sin side wq. = sin opp. angle 
X sm hjrpoth. tan e 9s tan a 609 b ; 

or, tan tide neq« =3^ tan hyjiolb. x, c^ indiided angle* 

cot e = cos a tan b ; 
or, cot angle req. =^ cot bjpoth. x taa ^prem angle. 

In this case there can be nothing ambiguous s for, in 
applying the first form, it ig known that the angle and 
the opposite side are always of the same afifection ; and 
in tibe two latter the rule? for the chanffes of sines in 
the iUfferent quadrants (chap. iv. 9), will determine to 
which the result belongs. 

CaselU 

27. Given the hypothenuse a, and one of the sides l; 
to find the rest. 

8in( . . sin ffWen side 

sm B = -: — ; or, sm aoagierreq* = — r-r — ^r"* 

sin a ° ^. sinh^poth. 

cos a ., coshypotb. • 

««"' = ^«' 0^' «»* "^ '^9- = co.siven.id« 
cos c = tan ^cot a ; 
or^ cos angle req. s= tan given side x cot hypotb* 

Cote III. 

28. Given the two sides including the right angle, 
namely, b and c; to find the rest. 

cosa = cos b cos c; 
or, cos hypoth. = rectangle cdsines of the sides- 
tan i^ ^ tane 
tan B = -. — ... tan c = -—:; 

sin c tan 6 

, tan OWB. 8id« 

or, tan angle req. = „„ ^^j. Mt 
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Case TV. 

29. Given a side b, and its opposite angle b ; to find 
the rest. - 

sin ft - . . . Bin eireo side 

fin a = -r — ; or, sm hypotn. = -r— ^ r* 

sio B ' ""^ BID opp. angle 

sine s tan b cot b; 
or, sin side req. = tan given side x cot opp. angle. 

co&B . . coseivenaorle 

Sin c = — : : or, sm req. angle = : ~» 

cos ft ' 10 ^.Qg given side 

Case V. 

SO. Given a side c, and its adjacent angle b ; to find 
the rest. 

tan b = tan b sin c; 
or, tan side req. = tan opp. angle x sin given side. 

tan c ^ 1. 1 tan given side # 

tan a == ; or, tan hypoth. = 2 -. 

COSE •'* ces given angle 

or, cot a = cos b cot c ; 
that is, cot hjrpoth. = cos given angle x tan given side. 

cos c =s cos c sin B ; 
or,, cos angle req. = cos opp. side x sin given angle. 

CaseYl. 

31. Given the two oblique angles b and c; to find 
the rest. 

cos c = cot B cot c ; 
or, cos hypoth. = rectangle cot*s given angles. 
, cos B ^ 

cos O = -: / , 

Bin CI . T cos opp. anffic 

> COS req. side = - — ~ r- 

cose i ^ sin adj. angle 

COS C = -: \ 

Bins J 

Note 1. Here the rule of the signs (chap. iv. 9) serves 
all along to determine the kind or afiection of the un- 
knc^wn parts. 



ObUque SpJmriaal Trtang^s. - 49 

Note 2. In working by the logarithms^ the student 
must observe, that when the resulting log. is the loe. of 
a quotient, 10 must be added to the index: when it is 
the log. of a ])roduct, 10 must be subtracted from the 
index. This is done in iconformity with the rule (chap. 
iv. 17), to make the terms homogeneous by multiplying 
or dividing by the powers of radius. 

Section III. 

Resolution of ObUque angled Spherical Triangles. 

32. This may be effected by means of four general 
eases ; each comprehending two or more problems. 

Case I. 

Given three of these four things, viz. two sides 6, Cf 
and their opposite angles b, c ; to find the fourth. 

This case comprehends two problems^ in one of which 
the unknown quantity is an angle, in the other a side. 
They are both solved by means of equa. (I) of this 
chaptiiH^from which we have 

stncsiiiB . lincsio^ 

sm c = — T-rr- . . . sm c =5 — ; • 

81116 tinji 

Case [I. 

SS« Of these four things, viz. the three sides a, 6, Cf 
maid an angle, any three being given, to find the fourth. 

This case comprises three problems. 

1. When the three sides are given, to find an angle. 
Here from equa. (2) we have 

cos a — cos^ cog c " 

cos A = T-r--. • 

sinosin c 

cos ft — cos a cose 

cos B 5= : : • > 

«io asioc 

cos c —.cos a cos i^ 

cos C = • T- — r-T • 

sin a sin t 
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Btit tlM6 are not fitted for logtt^itlimic comtiutatlon. 
Recurring, therefbre, to (chap. iv. "equa. 0^), we have 
1 4- cos A 3a 2 cos* Ja, and 1 «^ cos a 3= 2 sin* }a. 
Hence^ 

COS^ SA SB ■ 4. «-•.« ; — - ' ■ I SS 

cos a — cos (b + c) 

■■■ ■ ■<■ 



sin ft sine 

Hence also, 2 sin* 4a =» ^^'^ -c)-cogfl ^ 
The latter of these divided hy the former, gives^ 

A -.1 ^os (J — e) — cos « • 

tan* Ja = — ^ • ' 

cos a — cos {b + c) 

Whence, from the 4?th of equa. (u) chap. ir. 

ta*i 1* «. sin i (« + ^ -- c) sin j (« +;.c - h) 
* sini(a + ft + c)sin4(6 4- c — a) 

Efeacewe haTe^ for the tangents of the half angler^ 
these three symmetrical equations ; 

t I — /sin iKa + ft-c)siti^(a-l- c'-ft; '' 
• **° «^ "" \/ 8iB*(ii + ft + c)5ln4(ft + c - «) 

/sin i(fl + ft - c)sin |(ft + c - g) [ ^, , 
taniB=Y/ 8in4(a + ft + c)sini(a + c-ft)fvll-) 
- - /sin J (a + c — ft) sin 4 (ft + e — a) 

tan ^c 



/sin 4 (a + 
Y/ 8tni(« + 



« V **°i(* + * + c)s!ni(a + ft -^ c). 

The expressions for the sines of the half angles might 
be deduced with equal facility* As they are symme- 
trical we shall put down but one, viz. 

. T /8inA(a + ft — c)8ini(tf + e — ft) 

smiA = 4/ — 2-^ . 1 . - ' "■ • 

!* \/ sm ft sin c 

Expressions for the cosines and cotangents of the 
half angles, may be readily found from the above, hj 

the forrasi cos ss r*"t cot » r-- 

Ua' aia 



Cor* When two of the sides, as b and r, become equal, 
the expfttAuon for sin }a» beoootes sin |a ac ' ° ' ^v 

Car. 2. If a ss i =8 c » 90°» then sin Ia ss i^ 

= i V2 = sin 45^; andA = B = c = 9QP. 

Heaving other corollaries to be deduced by tiie stu« 
dent, let us proceed to the next problem In this case. 

2. To find the side c opposite to the given angle • ; 
that hu given two sides and the indnded angle, to find 
the thira side. 

Find from the data a dependent angle ^i sudi that 
tan ^ = cos c tan 5 . . . , (12.) 

Substitute for cos c in the third of equa. (*2) its valuo 
in this, it will become 

cosc= cosacosd + sinacositanf 

= COSO f ■ 1; 

\ cos ^ / ' 

cos5co8(a — t) /,« V 

or^cose ss- — -\ ' ' ....(IS.) 
Note* The equa* (12) obviously reduces to 
■ ■ , COS c ss ' '9 or cot f cos c =s cot i; which is 

tan t . tan 6 

analogous t6 equa. (8). So that 3 is the hypothenuse 
and ^ one leg of a right angled triangle. The above 
transformation, therefote, is equivalent to the division 
of the proposed triangle into two, bv an arc frona the 
vertical angle a falling perpendicvdarly upon the oppo- 
site side a. 

3. To find the side a, not opposite to the given angle; 
&, c, and c, being given* 

Here find ^^ as before, by equa. (12) : then from 
equa* (13) we have 

cos(fl-.«) = -jjj^....(14.) 
Hence a is known by adding ^, 
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Case III. 

34. Of these four things, viz. two sides a and c^ and 
two angles b and c, one opposite, the otheir adjacent ; 
three*being given, to find the fourth. 

This case presents four problems* 

1. Given a, c, b; to find c. 
Determine an arc ^' by this condition, 

cot c 

cot c == cot ^ COS B, or r = cot ^ . . , . (15.) 

Substitute this value of cot c for it in the third of 
equa. (4) ; it will become 

sin a cot ^ cos b = cos a cos b 4- sin b cot c ; 

- . (cot <t' sin a — cos a) cos b • 

whence cot c = -= : 

SlOB 

= (cot ^sin a — cos a) cot b; 

or, cot C = jrj^; • . . . (16.) 

Note* The equa. (15) is akin to equa. (8) ; showing 
titf^ the operation here performed is equivalent to let- 
ting fall a perpendicular arc from the angle a to the 
base a ; the subsidiary arc ^ being the segment adja- 
cent to the angle b. 

2. Given b, c, c; to find a. 

Here qf must be found by equiu (15), and then firom. 
equa, (16) we have 

• / Jv ^ cote gin »^ 
sm (fl - f ) = eotB •• •• (17.) 

Whence a becomes known. 

3. Given b, c, a ;;, to find c. 

Find a dependent angle ^' by making 

ft cote -, ^.« ^ 

cot c = cos a tan ^ , or ss tan ^ . . • . (18.) 

Substitute this value of 'cot c for it in the third of 
equa« (4), and it will reduce to 

cot acos (b — ^") y , ^ V 
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4>. Given a^ c^c; to find b. 
Determine ^' from equa. (18); then 

From which b becomes known. 

Case IV. 

35. Of these four things, viz. the three angles and 
a side, suppose c^ any three being given, to find the 
fourth. 

This comprises three problems. 

1. GKveii the three angles; to find a side. 

Suppose the first of equa. HI) to be applied to the 
solution of the supplemental triangle, by changing a^ b, 
c, and c, into a\ b\ c', and c'. Then, to bring it back 
to the triangle proposed, let there be substituted for a', 
b\ c\ and c', the corresponding values 180° — a, 180® 
— B, 180° — c, 180° — c. Those equations will then 
be transformed into the following, applicable to the pre- 
sent problem. 

-^ / C0S^(A+ B"-C)c08^(A— B+ C) 

cot Ja — y/ -C08iCB + C + A)C08i(B + C-A) 

. 1 r / COst(B + C--A)COst(A4-B~C) ( /^, v 

cot \b-\J -.c084CA+C+B)COSi(A+C-B) [<^^'^ 

/ cos^Ca + c--^b)co^(b + c — a) 

cot \C = ^ -C08i(A + B + C)C08i(A + B - C) 

The following are the expressions for the sines of the 
half angles, viz. 

/c oa^ (a + 8+6) cost (b "^ c — a) 
sin \a-\J -sinBsioc 

C08i(A + B + C)C08 t (a + C — B> 

Sin " ' — ~ — - 



in i* - . A<»«HA + B-Hc)co.i(AH-c-B) > ,22 J 

*" 3*^ — -W ~8inABlOC l^ ' 



'C08 J (a + B + C) COS t (a 4- B — c) 

Sin ' ^ 
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Note. In these expresaieotf, although the denomi- 
nators are negative^ tola whde fractions under the radi- 
cal are always positive. 

The eoqptession^ for the tangents- and cosines are 
omittedy to save room, 

2. Given a, b, c; to find e. 

Here, hy applying in like manner, the equations (12), 
(IS), to the supplemental triangle, we shall have 

cot ^ s cose tan B ... . (23.) 
from which the subsidi^ angle ^ may be determined^ 
and thence 

Bin ^ ^ ' 

S. Given B, c, c: to find a* 

Find f firom equa. (23); then from equa^ (24) there 

results, 

from which a is known. 

Section IV. 

On the Analogies ofNapierm 

56. These are four simple a^d elegant formulae dis- 
covered by the celebrated inventor of logarithms, of 
which two serve to 'determine any two angles of a sphe- 
rical triangle, by means of the two opposite sides and 
their included angle ; while the other two serve to de- 
termine any two sides, by means of the opposite angles 
and their contained side. Thus, therefore, they toge- 
ther with equa. (1), will serve for the solution of atf uie 
cases of oblique spherical triangles. The investigation 
of these analogies may be given, as below. 

If from the first of equa. (2), co$ c be exterminated, 
there will result, after a little reduction, 

cos A sin CSS cos a sin i — cose sin a cos i: 



«a4 \>y a nmfU p«nn\iutum of tetievB, 

* cos B SID c s COS 6sina — cos c sm^^Oda: 
^dimg th«se e^n^mui to^^ethec, Md redueiag, we have 
Bin c (cos A + cos b) = (1 — cos c) sin (» + ,i). 
N»w iif€^ ha«9;&oiu equa. (1) 

siii« stofr sine 

8k»A 8ill>B «iiic 

Freeing these equations from their denomittator», and 
respectively adding and subtracting fhem^ there results^ 
sin c (sin a + sin b) rx sin c fsin a + ain &)> 
and sin c (sin a •* sin b) =s gm c (sin a — sin b). 
Dividing each of these two equations by the precedi* 
ing, there will be obtained, 

sin A + sin B sin c. sin a + sin ^ 

cos A + COS B 1 -^ cos€ * fliu (tt + 6) 

tin A — sin B ^^ sin c Sinn — sin b 

cos A + cos B '"' 1 — cos c * Sin (a -f ^) 

Comparing these with the equations in arts. 24, 25, 
26) chap. iv. we shall have 

1 r . \ * t COS.* («.— 8) ^ 

tanJ(A + B) = cotic.j4^^ 

1 y \ A 1 sin J (a — *) { ^ 

tan J (A — b) =« cot Ic . . I, ^ ■ ( \ 

* ^ ' *^ sin J, (a + ft) J 

The above equations expressed, as- analogies, are 
cos i(a + b)icosi(a -^ b) :: cot Jc : tan- J (a + b) 
ain J (a + : sin I (a — J) :: cot Jc : tan I (a — b). 

These analogies being applied .to the supplemental 
trian^e„ by putting 180^ — a, 180° -^ j^ &c. for a, ^, 
&c. we have 

cor} (a + b) : cos i (a — b) :; tan |c : tan | (a 4* i) 

sin I (a 4- b) : sin | (a -^ b^ :: tan |c : tan | (a •• b). 

37. From a due consideration of the four analogies it 
results, 

Ist. That i (a — b).< 90°, or that the difierence of 
two angles of a spherical triangle is less than 180^. 
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2dly. That J (a + 6) and i (a + b) are always of the 
fame affection. 

Sdly. That the difference of two sides is always less 

thanlSO^ 

4thly. That (a — h) and (a — bJ have always the 
•ame sign ; whence it follows, that the greatest angle is 
opposite to the greatest side^ and reciprocally. 

To these it may be added, 

5thly. That the least angle is opposite to the least 
side, and the mean angle, to the mean side. 

One or other of these observations will serve to re- 
move the ambiguity in the doubtful cases^ where either 
II, ft, and B, or a, b, and ft, are given. 

38. We may now collect the most commodious theo- 
rems, and present in one place all that will be usually 
required in the solution of oblique angled spherical tri- 
angles. 

sin A sioB siDC 

SIR a sin 6 "^ sin e 
— # / SIB 4 (a -f ft — c) sin ^ja-h- C'-^h) 

2. tanjA — Y^ 8ini(6 + c--a)8ini(fl + * + c) 

/ SIM ^ (ft -f c — fl) sin |(a + 6 ~ c) 

3. tan Jb = ^Z gin J(a + c - ft)fiin i(fl + ft + c) 

/sin i(a.+ c — ft) sin t (ft + c ~ a) 

4. tan JC = ^ sini(a+6-c)sinJ(« + ft+c) 

/— C09^(P + C - A) C08i(A + B + C) 
B. tan la = y^" cc>9i(A+ B-C)COsi(A + C-B) 

/-COsi(A + C-^B)C09t(A + W + c) 

6. tan |ft = y/ C69i(B + C - A)COai(A + B - C) 

V ^ /^COst(A + B^c)c08i(A •♦• B - c) 

'^•J^ 2^ "^ \/ cesj (A + c-^ B)cos4(B + C - A) 

ft-a ^^1 sin t (B •- A) 

8. tan -^ = tan Jc ^nTilTTT) 

9. tan — - = tanic^^^^^^^^j 



Summary ^Formula. 



la tan — ^ = tan {a 



IL ton 



e + h 



sstanjla 



8in 
cos 



cot 



12. tan 15-^ = tan J& "' 



IS. tan 

li. tan 

15. ian 

16. tan 

17. tan 

18. tan 

19. tan 



2 

tf + C 

2 



standi 



Bin 
cos 



€08 



2 ^ 810 

-^ s= cot ic — 
2 * cos 



C — B 

« -f B 

2 

A — C 



= COt|A 



XOtj^A 



Sin 



sin 
cos 



= cot }b 

^ =COtjB 



cos 
sin 



2 

A -f- C 



Sin 
cos 



cos 



(C-B) 



(C +B) 
(C-B) 



(C+ B) 
(A-C) 



(A + C) 
(A-C) 



(A+C) 

(*-a) 



(* + «) 



(* + «) 
(c-ft) 



(c+6) 



(c+ 6) 
(a-c) 



(a+c) 
(«-e) 



(a +c) 



2a tan j(? « tan *(« - a) '4iL|illJ^ 

Ai A 1 ^ 1 ;» .. vCos4(b + a) 

21. tan ]<; » tan J(5 + a) -~rr) 

22. tan la = tan i(c - *) '!° f ^^ •*" . '| 

* *^ ' Sin J (c — b) 

cos ^ (c -f b) 
co^ i (0 - B) 

24. tan Ji >r tan J(a - c) 'l''*^^^'^^ 

* *^ ''sin J(a-.c) 

25. tan i^ ss tan l(a + c) — tt 1 

■ *^ ' ' cos 4 (a — c) 



23. taniastan|(c + i) 
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«in i (i + a) 



26. cot ^c = taD }(b — a) 

27. cot Jc = tan J(b + a) 



cog t (^ + g) 
cos i (fr — a) 

..w. 1 T ^ V sin i (c + *) 

28. cot Ja = tan i(c — b) -e-fr 1; 

cos i (c + ft) 



29. cot 4a = tan J(c -f b) ^ . .. 
80. cot Jb = tan i(A - c) -T—TT { 

-». 1 ^ ^ \ COS 4 (« + c) 

31. cot Jb = tan J(a + c) — 77 -; 

Section V. 
Mnemonics of Spherical Trigonometry. 

89. As it 189 obviously, difficult to retain in recollec- 
tion the necessary rules and formulae in spherical trigo- 
nometry, attempts have been made by different mathe- 
maticians, to assist the student by contrivances akin to 
those tvhich occur in repositories of artificial memory. 

Napier, to whom this department of science is so 
much indebted, at the end of his Mirifici Canonis Can-- 
structiOf obscurely suggested a simple and comprehen- 
sive method, characterised by the name of Napier's 
^Rtde&for the Circular Parts; which apply, 1st, to right 
angled spherical triangles ; 2dly, by means of the polar 
triangle, to quadranial triangles ; and, 3dly, by means 
of a perpendicular from the vertical angle, to oblique 
angled spherical triangles. These rules were developed 
much more perspicuously by Gellibrand; and have, 
since his time, been explained by almost every writer 
on spherical trigonometry. 

40. In a spherical triangle abc, right angled at a, we 
have, as was shown in arts. 25—31, of this chapter. 
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%m =s sin a sin c ss tan b cot b 
f in ^ = sin a sin B = tan « cot c 
cos a = cos c cos h = cot b cot c 
cos B = cos & sin c = tan c cot a 
cos c = cos c sin b = cot a tan b 

These equations include only^ve of the six parts o^ 
the triangle, the sixth part, viz. the angle a being con- 
stant. Nowy Napier's circular parts are, the comple-* 
rnents of the angles b and c, tne complement of the 
hypothenuse a, and the other two sides b and c : that is» 
90* — fl, 90° — b, 90° — c, ^, and c, are the %sq circular 
parts. Any one of these five may be called a middle 
part; then the two parts next adjacent, one on the 
right, the other on the left, [not including the right 
angle] are called adjacent parts; and the next two, 
each separated from the middle part by an adjacent 
part, are called opposite parts. This premised| th« 
rules are, 

1. The rectangle of the radius and the sine of the 
middle part = rectangle of the tangents of the adjacent 
parts* 

2. The rectangle of the radius and the sine of the 
middle part = rectangle of the cosines of the opposite 
parts. 

These rules may be comprehended in one eilpression, 
extremely easy to remember, simply remarking that the 
vowels in the contractions «'«, tan, cos, are respectively 
the same as those in the first syllable of middle^ adja- 
cent, opposite : for then, regarding unity as radius, w« 
shall have 

sin mid = rect tan adja =: rect cos op. 
A rule which, by takings, b, Cf &c. successively for tlie 
middle part, will be found to comprise the five expres- 
sions given above. 

41. By the circular parts of an oblique spherical tri- 
angle are meant its three sides, and the supplements of 
its three angles. Any of these six being assumed as 
a middle part; the opposite parts are those two that ar« 

f2 
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of the same denomination with it ; that b, if the middle 
part is one of the sides^ the opposite parts are the other 
two ; and if the middle part u the supplement of one of 
the angles, the opposite parts are the supplements c^ the 
other two. 

42. Mr. Walter Fisher has also given, in the Trans-^ 
actions of the Royal Society of Edinbmrgh, rules of easy- 
recollection which will serve for the solution of all the 
cases of plane knd spherical triangles. They are in- 
cluded in four theorems^ which may be applied to plane 
triangles b^ taking, instead of the sine or tangent of a 
side, the side itself. 

Theor, 1. Given two parts, and an opposite ,one. 
s.A:s.o::s.a:s.o» 

Theor* 2. An included part given, or sought. 

— ,, J" A — .tf A + « — O+O 

Theor. S. t . — g— : t . — ^ :'^t . — g— : t . — g— 

Theor, 4. Given the three sides or angles of an ob- 
lique angled triangle. 

(a + a) + Z (a + a) - r ^ u 

s. A X s.fl:R»::s.^ ^ X s. ^ ;s».~« 

Here^M denotes the middle part of the triangle, and 
must always be assumed betvoeen two given parts. It is 
either a side or the supplement of an angle; and is 
sometimes given, sometimes not. 

A and a are the two parts adjacent to the middle, and 
of a different denomination from it. 

and denote the tifo parts ofjposiie to the adjacent 
y parts, and of the same denomination with the middie 

part. 

1 is the lastf or most distant part, and of a different 
denomination from the middle part. 

That these four theorems may be called to mind with 
the greater facility, the following four words formed by 
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&bbre¥iating the terms of the respective analogies should 
be conMnitted to memory, viz. 

SaOf satom^ iaoj sarsalm. 

StfCtlOK VI. 

On the Areas ofSjjherical Triamks and Polygons^ and 
the Measures of Smd Angfes. 

Theorem I. * 

4S- In every spherical triangle, the following propor- 
tion obtains, viz. as fe^i* right angles, (or 360°), to the 
surface of a hemisphere; or, as two right angles (or 
180^), to a great circle of the sphere ; so is the excest 
of the three angles of the triangle, above two r%ht 
angles, to the area of the triangle. 

Let ABC be the spherical tfiangie. Complete one of 
its sides, as bc, into the circle bcsf, 
whidi may be su{^posed to bound the 
upper hemisphere. Prolong also, at 
both ends, the two sides ab, Ae, un- 
til they form semicircles estimated 
from each angle, that is, until bae 
= abd:s:caf = acd = 180°. Then 
will CBP := 180*^ = BPE; and conse- 
quently the triangle aeit, on the an- 
terior hemisphere, will be equd ta the triangle bcd on 
the opposite hemisphere. Putting *?», w', to represent 
the surface of these triangles, p for that of the triangle 
baf, q for that of cab, and a for that of the proposed 
triangle abc. Then a and m' together (or their equal 
a andm together) make up the surface of a spheric lune 
comprehended between the two semicircles acd, ab0» 
inclined in the angle a : a and p together make up the 
lune included between the sefiicircles oaf, cbf, making 
the angle c : a and q together make up the spheric lune 
' included between the semicircles bob, bae, makinglhe 
angle b^ And the surface of each of these Lunes, is la 
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that of the hemisphere, as the angle made hy the eom- 
prehending semicircles, to two right angles. Therefore, 
putting |s for the surface of the hemisphere, we have 

180'': a:: Js:a + m. 

180° :b \ik%ia + q, 

180^: c ::|s la-^-p* 
Whence, 180®: AHrB4-c::Js:3fl + W+/J + 5- = 2a + Js; 
and consequentlis by division of proportion, 
as ISO^iA + B-f c — 180°:: js:2a + Js — is = 2fl; 

•r, 180°:a + b + 0-180°:: Js: a=jfi. ^^ « 

Cor, I. Hence the excess of tiie three angles of any 
spherical triangle above two right angles, termed tech- 
nically the spherical excess^ furnishes a correct measure 
of the surface of that triangle. 

Cor, 2. If ir = $1415^, and d the diameter of the 

« 1 . , A+B+C — 180*^ , «i , 

sphere, then is ffrf* , ^^^r^ = the area of the 

spherical triangle. 

Cor. 3. Since the length of the radius, in any circle, 
is equal to the length of 57*2957795 degrees, measured 
on the circumference of that circle ; if the spherical «r- 
cess be multiplied by 57*2957795, the product will ex- 
press the surface of the triangle in square degrees. 

Cor. 4. When a = 0, then a + b -f c = 180°: and 
when a = Js, then if -f- b + c = 540°. Consequently 
the sum of the three angles of a spherical triangle, is 
always -between 2 and 6 right angles : which is another 
confirmation of art. 19, p. 83. 



« This determination of the area of a spherical triangle is doe 
to Albert Girard (who died about 163S). But the demonstration 
now commonl^r given of the rule was first pnbtisbed by Dr. Wallis. 
It wa« considered as a mere speculative troth, until General Roy, 
in 1787, employed it very judiciously in the great Trigonome- 
trical Survey, to correct, the errors of spherical angles. See 
Plill. Trans, vol. 80. and chap. xti. of this volame. 
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Cor, 5. When two of the angles of a spherical tri- 
angle are right angles, the surface of the triangle varies 
with its third angle. And when a spherical triangle 
has three right angles its surface is one-eighth of the 
surface of the sphere. 

Remark. The mode of finding the spherical excess, 
and thence the area when the three angles of a spherical 
triangle are given, is obvious enough ; but it is often 
requisite to ascertain it bymeaas of other data, as, when 
two sides and the included angle are given, or when all 
the three sides are given. In the former case, let a and 
b be the two sides, c the included angle, and m the sphe- 

• • ft. • T cot Aa. cot 4ft + COS c _,., 

rical excess: then is cot ^e == — = — r-^= • When 

^ SIO c 

the three sides a, d, c, are given, the spherical excess 
may be found by the following very elegant theorem, 
discovered by Simon Lhuillier: 

. , .,. a + b + c ^ «+& — c^ « — ft + c 

tan |s =s v'Ctan — j . tan — j . tan — j-— 

. tan ). 

The investigation of these theorems would occupy more 
space than can be allotted to them in the present 
volume. 

Theorem 11. 

44« In every spherical polygon, or surface included 
by any number of intersecting great circles, the sub* 
joined proportion obtains, viz. as four right angles, or 
360°, to the surface of a hemisphere ; or, as two right 
angles, or 180°, to a great circle of the sphere ; so is the 
excess of the sum of the angles above the product of 
180° and two less than the number of angles of the 
spherical polygon, to its area. 

For, if the polygon be supposed to be divided into as 
many triangles as it has sides, by great circles drawn 
from all the angles through any point within it, forming 
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at that point the vertical angles of all the triangles. 
Then, by theor. 1, it will be as 360^ : |s :: a + b + c 
— 180° : its area. Therefore, putting p for tl^e sum of 
all the angles of the polygon, » for their number, and v 
for the sum of all the vertical angles of its constitttflDt 
triangles, it will be, by composition, 
as 360° : Js :: p + v — 180P . n : surface of the polygem 
But Y is manifestly equal to 360° or 180° x 2. Therefon^ 

as86Q°;js:;p-(w-2)180°:is. T""^"^^^'^'' ,the 

area of the polygon, q. £« d. 

Cor. 1. If ff* and d represent the same quantities as in 
theor. 1, cor. 2, then the surface of the polygon will be 

ju J, P-(«-2)l80O 

expressed by arrf* . ^^o^ ' • 

Cor. 2. If R** = 57-2957795, then will the sur&ce of 
the polygon in square degrees be =s r° . [p — (» — 2) 
180^3. 

Cor. 3. When the surface of the polygon is 0, then 
p ss (n — 2) 180° ; and when it is a maximum, that is, 
when it is equal to the surface of the hemisphere, then 
p Sis (n — 2) 180° + 360° = n . 180°: consequently p, 
the sum of all the angles of any spheric * polygon, is 
always less than 2» right angles, but greater than 
(2n — 4) right angles, n denoting the number of angles 
of the polygon. 

Nature and Measttre of Solid Angles. 

45. A solid angle is defined by Euclid, that which is* 
made by the meeting of more than two plane angles, 
which are nat in the same plane, in one point. 

Others define it the angular space comprised between 
several planes meeting in one point. 

It may be defined still more generally, the angular 
spac^ included between several plane surfaces or one or 
niore curved surfaces, meeting in the point which forms 
the summit of the angle. 
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According to this definition, solid angles bear just tiie 
same relation to the surfaces which comprise them, as 
phme angles do to the lines by which they are included : 
BO that, as in the latter, it is not the magnitude of the 
Yrnes, but their mutual inclination, which determines 
th6 angle ; just so, in the former, it is not the magnitude 
of the planes, but their mutual inclinations, which de- 
termine the angles. , And hence all those geometers,, 
from the time of Euclid down to the present period, 
who have confined their attention principally to the 
magnitude of the plane angles, instead of their relative 
{Positions, have never been able to develope the pro- 
perties of this class of geometrical quantities; but have 
affirmed that no solid angle can be said to be the half or 
the double, of another, and have spoken of the bisection' 
and trisection of solid angles, even in the simplest cases^ 
as impossible problems. 

But all this supposed difficulty vanishes, and the doc- 
trine of solid angles becomes simple, satisfactory, and 
universal in its application, by .assuming spherical s^tr^ 
faces for their measure ; just as circular arcs are as- 
sumed for the measures of plane angles.^ Imagine, 
that from the summit of a solid angle (formed by the 
meeting of three planes) as a centre, any sphere be de- 

» This dUquUitioD on solid angles was first published in the 
3d Tolume of Dr. Htttton's Course of Matheiaatics, in the year 
1811. At that time I thought the notion of measuring this cla6» 
of geometrical magnitudes by means of spherical triangles and 
polygons was, though extremely obviotts and natural, perfectly 
new. I have since found, by consulting M6ntucla's History of 
Mathematics, vol. ii. p. 8, that Albert Girard, in his Imtenlion 
nouvelU en jilgibre, advanced an analogoas theory. 

While I am adverting to the third volume of Dr. Huttpn'» 
Course, I beg to mention, in order to account for any instances 
of close correspoodeoee which may be found between parts of 
this volume and of that (though they, I believe, will occur quite 
as seldom as can well be expected when the same person is treat, 
ing of the same subjects), that the 3d, 3d, 4tb, 5th, 6lh, 7tb, 8th, 
9thy and 11th chapters of that volume were composed by me ; the 
remainder by ray excellent friend the author of that Course. • 

V 5 
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scribed, and that those planes are produced till they cut 
the surface of the sphere ; then will the surface of the 
spherical triangle, included between those planes, be a 
proner measure of the solid angle made by the planes 
at their common point of meeting : for no change can 
be conceived in tne relative position of those planes, 
that is, in the magnitude of the solid angle, without a 
corresponding and proportional mutation in the surface 
of thtt spherical triangle. If, in like manner, the three 
or more surfaces, which by their meeting constitute 
another solid angle, be produced till they cut the sur- 
face of the same or an equal sphere, whose centre coin- 
cides with the summit of the angle ; the surface of the 
spheric triangle or polygon, included between the planes 
which determine the angle, will be a correct measure of 
that angle. And the ratio which subsists between the 
areas of the spheric triangles, polygons, or other sur- 
faces thus formed, will be accurately the ratio which 
subsists between the solid angles, constituted by the 
meeting of the several planes at surfaces, at the centre ' 
of the sphere. 

Hence, the comparison of solid angles becomes a 
matter of great ease and simplicity : for, since the areas 
of spherical triangles are measured by the excess of the 
sums of their angles each above two right angles (theor. 
1 ) ; and the areas of spherical polygons of n sides, by 
the excess of tlie sum of their angles above 2n — 4 right 
angles (theor. 2) ; it follows, that the magnitude of a 
trilateral solid angle, will be measured by the excess of 
the sum of the three angles, made respectively by its 
bounding planes, above two right angles ; and the mag- 
nitudes of solid angles formed by n bounding planes, 
by the excess of the sum of the angles of inclination of 
the several planes above 2n — 4> right angles. 

As to solid angles limited by curve surfaces, such as 
the angles at the vertices of cones ; they will manifestly 
be measured by the spheric surfaces cut off by the pro- 
longation pf their bounding surfaces, in the same man- 
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ner as angles determined by planet are measured by the 
triangles or polygons, they mark out upon the same, or 
an equal sphere. In all cases, the maximum limit of 
solid angles, will be the plane towards which the various 
planes determining such angles approach, as they diverge 
further from each other about the same summit ; just as 
a right line is the maximum limit of plane angles, being 
formed by the two bounding lines when they make an 
angle of 180*. The maximum limit of solid angles is 
measured by the surface of a hemisphere, in like man- 
ner as the maximum limit of plane angles is measured 
Jby the arc of a semicircle. The solid right angle 
(either angle, for example, of a cube) is J (= |^) of 
the maximum solid angle : while the plane right angle 
is half the maximum plane angle. 

The analogy between plane and solid angles being 
thus traced, we may proceed to exemplify this theory 
by a few instances; assuming 1000 as the numeral mea- 
sure of the maximum solid angle == 4 times 90° solid 
= 360° solid. 

1 . The solid angles of right prisms are compared with 
great facility. For, of the three angles made by the 
three planes which, by their meeting, constitute every 
such solid angle, two are right angles ; and the third is 
the same as the corresponding plane angle of the poly- 
gonal base ; on which, therefore^ the measure of the 
soHd angle depends. Thus, with respect to the right 
prism with an equilateral triangular base, each solid 
angle is formed by planes which respectively make 
angles of 90°, 90^ and 60°. Consequently 90^ -f 90* 
+ 60° — 180° = 60°, is the measure of such angle, 
compared with 360° ^he maximum angle* It is, there- 
fore, one-sixth of the maximum angle. A right prism 
with a square base has, in like manner, each solid angle 
measured by 90° + 90° + 90° - 180° = 90^ which i* 
2 of the maximum angle. And thus it may be found, 
that each solid angle of a right prism, with aa equi« 
lateral 
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triangular base is ^ max. angle s ^ . 1000. 

square base is I = \ . 1000. 

. pentagobal base is = -^« lOOO, 

nexagonal is ^ = i^ • lOOa 

heptagonal is "^ tV • lOOO* 

octagonal is ^\'. ^ -fj' 1000. 

nonagonal is === tV • ^000, 

decagonal is \ === A • 1000. 

undecagonal is =^ A • 1000. 

duodecagonal is A = ii • 1000. 

mgonal is ...•.•,. =-s — •lOOO. 

Hence it may be deduced, that each solid angle of a 
regular prism, with triangular base, is half each solid 
angle of a prism with a regular hexagonal base. Each 
with regular 
square base = f of each, with regular octagonal base, 

pentagonal = f , decagonal, 

hexagonal =1 - duodecagonal, 

Jm gonal « — — m gonal base, 

Henc^ again wc may infer, that the sum of all the 

solid angles of any prism of triangular base, whether 

that base be regular or irregular, is half the sum of the 

solid angles of a prism of quadrangular base, regular or 

irregular. And, the sum of the solid angles of any 

prism of - 

tetragonal base is = ysumof ang.iaprismof pentag.base, 

pentagonal .... = | nexagonal, 

hexagonal .... ss^^ heptagonal, . 

fit •— s 
m gdnal = _. (w+ l)gonal. 

2. Let us compare the solid angles of the five regular 
bodies. In these bodies, if m be the number of sides of 
each &ce ; n the number of planes which meet at each 
solid angle; <§0 ^ ^^^ ^^^ circumference or 180^; 
and A the plane angle made by two adjacent ftces; 
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! - 1 

cos— O 

then we have sin |a =3 — • This theorem givet, « 

for the plane angle formed by every twro contiguous 
feces of the tetraedron, 70° 31' 42"; of the hexalfdron, 
90°; of the octaedron, 109° 28' IS'"; of the dodecae- 
dron, 116° 3S' 54."; of the icosaedron, 138° 11' 23". . 
But, in these polyedrfle, the number of faces meeting 

^s^ about each sohd angle, are 3, 3, 4, 3, 5, respectively. 
Consequently the several solid angles will be determined 
by the subjoined proportions : 

^ 3olid Angle. 

f. S60°:5,70°3r42" -.180°!!l000: 87-73611 tetraedron. 
360°:3.9eP -180°:: 1000:250- faexaedron. 

i 860°:4.109°28'18"— 360°::1000:216-85185octaedron. 
S60°:3.116°33'54"-180°::1000:471-895 dodecaedron.- 
3e0°:5.138°ir23"-540°::1000:419-30169icosaedron. 

S^ The solid angles at the vertioes of cones, will be 
determined by means of the spheric segments cut off at 
the bases of those cones; that is, if right cones, instead 
of having plane bases, had bases formed of the segments 
of equal spheres, whose centres were the vertices of the 
cones, the surfaces of those segments would be measures * 
of the solid angles at the respective vertices. Now, the 
surfaces of spheric segments, are to the surface of the 
hemisphere, as their altitudes, to the radius of the 
sphere ; and, therefore, the solid angles at the vertices 
of right cones will be to the maximum solid angle, as 
the excess of the slant side above the axis of the cone, 
to the slant side of the cone. Thus, if we wish to as- 
certain the solid angles at^the vertices of the equilateral 
and the ri^ht angled cones ; the axis of the former is 
» }\/3, of the latter, }a/2, the slant side of eacli being 
unity. Hence, 

Angle at rertez. 
1 : 1 — J ^3 :: 1000 : 133-97464, equilateral cone, 
1 : 1 — I >v/2 :: 1000 ; 292*89322, right angled cone. 
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4. From what has been said, the mode of determining 
the solid angles at the vertices of pyramids will be suffi.- 
ciently obvious. If the pyramids be regular ones, if ic 
be the number of faces meeting about the vertical angle 
in one, and A'the angle of inclination of each two of its 
plane faces ; if n be the number of planes meeting about 
the vertex of the other, and a the. angle of inclination of 
each two of its faces : then will the vertical angle of the 
former, be to the vertical angle of the latter pyramid, 
as NA - (N — 2) 180°, to wa - (« - 2) JL80°. 

If a cube be cut by diagonal planes, iiito six equal 
pyramids with square bases, their vertices all meeting at 
the centre of the circumscribing sphere ; then each of 
the solid angles, made by the four planes meeting at 
each vertex, will be \ of the maximum solid angle ; and 
each of the solid angles at the bases of the pyramids, 
will be ^\ of the maximum solid angle. Therefpref 
each solid angle at the \>ase of such pyramid, is one*' 
Jburth of the solid angle at its vertex : and, if the angle 
at the vertex be bisected, as described below, either of 
the solid angles arising from the bisection, will be dou* 
ble of either solid angle at the base. Hence also, and 
from the first subdivision of this inquiry, each solid 
. angle of a prism, with equilateral triangular base, will 
be half each vertical angle of these pyramids, and double 
each solid angle at their bases. 

The angles made by one plane with another, must be 
ascertained, either by measurement or by computation, 
according to circumstances. But, the general theory^ 
being thus explained and illustrated, the further appli- 
cation of it is left to the skill and ingenuity of geo- 
meters; the following simple examples, merely, being 
added here. 

Ex, Let the solid angle at the vertex of a square 
pyramid be bisecte4* 

ist. Let a plane be drawn through the vertex and 
any two opposite angles of the btoe, that plane will 
bii»ect the solid angle ^t the vertex; forming two trila- 

7 
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teral angles, each equal to half the original quadrHateral 
angle. 

2dly. Bisect either diagonal of the base, and draw 
any plane to pass through the point of bisection and the 
vertex of the pyramid ; such plane, if it do' not coincide 
with the former, will divide the quadrilateral solid angle 
into two equal quadrilateral solid angles. For this plane, 
produced, will bisect the great circle diagonal of the 
spherical parallelogram cut off by the base of the p3rra« 
mid; and anju^reat circle bisecting such diagonal is 
known to bi^ict the spherical parallelogranr, or square ; 
the plane, therefore, bisects the solid angle. 

Cor. Hence an indefinite number of planes may be 
drawn, each to bisect a given quadrilateral solid angle. 

Ex, 2. Determine the solid angles of a regular pyra- 
mid with hexagonal base, the altitude of the pyramid 
being to each side of the base, as 2 to 1. 

jins. Plane angle between each two la- 
teral faces 125** 22^ 35^ 

— — between the base and 

each face 66° 35' 12". 

Solid angle at the vertex 89*60^48 7 The max. angle 
Each ditto at the bafle . . 21849367 J being 1000. 



CHAPTER VII. 
Logarithmic Computation of Spherical Triangles, 

l.rO]^ the purposes of exemplifying idie rules and 
formulae in the preceding chapter, and of assisting the 
student in deducing the logarithmic computations from 
the analytical expressions, a few problems are here 
added. 



^ 
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Example I. 

In the right angled spherical triangle abc» right an- 
gled at Ay given the h jpothenuse a =i 64° 40', and one 
leg i = 42^ 12^. Required the rest. 

Tliis example falls under case 2, section 2, of the 
preceding chapter, where 

. sin given «tde 

Sin B, a feq. angle = — r~ — x—* 

' ^ ** am hypotb. 

. . , cos hypoib, 

cos c, the Side req. = : — *^* 

' * cos giTen side 

cos c> a req. angle = tan given side x cot hypoth. 
Hence the following logarithmic operation. 



From log sin 42° 12^. . 9-8271887 
Take log sin 64<> 40'.*. 9*9560886 



Rem. sin B. 48^ O'. .9*8711001 



From log cos64<^40'. .9-6313258 
Take log cos42<' 12*. .9-86970ST 

Rem. cot c. .54C>43'. .9*76I6S21 



To log tan 42° 12' . . . . 9-9574S50 
Add log cot 64° 40' ... . 9*6752372 

The sum is log cos c 64° 35' .... 9-6327222 

Here 10 are added to the index of the remainder ^ and 
taken from the index of the sum; conformably with 
note 2, art. 31 of the preceding chapter. 

2dly. To compute the same by means ofNapier^s cir^ 
ctdar parts. 

Here, if the leg 6 be assumed as the middle term, 
(90° — fl), and (9Cr «— b) are the opposite parts, 
and sin mid. = rect cos op. becomes, 
sin 6 =s sin a sin b* 

.. . sin b sin given leg 

Hence sm b = -: — = — r-r — :^ ; 

.sin m sm bypoth. 

this agrees with the foregoing process. 

Again, if (90°— c) be the middle part, then (90°— a) 
and b are adjacent parts, and 

sin mid. ^ rect tan adja. becomes 
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» 

C08 c 9 cot a tan & = cot bypoth. x tan given side ; 
this also agrees with the preceding. 

Sdlj. If (90° — a) be made the middle part, then b 
and c are the opposite parts, and 

sin mid. =& rect cos oppos. becomes 

• . coca 

cos a = cos 6 cose; whence cos c =* — -, 

, COB 6' 

that is, cos (^ =: ^^' 7^^. ; which also agrees with the 

cos given les ' * 

preceding. Hence die logarithmic computation need 
not be repeated. 

Example II. 

Given in a spherical triangle, the quadrantal side 
CA = 90°, an adjacent angle c =s 42° 12^, and the op- 
posite angle b = 115° 20"; to find the other angle and 
sides* 

Suppose the side cb produced until cd s= ca s 90^: 
then. It is evident from chap. vL art. SS, c 
that both the angles, cad, and i>, are 
= 90^, and consequently that ad is the 
measure of the anele c, and therefore 
= 42° 12". It is B&o evident that abd, 
as well as acd, is a right angled tri- 
angle, and that ^ abd s= 180^— abc 
== 64° 40". Hence, to find ab, 3?c. we make use of the 
triangle abd, of which we determine the hypothenuse 
and oblique anglds by case 4, of right angled triangles. 
Thus, 

cosgiven angle 




sm hypoth. = -; ; — 

■^ '^ sin op. anifle 

I^rom1og6tu480 1S'..0g»7]887 
Take log sin 64^ 40^. .9*9560886 



Rem. sin AB . . 48<> . . 9*8711001 



Sin req. an. = - — : rr-- 

* cos given tide 

Fronilagco8 64^40'. .9*esld«M 
Take log oos48o 12'. .9*8691037 

Re«i..Inw»36^ing.,8,5gg, 
or coi CAB S4^43 J 



■^MOM 



sin side req. as tan given si^e x cot op* angle* 
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To log tan 42^ Ig' . . . . 9-9574850 
Add log cot 64° 40' ... . 9-6752372 

'^* '"" o^r ^^ nr S^ l^'l ' ' • • 96327222 
or COS BC o4 35 J 

Example III. 

In a right angled epherical triangle given the hypo- 
thenuse = 64° 40', and an adjacent angle =s 64° SS'c 
to find the rest. 

Example IV. 

Given one leg =? 42° I^', and its opposite angle ss 
48°; to find the rest. 

Example V". 

Given a leg s 54^ 48'^ and its adjacent angU a 45*; 
to find the rest. 

Example VI. 

Given the two legs ^ 54° 13'; and 42* 12^,respecU 
wely; to find the rest. - 

Example VII. 

Given the two oblique angles = 48° and 64° 35' fc- 
tpectively; to find the rest. 

Example VIII. 

Given a quadrantal side, one of the other sides se- 
ll 5° 9', and the angle comprehended between them 
= 115° 55'; to find the rest. 

Arts. Angles 101° 4' and 117^34', side 113° 18'. 

Example IX. 
Given in an oblique angled spherical triangle, the 
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lide a =: W IS' 45'', ^ = 84** 14' 29", and their in- 
cluded angle c = 36° 45' 28"; to£nd the rest. 

This example corresponds with case 2, A. 
prob. 2, of oblique angled spherical trian- ^^^^ 
glea; and may first be solved by means of \\^\ft 




the subsidiary arc, in the manner there ex- \ 
plained. — j- g. 

Thus, first find ^, so that 

tan ^ = cos c tan b, ^ 

To log cos c = cos 36° 45' 28" ... . 99037261 
Add tan i = tan 84° 14' 29" 109963395 

9 

>i ■■ I I I ■■ ■ * m 

tan (p = tan 82° 49' 33" 109000656 

This arc ^ exceeds a, therefore the perpendicular A9 
from the vertical angle falls on the base produced; 
hence the 2d expression becomes 

cos b COS (a ^ ♦) 

cos C ^ 7 • 

coe6 

Hence, to log cos 84° 14' 29" ... . 9-0014632 
Itdd cos 88' 35' 48".... 9-8929604 



. • . 



from the sum 18-8944236 

take cos 82° 49' 83" , , . . 9-0965132 

. Rem. cos c = cos 51° 6' 1 1" ... . 9-7979104 

To find the remaining parts use the known propoF* 
tion of the sines of sides to the sines of their opposite 
angles; thus 

As sine. 51° 6' 11". ... 9-8911340 

To sin c 36° 45' 28" .... 9-7770158 

Soissina 44° 13' 45". . ..9-8435629 

To sin A 32° 26' 7" .... 9-7294447 

And so is smb.. 84° 14' 29" .... 9-9978028 

To sin B 130° 5' 21" ... . 98836846 

Here the logarithmic sine 9-8836846 answers either 
to 49° 54' 39" or to its supplement 130* 5' 2r; the 
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fonner of which ii the exterior angle abI>, the latter th» 
angle b of the triaa^e. 

2d Method^ by Napier^i Atudqgies. 
TMng the 14th and 15th fimnuke at the end of 
te«t. 4, of the preceding chapter, we have 

, sin i (5 ^ a) 

tan J (B - A) = cot }c srr(»TT)5 

_ _ ^ V •■ COS i (ft — «) 

and tan } (b -f a) SB cot ie — I ]. ^ J; 

* ^ ' ' cos i (• + «) 

The log. computation will therefore stand thus : 

To log cot Jc 18<» 22' 44" . . . . 1 0^785595 

. Add log sin J (^ - «) 2(y* 0'22".... 9-5341789 

From the sum 20-0127184 

Takelog8in^(i + a)64°14' T\... 9-9545255 

Rem.logtan J (b-a) 48* 49^ 88^ . . . • 100581929 

Alio, to log cot ic . . 18^ 22' 44''. • . . 10-4785395 
Add log cos J (5 - fl) 20** 0^22".... 9-9729690 

From the sum • . • . 20-45 1 5085 

TakelogcosJ(^ + a)64«*14' 7".... 9-6381663 



^mm 



Rem.logtanil (b + a) 81<' 15' 44" .... 10-8133422 

Hence 81° IS' 44" + 4^^ 49' 38" = 130^ 5' 22" * b, 
and81°15'44" — 48°49'38"*= 32^26' 6"=: a; 
agreeing nearly with the result of the former compu- 
tation. 

Then to 'find c, use the proportion, as sin a : sin a 
:: sin c : sin c 3s sin 51** 6' 12". 

Here it would seem, from a comparison of the me- 
thods, that the first is rather quickest in operation, while 
the last is probably the easiest to remember, and pro- 
▼idea best againtt the occasiona of ambiguity. 
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Example X; 

In an oblique angled spherical triangle abc, aven the 
•ide c == 1 14? Sa, side a = 56^ 4^, dnd the angle c op. 
poMte the first side = 125° 20': to find the rest 

Am. A = 4f8° SCy, B = 62** 54', d = 83^ 12'. 

Example XI. 

GiTOnA«48*>30',c= 125^20',^ = 114^30': to 
find the rest 

Example XII. 

Giv«n « =s 56° 40', c''=5 114° 30', b a 62° 54; to find 
the rest. 

Example XIII. 

Given a =s 48* 30', c = 125° 20', ^ = 83* 12^; to 
find the rest. 

Example XIY. 

Given a =: 56° 40, * = 83° 12', c = 114° 30^; to find 
^e rest. . 

Example XV, 

Given A = 48° SO', b = 62° 54', c =3 125° 20^; to 
find the rest. 

*^t* For more examples see chap. x. 
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CHAPTER VIII. 
On Projections of the Sphere 

Section I. 

Astronomical Definitions. 

I. Since the figure of the earth diflencbut little from 
that of a sphere, it is usual in the greater part of the. 
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inquiries and computations of astronomers, to proceed 
as though it were a sphere in reality ; and since, to an 
observer on the earth, the heavens appear as a very 
large concave sphere, every part of which is equidistant 
from hlro, it has been found expedient to imagine vari- 
ous lines and circles to be described upon me earth, , 
and the planes of several of them to be extended every j 
way untu they mark other similar lines and circles upon \ 
the imaginary concave sphere of the heavens. Some i 
of these it now becomes necessary to explain. 

2. The axis of the earth is an imaginary right line 
passing through the centre, about which line it is sup- j 
posed to turn uniformly once in a natural day. 

S. The extremities of this axis are called the poles of 
the earth. 

4. That great circle of the earth, the poles of which 
are the poles of the earth, is called the equator. 

5. If the axis of the earth be supposed produced both 
ways to the concs^ve heavens, it is then called the axis 
of the heavens ; its extremities are called the poles of 
the heavens} and the circumference formed by extend- 
ing the plane of the equator to the celestial concavity is 
called the celestial equator^ or the equinoctiaL 

6. A secondary to the equator drawn through any 
place on the earth, and passing through the poles, is 
called the meridian of that place. 

7. The latitude of any place upon the surface of the 
earth, is its distance from the equator measured on an 
arc of the meridian passing through it. A less circle 
passing through any place parallel to the equator is 
called a parallel of latitude. Places that lie between 
the equator and the north pole have north latitude ; if 
they lie between the equator and the south pole they 
have soiUh latitude. 

8. All places that lie under the same meridian have 
the same longitude; and those places which lie under 
difierent meridians have different longitudes. The dif* 

Jerence of longitude between any two places^ is the dts- 
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tance of their tneridians measured in degrees^ &c. upoa 
the equator. 

9. The sensible horizon is a circle, the plane of which 
18 supposed to touch the spherical surface of the earth, 
in the place of the spectator whose horizon it is. The 
rational horizon is a circle whose plane passes through 
the centre of the earth, parallel to the plane of the sen- 
sible horizon. The radius of the earth being exceed* 
ingly minute compared with that of the celestial sphere, 
the sensible and rational horizon may, in many astrono- 
mical inquiries, be supposed, without error^ to coincide* 

10. Great circles which are drawn as secondaries to 
the rational horizon, are called vertical circles; they 
«erve to measure the altitude or the depression of any 
celestiah object. 

11. The two points in which all the vertical circlet 
that can be drawn to any rational horizon meet, are 
called, the one above the spectator the zenith^' waA. that 
which is below him the nadir,, 

12. Almucantars, or parallels of altitude^ are circles 
parallel to the horizon, or whose poles are the zenith 
and nadir. All the points of any one almucantar are at 
equal altitudes above the horizon. 

IS. The real motion of the earth about the sun once 
in a year, gives rise to an apparent motion of the sun 
about the earth in the same interval of time. The 
circle in which the sun appears to move is called the 
ecliptic; the angle in which it crosses the equinoctial 
the obliquity of the ecliptic;* and the two points where 
it intersects that circle, the equinoxes* 

* The obliquity of tbe ecUptic is a variable quantity, osciU 
latiDg between certain limits which it never passes. According 
to the profound investigations of Laplace in phy«icui astronomy, 
the obliquity may always be determined very nearly by this for- 
mula, viz. ^ 

28° 28' 23"-05 - 1 19r'-2l84 [1 - cos {t 18"-94645)] > 
- 3341"-0496 sin {t 32"-ll5T5) J 

where 2 denotes the number of years run over from 1750; it is 
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14. The dbtanoe of the son, or of jany of the hea- 
venly hodiesy from the equator, measured on an arc of 
the meridiaDy is ci^led the decUnafion ; north or sou^ 
ficc«rding as the body is situated north or south of the 
equator. 

15. Secondaries to the celestial equator are called 
drdes of declination; of these, twenty-four, which di- 
vide the equator into equal parts of 15° each, are called 
hour circles; because tne sun in his apparent diurnal 
motion passing over 960^ of a circle parallel to the 
equator, goes through ^^^th of them, dr 15°, in an hour. 

16. The right ascension of a celestial body is an arc 
of the equinoctial, intercepted between one of the equi- 
noxes, and a declination circle passhse through the 
body ; it is measured according to the order of the sun^B 
apparent roptioii through the twelve signs. 

17. The lonpttide of a heavenly body is an arc of the 
ecliptic, contamed between the 1st point of Aries (that 
is, one of the equinoctial points), and a secondary to 
the ecliptiC) or a circle of latitude passing through the 
body. 

18. The laiitudie of a body is its distance from the 
ecliptic measured upon a secondary to that circle. And 
the angle foritied at the body by two great circles, one 
passing through the pole of the equator, the other 
through the pole of the ecliptic, is called the angle of 
position .^^ 

19. The tropics are two circles parallel to the equi- 
noctial, and touching the ecliptic at the two points 
where it is most remote from the equator ; that is to say» 
the first points of Cancer and of Capricorn ; the former 
is denommated the tropic of Cancer, the latter the tropic 
of Capricorn. 



nef ative before^ positive afier^ that epoch. This tb^rem is foand 
to answer very well up to the time of PifthMS^ 350 years before 
the Christian era. The obliqaity at the beeioniDC of 1816 is 23^ 
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20. The points where the tropics touch the ecliptic 
BXQ C2l\e6. solstices^ because the sun when in either of 
them appears to be at a stand vritfa regard to bis decli* 
nation. . . 

21. Colures. are two secondaries t6 the equinoctial: 
dne» passing through the equinoctial poj'nts, is called the 
equinoctiat colure ; the other, passing through the sol- 
stice^y is called the solstitial colure. 

22. Small circles drawn at the distance of 23° ^S' 
(or correctly 23° 27' 4^0 ^'o^i the north and south 
poles oftthe equator, are called polar circles ^ the former 
the arctic f the latter the antarctic circle. 

23. That vertical circle which intersects the meridian ' 
of any plac.e at right angles, is called the prime vertical.'^ 
the points where it cuts the horizon are the east and 
toest points; at the distance of 90° from each of these 
on tne horizon are the north and south ; aTl four being 
called bardinal points. 

24*. The distance on ^he horizon of a vertical circle 
that passes through any body from the north ot* sbuth ' 
points is the azimuth of that body; the distance of the. 
same circle from the' east or west points is the a^Ts^;//- 
tude, » 

25. In order to represent on a plane the celestial 
sphere with all its circles great and small, the ancien'ts 
invented two kinds of projection. The first, named by 
them Andlemma, has since received the name of Ortho^ 
graphic Projection, 'The secgnd, originally denoted by ' 
the generic term Planisphere, received from the Jesuit** 
Aguilon the name of Stereographic Pf^jection, The 
aC^ective orthographic is given to the former, because it 
is produced b3flines which fall at ri^ht angles upon the 
plane which represents the spliere. That of stereogram 
phic was given to the othei*, because it results from the 
intersection of two solids, a sphere and a cone. / 
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SfbCTiov IL 

OrthojgniiMe. Prqjestim* 

26. la this. projectioA the. ej;e j^ «uppo4ed at tn iofi« 
i^ite distance: in wbiclJL^cd&e^a gr^at circto bc^f is a|t«. 
parently reduced to a right lin^ 
equal to its diameter bp, (he. e^e 
being inaagioed indeSnit^ly duh 
tant in the direction^ sq. Then^ 
idso, every arc ca which has. its B| 
origin at the appareiU centre, has 
for its projection a right line sa 
equal to the 5iW of that arc* The 
quadrant cb or cp will be pro* 
jected into its sine, or radius. An a|^9 as. ae ss, ck -r. 
CA, will be projected into ae^ = sin ce — sin ca v^ 
(by equa. u, chap, iv^,) 2f sin j (ce -|- ca) co§ J (<?b + 
c;a) fe 2 sin J AB cos (q A -h \az) . . . . ( I. ) 

27. Every arc, as da, from the. edge of the disp to- 
wards the centre, is prpjected into its Xf^fsc.d sine. J>a. 
The quadrant dc, therefore, is projected in^o the ra^ius^ 
Ds the versed sine of 90^; and the semicircle dcb into 
the diameter db, the verged sine of lQ(j^^. 

28. What is her^ r^ro{M*ked of the circle B^nt.mpjm. 
equallv to all great circlciJ which intersect at s^ a^^ij^nn, 
the vislole hemisphere: eacif </f these senjlcirQlesfis re:? 
duced to its diamete,[^ and the b^i^iispWr^ is r^uc^e^^ 
a disc, * . 

' 29. In this projection evj^ry. circle, great, or. sioall) 
whose plane prolonged dp$», not pas^ through tbe.eyet 
will be seen obliquely, and under .{^nW/i^j^^ci^.i^or pa: fbt. 
an oblique circle inaking throiigho.uttheVstune. angle, 
with the plane of. projection ;i itfitseviet^ p^^allei omy 
nates are all^reduced in.a conSti^nt riEit|o;. tnerefbrp» the,, 
projected ordihates are all in a constant ratio to the' 
corresponding ordinates qf the circle of equal diameter 
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•n tbef plane of projection, and togeHher constitute anf 

eiltpse. {Hiattm <m Ellipse^ prop. 3, cor. 1 ).^ 

sd. In general, in the orthographic prt)jection every 

gi«e5it circle perpendicular to the plane of projection is! 

reprefientedby Its diameter'; and every circle perpendi-^ 

Cidar to that plane is represeiittd by a chofd'x)f tne pri- 

niitive circle equd to its diameter. 

Thus if, by way of showing the use of this projettibii; 

we assume the me- * 

riaSbn for 'the phmc*' 

o^ projefciioti, • this 

^orison win be re«» 

presented by its d!- 

atiietef^ n&i the 

pvllsie^rtical by its 

dianieter zv, which 

CMS'the'ftMTner pet- 

pendieularly : the 

six o'clock hour cir^ 

cle will be repre* 

sented hy its dia* 

meter which is the 

aKis lf^\ making^ 

with the horizon 

the angle pco =k the height of the pole = the latitude^ 
sss I,: the equator fr^j^ be^ projected into its diameter 
eoj makifkg >»^ith the- horison an angle uce ss gcy^ — l : 
^e parallels to the equator will be represented by chords, 
such as At parallel to the diameter of the equator: the 
almucaotarsflr^ prtijeeted into clrord^; such as rs, pa^' 
rallel to the horizontal. 4.iau)eter HO; ,, 

SL AB being the projection of a certain parallel, 
suppose tl^at the -star whiolr in ics apparent . motion de^-* 
scribes thAt parallel, has its inferior transit of the men* 
dikn at b. Thd point B which limits place on the sphere, 
is also its place then in the projectSoA. The star being. 
in the hoxizen at t, or will be the versed sitfe of its azi- 
muth, -and CT the sii^e of its amplitude. Also. refer« 

«2 
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ring the point t to the chord ba» bt vrillbe the versed 
sine of the arc. described from the inferior transit of the 
star to its risings or the semi-nocturnal arc;, tg will be 
the sine of the arc which -remaios to.be described before 
it reaches the 6 o'clock hour circley.or tg will be the 
sine of the arc ^hich deducted from 90° will leave the. 
semi-nocturnal arc; or tg will be the sine of the arc 
which added to 90^,, equivalent to ag, will give the 
semi'diumol arc represented by at. 

On AB as a diameter describe the semi-circle Aps; 
from any points f and is answering. to the position of 
the star at different instants, erect the perpendiculars, 
7f', be'; produce cp to r^^ then it is evident that if the 
semi-circle a]>b were elevated perpendicularly on the 
plane of the meridian, f, g, and £, woufd bp the respec- 
tive projections of the points v\ n, and £'• 

S2. To find the vf^ue of the arc ce' projected into 
the rectilinear portion gb, we -have 

rad : sin ]>£'':: AG : ge; whence 

, ' SB X «Wi UE \ 6E ,' GB «B ^ ^ 

sin DE' = = — =s -: 7 = :^ -. . . ,(2.) 

AG GA Vl.n^ COtAtf CASD ^ ' 

Hence, to know the arc^ which answers to ge, gf, 
gt, &c. we must divide each of those lines estimated 
from the middle of the chord by the sine of the chord!s 
distance (rom its pole. 

Again, from the, triangle cat we have 

GT s= cg tan GCT = sin D tan t. . . . (3.) 
D being the declination of the parallel t - ' - 

GT 8in D ^ - . .. . ./ ,^ - 

= — — tan L =«: tan D tan l as sm pT i . . . (4*.) 



' C08D 



From the same triangle we have, also, 

, . Cfi sin D \,- ^ 

CT =s sm ampl. ss cos azun. 3= — t- — =s -• — ", . . . (5.) 

* COSfiCT C08L ^ ' 

33. Through the point e, a projected place of a star, 
draw the chord ks parallel to the hcrizon, qjr will be. to 
tlie radius qr the cosine of the azimuth, and ex. p^r*- 
pendicular to the horizon will be tlie sine of the alti- 
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tude. To determirie this from the projecticm, draw oi 
parallel to the horizon, then * ' 

^fiirf'A ir £L = La + rrE = cm -f- ck 

= CG sin GCM 4- EG sln EGflf 

= sin D -sin l ^ ag im de' cos oco 
=£ sin D sin t, -f <Jos © cos l cos hoar ab^te * 
=s'8in D sin t + cos d cos L cos h . . , . (6*) 
Put A = 90'' -. 1^, K = SO'^' -- L, and 2 = 9(f — A ; 
then will the last equation become 
*' * ' cos z = cos A cos E -f «hi A sin E cog h, 
which accords precisely with the fimdamental equation 
(2) of spherical trigononretry; and the equa. (1 and i) 
may readily be deduced from the saihe diagram. 

Section III. 

Stereographic Projection* 

Sii. In this projection, which appears to have been 
invented by Hipparchus, all circles^. whether great or 
snsall^ are represented by circles; and a second pro* 
perty, equally general and more curious, is that in the 
projection all the circles make respectively the same 
angles as on the sphere, 

. S^. Let A BOD be a great circle of the sphere^ o the 
place of the eye: the dia- 
xdeter OCA being drawn, 
tmd the diameter bcd 
perpendicular to iit> bcd 
will be the orthographic 
projection of a gieat cir- 
cle perpendicular to the 
visual ray oa, or o€ the 
circle one of whose poles 
is o : it is on the plane 
of this circle that it is 
proposed to describe all 
the circles of the sphere, as they would appear at the 




126 Prycctiofis of the Sphere. 

pornt o. The da^c)^^ li^en, ^n'bosc diatneter^9 i^d is the 
plane of projection; the point <; its cieiitre; ^ fiifid.o.ij^ 
poles ; and die j^pi.vt c is «yi4ei}fly the projection ;of the 
point A. • 

36. Let p he^y. WP^ assigned <m the circumference 
OB^p: JUjI^e^fETf ^^^flff^dfmfif^ cjiord M, it will be 
th^ ortlio^r^piuc projections i^r the diameter of a small 
C^'cle whose pole is p. 1)i^ xp, fo, to cut »p in s ^ad 
T, ST win be the proje/i^onf f.|j[^e chord sf pa ^p ; and 
we propo|se to deaiOK^s^^te Up^t st is the diameter of a 
^rde v^hich «i|l bf^.t^i^j^rpj/^ct^n of the circle described 
pii'iSF. Now.ji is ^ji^nt that raji^ from all points of 
the circum^erei^ce of the circl.e whose diameter is ef to 
meet at o will form the surface of an oblique cone 
whose vertex will be o» ,apd circle about bf its base ; 
of which all sections parallel to that base will {Hutton^s 
Geometry f theor. lld^ be circles. In order to deter- 
Tjfin^ the ^eptiqp of thlf cp^e yvi^e orthographic pro* 
jection Ijs st, yip maj propped thi^ '• 
jaes^i. V« / lf^(^i^ JFX> =s JoD + ^PF s= 45° + ipifi 
ineas. of ^ si^^ju^loB 4- Jd^ = 45^ + i»'- 
fj^^f^f e Fjpp r=^ sxp ; s»^ ([jopseq^ently, 

EFO = 180*^ — FEO — FOE = 180^ — STO — TO^ = 0»Tt 

The .triaii|g;les sFp, %^Qt th^n, are similar ; yet the 
lines BF» 8T, ^are not pardlel, l^ut arq what is techm- 
cally denoi^inated anti-paraUtl^ or ^h-contrartf. Sup* 
posCy how^^y tl^e con^ eof to be turned half touo4. 
upon tt^e j(p^(s pby then (since bodi slant side^ os, ov, 
make ^m^^ ^i^)es with of) ot wpuld bjeo^me ot"", l^l4 
OS M)u^& l^ecpra^ ps'; in that casp t's' j^rpuld be paral^i 
to ^le prlgip^l ph^rd ep, and the secty)i> of tlie cone 
Twhich canh^ i^o respect of magnitude or sbape di&r 
from the sectiG^n projected jhtd st) would eyidfiatlj be 
a circle, ^st is, fterefor^, the djapieter pf a citcuIj^t 
section. Thus every etrcle^ whfil^her oblique, <>r not t4f 
the visual ray dire^ed to its poh^ ^itf kfi r^p(^e»te4 «* 



^. BMW frdtti HSie x^Meio Ihe pofe ^, Itfa^ rtid^ 

in G the j^ane of projection bd proIod^eS. llben^ 

meas, of -^ pkg i= |bo 4" Jpd atW* + |ro; 

tMtfefo^e GPk = bKP^ knd pg ^ ^sx: 

that i% f^e (^79g-«ni PG^f« projected into h Une K<^\^wX 

^ SiH<iie»p6k ahd Mf ate^uU, the linWc)^ will not 
bisect s^'^s.Uit K^ < tr. Bisect st mill, thfen ^s :^ 
fMT = radi^is of cH'<^^ of |^roje6tion ; ^hM bs^ 131111 &tp 
will be in iirithni^dkl Dirdgres»ion. Hertct^ 

cm =s JcT + ^cs ss ]| tan |af + | tib |Ai fi 

8 COS ^AFCOS (as 9 CbS i <AP -f PC) COS i (AP -^ PB) 

Let c? == cm distance of the centre m from ihe centre 
c of the plane of projection^ A =s pe =s polar distance 
of the circle ef, d s= af =: distance of uie two pdea, 
V s= 9ns = mx : then 

^iit »— ,,M pl Ii AP, ,, . ,_- lill » , , *^ • 

COS AP + COS PE COS D -f cot A ^ * 

r ^ JsF =s J (CT — cs) = i (tan Ja^ — tab Jab) 

. . ifaJKAP — A1^ sill A -. ^ 

™ rcos|i^cds{Afe "" cosDHh cbsA • • • ' ^ ' 

PS^ JMttiHil* (tj), Ike. chaj). ivj 
Cs(h»e^eiitljr, )f : »- :: sin b : sin A . « . . r9*) 
From these three theoreiris the Where ioxstriih St 
itereogra]^hib pl'ojectioh may be deduct, by trkcing 
the todtations of d ftnd A. Th6 chief inaxiib^ antl 
tsrhiciptes of cohstt'dctiob tAty sltso be de'^lolr&d g^d- 
i&^ritfally, thus : 

' is. fefegffihing tdtii gyejtt drdei, let ^k ttnW^, in4 
*!p :it i^i&; tb^ti Will ±F be d diattoet^. lyikw the righl 
JiBRBS dT*. t)6S, bfsfect TS in y ; thett y-s it *^t, MI be thfe 
radios df the dtcie >td trhich ihe gtnit cHAe Sufh^ie 
\Atk6aetef !^ ^ ^hl be projected. Throti^h o ai^d r. 
tfrat^ OKft. the ti^ete d6to&ed bn k? #iH patt 
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through o, beo^us^ KOfi.is a right angle. In like man- 
ner, i^ will pass throughA, because cs is perpendicular 
\o the middle of. 
AG. Therefore rp 
= rfi ^ rT;-Cori- 
seq. sor = osr, 
«na cro = 2 osr. 
cor =5 90° — cro 
€= 90° - 2 osr =s 
yO° ^ ( DO — be) 
^3p90°-90^4-?E 
^=3 BE. That is, 
cor 7= inclinatian 
gf the pUine of the 
great circle to the plane of projection* 

HencCy or is manifestly = sec. inclination^ 
and cr = tan inclination, to rad co. 

Thus^ with the radius s sec n, and at the distance, 
from the centre = tan n, it will be easy to describe the 
circle. 

Agaifi, take ai 's 2bb«: 2ai» =:'2i>, and draw oi, 
the point of intersection r with ds will be the centre^ 
ancl ro the radius. 

Also, since meas. of cor = bb, meas. of ocR s= oB. 
3- 90° >— «Ei we have con, + ocr = 90^, and conseq. 
CRO = 90^. Hence^ by drawing ORr perpendiculaij to 
VE, we find the centre V' and the radius ro: also cs =s 
-«in.BE = sin D, OR =. cos o, . 
. . 40. or, therefore^ wiU always piake with oc an equi^ 
equal to the inclination or distance of the two poles» 
Let there be,; then, a second circle, whose inclination 
phall be co/; the radius of its projection will be r'o, 
end the radii ro, /o, will make at their points pf inter- 
section an angle ror' which will be their difference of 
inclination, or the mutual inclination of the two circles. 
This is a particular case of the general theorem. , 
. 41 . Suppose now that ap = 90°, p will coincide with 
M, >ind the pole of the circle will be upon the limit of 
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the f>rojection. Let bh =s be =: A bolar dJataoce of 
the circle to be projected, the chora he will be per- 
pendicular to DB. Draw oii and. oes, ob will be the 
diameter sought. Bisect cs in n, n will be the centrcy 
ns ;=;nH = ns = ;iG, will be the radios of the projected 
circle. 
Meas.of Eno = 2wse = od — be = 90°— be = 90°— bck 

cnE -f ncE =s 90° .'. ce« = 90° .*. E« =» tan be == 

tan A,- and c/i = sec be = sec A. , 

Thes^ values serve for all circles which have tl^elt 
nole on the circumference of the circle oJT projection. 
If these are gretjt circles, then A =' 90°, and tan A, sec 
A are infinite : consequently, the centres of the projecr 
tions falling at an infinite distance from c, the projec- 
tion^ themselves ^ill be riglit lines passing thrqugli c^ 
aatLint^rsecting u'ndjer the angles which such circles;, 
taken 1twaai>d: two, fbrm on the sphere. 

4'9. Let o be the point of observation^ or place pf the 
eye, a the pole of the pro- 
jection) BDECB the plane of 
|>roJ£istioB, FD an arc of a 
great circle which has its 
origin at any point whatever M"i 
o( the circle obpe, p^ the 
tangent oCpd; c^ will be the 
secant, and a the projection 
of P. Draw j^ : then from 
the rectiUneal triangle sc^ we 
rfiall have, ^. 
5^* = cs* -j!- c/* — 2c« . c^ . cos sc^ 

== tan* J AP + sec* pd — 2 tan Jap sec pd cos pk. ' 
= tan* ^AP + tan^ pd + 1 —2 tan Jap sec pd qos pE 
= sec* |ap + tan* pd — 2 tan ^ap sec pd cos de. * 

But the spheriotd triangle pde right angled, in ft 
gives, (chap. vl. equa. 6),' 

cos PD = cos PE cos de = 81IT AP COS DE; 

and, therefore, sec fd a3> " ■ • ■ =^ . ■ ■» ■■ ^^ ■ » ■*• 

Substituting this In the last value of at^y we haVe 

e5 
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* 510 Ar cos OB 

=? 1^* Jap + tan* fd — ■ . . . ^ 

^ S SID ^AP C0» ^Ar 

ae 6^« |AP + tan» pd — sec* Jap = tan« pd. 
Th,ere&re s^ = tan pd = pf. . - , 

Cpniequentiy: the tangent vt of an arc of a great 
circle terminated at the plane qfprojection, is projected 
ifito a rigfit line equat to iU 

I^et p/, and vt\ two such tangents, be connected bj 
the right Hne tf which will p 

be in the plane of pro^c- 
tion. Let s^, sfy Be the 
projections of those t^- 
ge^to; the triangles tvt\ 
fs/', ate (from the above) 
eqiud in a}I respect?: there- 
fore Uie angles opposite to 
the coqfpiQn side ttf will be ^ 
the ^an^e ii^ both; conse- ^ 
q^u^tlyv ^^ tangent^ of any txvo arcs terminated at the 
plane ofpro^ction^ are projected into lines tohich are re* 
mectvoehf equql to ih^mf and which Jorm an equal^angfe, 
^ence, tP(0 circles whjch intersect in p on tne sphere^ 
form on ti^e proj^Qtic^ an angle equal to that which 
thejf make qn the sphere ; because, at the point of in* 
tersee^ion t^^ elements of the arcs coincide with those 
of their tasgentB. Therefore, all great circles intersect 
mutually on ihe planf of projection tender the same angle 
as on the spheres so also do little circles tohich intersect 
at J he same points, and have^ by consequence^ common 
tUngents, 

45. 3y way of showing the application of these prin- 
ciple^,' let OS suppose that the eje is at the south pole 
ot the equator. The plane of projection will then be 
the equator itself; th^ centre of the equator will repre- 
sent the north pole; ap (fig. to ar.t. 35) will be = 0; 
the projections of th^ ^s|raUek to the equator irttl. all 
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lia^e ftwr a common centrethat of tte^oj^cfiohj ilhd 
the radii of those circles will bfe tK6 tangfenttf bt tfr^ 
halves of the polar distatices, Thifir, 
fbt the poWf circle . . . . r = tan J ( «°2g') =tan 1 l*^4Mf 
tropic of cancer . r =±tanl ( 66°3^):i=tana#*I^ 

tropicofcaprfcornr i=i tan I (1 IS^'gSO sstaliSe^W 
fihr H]^ antarctic carfile ^^ = tan § (15€^ S^T) zn tan78^ KT ' 

ftt-dhytetikiide L . . . .y;itten I (90°--i.) :==tan*5^--iit 
Of, if the lathe south r Si tan (45° -f Jl). "' 

Asforthemeri- 
diansy whos<$ planes 
i^pass through ther 
pfefce of thcr eye, 
the^ afl befconie 
diahnrteir^ Whicfr 
divide tb^ eqaator 
in its several de- 
gree, aHd fbhtl art 
the centfe 6f the 
pi^orfeetion aneles 
eqtml td the tf^ 
fmiices of longi- 
tude. For these 
circles «? == oo, and 
r =s ocrart.38). 

This kind of pro- 
jection^ the easiest 
of all to describe, serves very conveniently for eclipses 
of the Sim. The meridiuis and the pariEdlels are* l^ein 
divided mutually into degrees : those oi the parallel*^ 
are egual ; those of the meridiant unequal; for the ex<i 
pression for on^ of their degrees is^ 

J^fcr tan J (A + m ^ un iA ?= , ^'"^y. 

/ «n 80' ^ . * 




cos it^ (cofc Jz^ cos Sff - sin J a sin 30^ 

. tail 30' ^ _ tan30^iec^|A 

cos i^ - tan 30' siii i^ cos ^4 ** L-tandO'taai^'' 
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44<« On a planisphere of this kind, the stars are placed 
according t6 their right a^censioDS and declinationi. 
Tlien the ecliptic is traced, as well as its poles, the 
circles pf latitude all intersecting mutually at those Vkq 
poles, and then the parallels to tne ecliptic. 

Thus, on the radius marked 270^, at a distance c* 
from the centre s tan 11^ 4*4'', we mark the north pole 
sr of the ecliptic. ^ From that point, with an opening of 
the compasses = cosec 2S^ 28' we mark the point %f 
or, which amounts to the same, we make ce = cot 
2^"* 28'. Through the point b we draw the indefinite 
perpendicular vex, which is evidently the locus of the 
centres of all the circles of latitude intersecting mutu- 
ally in n iind ir: e will be the centre of that circle of 
latitude which passes through O^^md ^80% or of the 
equinoctial colure, which will be the circle vxn. srElI 
will be the solstitial colure. 

In general, make ^.no' = longitude: from the centre 
o' with the radiua gV we describe a circle, it will be the 
circle of latitude which answers to the longitude sup- 
posed. Repeating the same operation on the other side 
of the line jce, we shall have the circles a£ latitude of 
the other hemisphere. For the circles parallel to the 
ecliptic we employ the formulae 

1 tanJ(D + a) + tan^Co — A) 

2 » 

taftj (p + a) — tan i (d — A> 
r^-^ -.: 

s being =? 28* 27' 49^, or nearly 28** 28', the dultance 
between the poles of the ecliptic and the equator ; and 
A the polar distance of the paralieL When A > Vy the 
sign of the second term will be changed* 

45. The principal defect of this projection is the little 
resemblance and proportion between the arcs of the 
sphere and their projections. Thus, the arcs $rA and 
AfJ represent arcs of 90**; jtd represents an arc of 118** 
28', and dt^ though greater, only represents 66*^ 32'; 
the arcs 9u^ wz, nn, kQ. are of 90^j i>s'repreten«i 23^ 
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^S8^ SB DAH ss inclhiatioD of tbe eclif^ie: arq to the 
equator adq. It is true,, however, that the greatest in- 
equaliUes are out of the circle adqb which i» properly 
the projection. If we regard thet circle ir vnxT as a map 
of half the terrestrial gj^e, then ;rvy ff-v, itg, we^ wili 

r V represeal^ arcs of 9Qf , though w will bo the oxUy one of 

^^tb^ four which is actually a quadrapt. 

Ijf J 4^ "A^iother inconvenience of this pvojecUon, is the 
difficulty i)f finding, the true distance of two points of 

' which yihd . have the projections* Yet, let m and a ia 
the diagram to art. 42, be two such points : produce cm, 
CN, torn and.?i respectively; the arc mn will give ua 

I MCN whicb is the same as on the sphere^ cM and oh 
are the tangents of the half distances from the pole of 
the projection. The spherical. triangle will give (see 

I ' chap. vi. equa. 2), 

^ cos MK =s COS'CM COS CN + Sin CM Stn CN COS c 

__^ (1 — tan^ ^cm) (I. ---^n' tc») + ^tao ^cm tai^cN cog c 
"^ (I + tan*icM)(l + tan^icN) 

(1 — CM*) (1 — CN*) + 4cif . CN cos C 

Take cm' = cm and draw om'm", am'' will be equal 
to the arc represented by cm. Proceed similarly for 
CN. Then cOs mn may be computed from the above. 
. The third member of the equation is obtained from 
the second by substituUng for cos cm,. sin cm» their 
values in taq |cm, &c# dedkiced by means of equa. r, 
chap. iv. 

47. The projections here treated serving for , the 
usual purposes of astronomj^, we need not enter ujpon 
the explication of the other kinds of proiection dgvisedi 
by geometers for different purposes. The principal of 
these is the gnomonic projectioriy in which the eye i& 
supposed at the centre of the sphere, and the plane of 
projection a'tangent plane to the sphere at any assumed 
point. All the points within adequate limits have their 
projections at the extremities of the tangents of theii; 
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^tttancei from Ae point of oototw^ ; Alid Cholse Cangenti 
ferm retpecthrtiy tfte nmt ttAgks as the arts ^At mtOt* 
gure the several diMMOes froth t)i^ prineitMll poiivt. hi 
this projection too^ a Ims cirde wSn evidtentijr be pro^ 
jecteid into an ellijpse, a parabokiy or & ft5rjperbo]a^ u^ 
cording as the distance of its most remote point is H^, 
equal to, or greaier tbaas 90^ from the cdhtfre of ih^ 
plane of projection. 

But for a farther developeteent Of tfiafe pronertfetf, 
and for tlie geometrical consCructions deHi^ fh>m 
iheaa, such as want to eilter more nrtntitely into tiritf 
subject may consult Emerson^s^ ProfeaHtm ofiht l^her^f 
the treaiiae in Buhop H^s^s Elefnentarif Treati^^ 
on Practical MaiheMaik^^ of thirt in the TraitS de T&> 
pograpkk^ per PmnanU 
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CHAPTER IX. 

. * 

On tfic Principles of Dialling. 

l.XjTALLINGy cfr gnomonicsy is the art of drfitring 
on the surfece of any given body, whether plarie, an- 
eular, or curved, a iun-dial^ that is^ a figure, the dif* 
ferent lines of which, when the sun shines, indicate by 
the shadow of a etyle or gnomon the time of the day. 

% The general principles which serve as a basis to- 
the theory of dialling, cannot be more aptly illustrate<f 
than they have been by 02«nam and Ferguson, in^ thef 
Ibllowing contrivance. 

Suppose a hollow tranq>arent sphere npq^, of gidss; 
to represent the earth as transparent, and its equator 
divided into 24< equal parts by so many meridian semi^ 
drcles a, b^ c^ d^ e^ dtc. one of 5?liidl is the geogxtiphicfilt 
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iReri4itiii of any given placet u London, vhtdi it ii 
fi^posed is at tue point 
B ; then if the hour of 
12 were marked at the 
equator, both upon that 
tneridjao and tne opp»- 
^te one, and all tlje rest 
of the hours in order 
on the other meridiaas, 
those meridlana wi^ld 
be the hour circles of 
London. Because,, as 
the Bun appears to move 

round the earth, which is in the centre of the :viiiUe 
beaveos, i^ 24> hours, he will jiass from one veiidian to 
another in an hour. Thbo, if the where hadaniOfMicide 
vua, as Ftp, terminating in the polea f and pi the aha- 
dnw of the sotia, which is in the same plan* Kith the 
aun and with each meridiaD, would fall upon every par- 
ticular meridian and hour when the lun camei to the 
plane of the opposite meridian, and woidd conaequsntljt 
■how the time at Loodoa, a$^ at all other pUocs on ^e 
same meridian. If tiua sphera wese out tktou^ the 
middle by a solid plane abpd in th« rational horizov, of 
IiOndon, one half of the axis bp would be above the 
pl^ei and the other half below it ; and if stnigbt lines 
Vere drawn from tt^ oentre.of the plane to tiKwie.pointa 
where its circumference is cut by the hour circiea of 
the ^here, such liaea would be the hour line* of an ho- 
rizontal dial for London: for the cbadow of the axia 
would fall upon each paiticulai hour line of the dislj 
when it fell upon the hKe hour circle of the sphere. 

If the plane which intersects the sphere be ima^sed 
upright, and at the same time to ftwe the meridian of 
\$e, a^um^ place, the intersections of the several hoiu 
circles with the plane in this position, would give die 
hour lines of an erect, direct, south, or north d^ 

Apd piQCcedingt^ is like auaneiv to oootemplMc 
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planes, or other sur&ces, any wav posited in this hdUaw 
terrestrial sphere, we should by the several intersections 
of these sunaces with the hour circles, obtain the hour 
lines for every variety of dial. And since the earth it* 
^elf compared with its distance from the sun, may, in 
reference to this branch of inqoiry, be regarded as a 
point, if a small sphei'e of glass, or a Small sphere con- 
stituted of a wire axis and wire hour ciit;les, be placed 
upon any part of the earth's surface, so that its axis be 

Earallel to the axis of the earth, and the sphere have 
nes upon it and planes within it, Such as those above 
described^ it will indicate the time <of the day as accu- 
rately as if it were placed at the earth's centre, and the 
earth itself were as transparent as glass. 
- These general notions being ' premised, -it will be 
proper ta annex a few definitions. 

3. The plane erected perpendicularly to the face- of 
the dial, and the upper edge of which marks and bdui^s 
the shadow, is called the gnomon^ the snperrior edge of 
the said plane is called the st^ of the dial, and it is 
always parallel to the earth's axis. - ' 

4/ Theline in which- the plane of the gnotntm inter* 
sects the plane of the dial is denominated the m5styiei 
5» The angle included between the style and the sob- 
style is callecf the elevation of the style; in the fo^wing 
formulae it will be denoted by e« In a hori^^tal dial 
this is, evidently, equal to the latitude of the place, or 

6. While those dials whose planes are pdrallelto the 

J lane of the horizon are called korizentatdutls; such as 
ave their planes perpendicular to the honzbh are called 
erect dials* 

7. Those erect dials whose planes are either parallel 
or perpendicular to the plane ol the meridian, are called 
direct erect dials ^ they fne^ one or. other of the four 
cardinal points. 'if. 

8. All other erect dials are called decHning dials. 

9. Those dials whose planes are neither ^amllel aor 
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peipendicular to the pl«ne«Qf the boriaon, are called 
inaini^g ox reclining' diah. They niajy at the same 
time^ be either direct or declining, according as they 
present a eloping face to the cardinal points, or not, • 

10. The arch of the h(»*izon which is intercepted be- 
tween any given plane, and that of the prime vertical, 
is called the Ssclination of tlie plane. It will be denoted 
by D, and will be regarded as positive when tite decli- 
nation is towards the north, negative when it is towards 
tbesouth« 

11. The indinationf^ i^ of a plane is the angle* whieti 
it makes with a vertical plane. 

1% The intersection of the plane of the dial and that 
of the -meridian passing through the style is called the 
meiidian of the dial, tSr the hour line of 1^. 

13. Those meridians passing dirough the ^1e, which 
make angles of 15% 30^^ 4^ > &c. with the meridian of 
tfa^ place /marking ^e hour line of 12)- are called hour 
circles^ ana their intersections with the plane of Uiedial 
hour lines. 

14. The angle formed by the substyle and the meri* 
dian is called Sie horary angle of the substyle: it wiH be 
detiioted by M. 

15. The angle included between the substyle and Uie 
horizon is termed the inclination of. the substyle: it will 
be denoted by s. 

Obneral Problem. 

16« To determine the requisites in a dial ofanypr^ 
fosed inclination to m vertical j^ane^ anideclinationjrom 
the prime vertical. 

Let HOR, in the mar- Z 

ginal diagram, r^resent 
the Jiorizon, hzr the meri"> 
dian of the place, z the 
zenith, zo the prime ver- 
tical, p the elevated pole^ H^ 
^, vi^, portiolks of jbaDur 
circles, 2p5, zvb% corre- 
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'spbndmg hmir tangles, and let the ^aite dti #hidi it h 
fHToposea to draw, the dial be coincideiit with Che plains 
of the great cirele aiir* 'Also, let ia p^i^^istidicuHir to 
MAT loie drafam and ptodoced to i. Then pr ss x., Ae 
Jalitiide of the place ; istt ^ts i^ the iiicli<hfatk>n of the 
|itoe ; OT B HI &= Dy it« deeUtmtion ; ^s dfflrwn per* 
ipendicuior to Mt w^ i^'tlMe positiob of the substyle; 
•imd M^ B the fnciinatioii •f <be liotr 4iiie to the tneriy 

Now, we may regard the dial whose plane ceAicid^ 
tritib MdtT, 88 « veiticiil or Ijredt dial M the place whose 
aenith is m, where m and z at<e on €hS {«tfie meridfan, 
tandy of co«nr8e, teoiom die hours alike^ Let mz s /, 
atid d' ses Gomp. of tsaa. Then tz ss 90*" — l would 
become pm :±: pz •^ :zm ss 90^ ^ ^ ^ ^ ss: 90°^ (i<— Q. 

The dght angled triangle Mza, gives 
tail M« cs sm 0B tan Mza cs sin i tan d . . . . (1.) 

Here ica is the atigle between the meridian and ter^ 
iitfalf and is obviously eimtscent when either i or d are. 

When I ^ 90°, Ma becomes = hi = d, 

Aiso^ tan £M = tan / ss — — - = --7-r- .... (2.) 
' eostfzii cos to ^ ' 

cos ZMa s sin d' = sin d cos i . . . . (3.) 
sinrs ss sin s = sin zua sin pm =£ cos d'cos (l — I) » . (4.) 
where s is the height of the style, or elevation of the 
pole above the plane. 

Then^ pi being any hour circle iriiatever, the sphe- 
rical triangle p^m, gives us, from equa. (4) of (qpherical 
-trigonometry [chap. vi. 23]. 

cot »6sm Ftt = cbs PM cos Pub -f sin ^m3 cot p. 
But, cos vub = sin d', and sin fm& == cos t>'; 

cos 
also, — ^ cot. Therefore, dividiAg by sin I^M, 

eot Mi t= sift j>' tan (t — /) +— ^r — K*--" (^0 

tan Ml* =s tan (ma 4- 9(f) ^ -^ cot l«a» 
where MT is die kidination fff liie hittbHmA pkhe 14 
the meridian* 
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The i^oi^e dxpiiegiiGii (5) ^b^eneral, and 'by no meami 
eomplex^ It nmy^ hotrever, be resdered more conve- 
nient £br fiirdker deductions >an4 corollaries by esttenftii* 
nating / and b\ Thus, €or the icst term, 



% y 1 + taniLtajBf 

as [sin D cos, J <Un I* ^i — ) ^ n j tan lI 

sin D C08I tao l — sia i tan d 
1 + tan I Ken tan I, 

And, for the seoond tera, 

cos d' sin FM ( sin i 



cos(l— I) cos(l— sin /(cob L~/} 
sini sini 

iiQ / COS I COS L -I- sin ^/ «in l cos ^/ (tan i cos l + . tan */ sin l) 

8M> I (1 + tan K) 



r * 



tan J COS h + tan "i siiu* 

sin I'll H r-) I -i- I - + — z-smh 

\ COS*n/J L C08*D OOfr^D J 

sin I (cos *D + tan^i) sin i (1 — sin «d 4- tan *!) 

tan I COS n COS L + tan-^.sin h tan i cos d cos l + tau ^i sia L 
— »iai(«e<*it-'»|pfa) ^ cott(sec*i«-rin^) 
"" taaic(t>»9 0oix •»• tao'ittax "".eoi^Msx-f taaxiiot. 
cos*i(iecH — tiA*o) 1— CM*tsiB^ 

CM t COS D cot L 4- sia I sin l cos l cos i cosd + Hn i sIo e. 

cos l/ 

The last vcduen of sin p'^^ tan (l — A aad of — : 7^ 

.. cos (L — I) 

being substituted for them in e^ua« (5)» it becomes 

, sin .D cosi tan I. .**- sin I tan,D 

cot m5 = — ; — --— : — : 

1 + taniiecptani. 
^ , 1 — cos^aifl'D . 

cosLcosicoso + sinisinL ^ ' 

This is the general expression £»r the inclipation of 
the hour line to the meriaian : the first term is constant; 
the second Im 4 CQPSUyH coeffictot io the variable 
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quanlity cot p, #hich undtft^ing al] its chaxigef of 
magniiude in 90°, as 6 X i5\ or. 6 hotiri, tile tracing of 
6 hoMTB of the, dial will secye for tracing the rest. 
For the horary angte 9f the. subityle we have 
tan MS == cos pms tan pm = sin n' cot (l — l)^ 
whichy on comparison with the valueof sin b' tan (x* — 
above obtained, evidently reduces to 

sio&cosi cot E. + tinitanD ^.*'"' 

tan MS = — r — -^ •• .... (7.7 

1 — (an I sec D cot L • • \ • / 

Farther, since cos d' dos (l — /) = sin pms sin fm 

3= -7—7 (cos L cos Z + sin L sin t) ^ sin i (cos i* cot I 

+ sinL) . , 
the equation (4) becomes 
sin E =s= sin I (sin l + cos l cos d cot i) « sin i sin h 

+ cos I cos D cos L ... . . (8.) 

From these Uieorems (6), (7), (8), the^ whole of 
dialling on planes may be deducea. 

17f Thui?> let t =^ 0,' or the pl^ne become erect; then 
ftom eqaa. (6), we have.; 

, . C08D 

cot MO = tan L sm D H cot p ... . (9.) 

In this h3q)othe6is equa*. (7) becomes ' 
tan MS as cot L siii i> = cot a ... • • (10. ) « 
By which the angle between the substyle and the hori^ 
Kon is determined. * . 
And equa. (8) becomes 

sin£ s= cosLcbsD .. .. (II.) 
We have also, when m and z coincide, 
cot zps ±s sin t cot D . . . . (12.) 
Thus we obtain the horary angfe of the substyle. 
18. If D as well as i become' = 0, then 

cot M^ = — — - = cot F sec.L 1 

cosft. ' 

1 1 

consequently 



cotM^ cot p sec l' 

or, tan tti s tan p COS L . . ••. (IS.) 
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In tbiB hypnlfaesiB also^we have 
. ikk X an Gosx ;. a (14»>.) \ ; v. / o»t » = . : • : (I'5:y 

The three last fohnuk^ evideMly^Hefrve for- erect ^di-^ 
rect «02i^A or north diala; in- which ,equa. (15) shows 
that the substyle is perpendicuJar'to the horizon. 

19. If while I =0, d become = 90°,; , . 

thra mil 0<iua; <}(>) be tra^fbrnaed to cots^s cott (16)^ 
and equa. (11) to sin £ = . . . . (17.) 

Tbis'is-th^ case of the *er^t"dJfeot i?tf«^or Knert dial, 
in which it appears that the style is pariallel to the plane, 
and- the substyle inclined to the horizon in an angle 
equal to th^ latitude.* ^ 

Here, since the style is parallel to' the plane, the dial 
has no centre ; all the hour lines, therefore, are parallel 
to the substylar -line, which i^ the hour line of 6 b'clock: 
the respective distances of the hour lines fVom the sub- 
stylar ai^e measured by a cot p, on a perpendicular ta 

the 6 o'clock hour line ; or by on a vertical line, 

' ^ COSL 

This gives an infinite distance between the 6 o'cIqcH &<^d 
12 o'clock hour lines ; as there rnanifeptly ought, to be,, 
because at ndon the solar rays* will be perpendicular to 
the plane of the dial. 

20. If when d ?= 0, we have i = 90°, the equations 
(6) and (8) become . 

' cot p , ' 1 sin L • 

cot Mb = -: — , whence , . ^ == — --- j 

or, tan m^ = sin l tan p . . . . ( 18^.) 
and sin E = sin L . • . . (19.^ 
. These theorems.obviou^y^apply to the norizontal dial. 
2i.~ irTiu^h^ iast hypofthe^yiL become equal to 90°, ^ 
we shall have' '> •'• ^'\V 1 1 / y' \ ' . „ • • 

tan uh ^ tan p . . ^ ; sin- e ss radius.' ' 
This would tp^ to a horizontal dial at the noles, or 
a dial in any latitude with itriace posited parallel to the ' 
equator. Heri the |brmufe«bolw that the style would 
become a 27W\plated^rp^ndiCularly to the centre of . 



the dial, round which tt^e how' lutw'wmdd Wt nUK 
draini from the fiwtoE the Hjitfet? iiMkvaaglwaf'lC^, 
Siy^ i^ &e< iffitb the »atidia», ofbaup-lkM'of 1& 

PkOBL'KU IT. 

tiiudt. , 

'niiaU.the. simplest dial todmwineaife t«*tbiD[fiIihr 
dial, just mentionedi a»d it is the- maMi uKfU^.bo- 
<^me, if it be-positscUvhere the 8iw'ft:raya<iie«l>wt6tR 
no obetructioni, that luminary wiU qhioC' i^nit &OHb 
hit rising to his.scttiiw. Th« Uworeme froaif hM6<ttie 
ctUwtr.uctifBi IB to beaeduoedarc, 

tanH^ = sinLtaap, and siaK =^Blni- 

Here ni is the measure of the an^ Ht bstwe^^c 
12 o'clock and. anjr other hour liag on tb^^itW.and'V^ 
the hour angle from the meridian, as it varies at the 
p«Iei oMhft heavens ; the latter, therdhtv, varies <UBi^ 
ibnnlTi while the former only varies uniformly in cer> 
tain limited cases; as, for example, in the horinintBE 
iM at- the latitude of 90°. Id any other latitude, male-' 
iltg the tenma.oTtbe equation' homogeneous, we have 
sin 90" tan H = sin I. tan P. 

Henee, iflw* radii be assumed' in. the rado of sin 90* 
to sin L, tan h referred to the former radiuswill aJwdya- 
■be equal to tan l referred to th&latter. Frooi this con- 
sideration thefollowing-constructiaa is deduced: 

On the proposed. P 

Elsne assume tb^Tight 
ae 12 H& for the me- 
ridian, or 1^ o'clods 
hbur line, parallel to ' 
which draw, the. line-, 
His at a discoQce 
c^lid to the proposed I 
thickness oC the stiylct 
Perpendicularly, to 
these draw 6h6, for 



die east and west line of the dial, or the 6 o'clock hoar 
line. Make the angle 1 2hf » the latitude of the place, 
i^d from IS let fall the perpendicular 12f upon hf. 
Make ISp, upon h.12 prol^ogedf equal to 12f. From 
p draw lines p1, p2y p3, &c. (tg ter^ninale in the line. 
12*5» perpendicular to L2h) and to make angles l^pj, 
12p2, 12p5, &c. equal to 15°, 3QP, 45% &c. Then fropi 
the centre h^ draw h1, h2». b^ h^4, n5f for the hour 
lines of I, 2, 3, 4s, and. 5, ii|. the af^rnoon. Take, on 
the other side of the. substytor line 12-11, 12-10, 12-% 
&c. respectively equid to 12-J^ 12-2> 12-3, &c. and from 
h. draw, the lines h% hSy //9, ^c. Produce the lines to, 
5h, for. the lines^ of 4 and 5 in the morning ; and pro- 
duce the lines 7A» 8^^ for the hour lines of 7 and 8. 
o'clock in the afternoon. 

The truth of this construction is manifest from the 
remai^ks.whiqh precede it. For X2fi =? 12f is evidently 
the sine of the latitude to the radius hJ2. And while 
12-1, 12-2, 12-3, &c. are the tangents of 15% 30% 45% 
&c. respectively, to the radius p1>2; the same lines are^ 
tBDigents to the angles 12ftyl, 1^^4 l^i|3» Sec, Cons«« 
quently, while the fofrq^i; are^ hdiui; angles at the pole^. 
the latter are the con}eiq[^4[ng ^^'^T angles at. the cen^.. 
trieupf the.diaL 

Ilie quarter and balChovif lines are. drawn ibysetttngL 
off angles of 3^ 45', T^SG?, 1 1° 25', &«. from the men-, 
dian line: but they are omitted in the. diagram) to pre* 
vent, confusion; 

The angle 12HF.iStaIi9;eqpal io^th^ elqvatipjn of the. 
s^le ; for B..= L« 

Aa to tl)e.gnofn9;Q,.it shcrul^be-a.metallijc triangle of 
thethlckness ^h, andhfq^Qg oneangle = h. thelalitade4 
I^^ii^yst.be fixjeA.,perpendipMlarly to the plane, on. the 
i^qe left for.it in the^ figi|jre fronii AHt towards 12, and 
having its angle L B^J^Hfi the^ wji.l the style of the4ia( 
be i^ailei to tJ^cu^W^*!^ J^W^- 



m: DiHUng. 

Problem III. 

23. To describe an erect direct south dial Jar ant/ pro- 
posed north latitude, or an erect direct north dial,Jbr 
anu prttpoted sotcth latitude, 
.H'erethe fomiDlee are those oumbered 19, 14, and 
15, ofirhioh the two fiist are 

' tan mA :s CDs l tan p, and Bin e = cos l. 

Substituting h for ub in the former of these, and 
Kiakiog the terms homogeneous, we have 
Bin 90° tan H = cos L tan p. 
, This equation is similar to the equation of the hour 
angles in the horizontal dial; and the construction will 
therefore be similar, except that cos i. is here to be 
employed instead of sin l. 

On the proposed plane draw the right line 6h6, for 
the east and west line of the dial, or the hour line of 6. 
In the middle of 
this line set off Ah " *" ° 

equal to the pro- .j 
posed thickness of 
the gnomon, and ^ 

through h, n, draw ^ ^ 

lines perpendicular 
ta6H6 to terminate 
in the tine 10-5, pa> 
r^et to 6h6 at a 

convenient distance. Draw hf to make the angle 
12hf equal to the latitude of the place for which the 
dial is made, and 1st fall upon hf the perpendicular 
l3r. Make 12p = ht, the cosine of the angle ISnr 
to radius h]2: draw from r Iltoes f1, p2, &c. to make 
angles of 15°, 30^, &c. with ptS: draw lines fi-om tito 
meet these in the line 10-5; set off corresponding lin'^' 
on the left side of the dial, and^the conxtmctioDi is com- 
pleted. The demonstration it the same as in prob. 2. 

The angle made between the style and substyle ia 
here equal to the con^ement of the latitude. Wliea 



East Did* 



M5f 



tUe did is placed yet&ci^Wy to faee the proper cardtbal 
point, the line 6h6 will be horizootal, and the 6Cjle 
Kt^^iDg doiimw^ds from h at an angle of 90^ -^ l ivill' 
uj^tiih be paralldl to the earth's a^, as it ought to be. 

Note, An erect north dial for a place in nortlji lati- 
tude is constructed in exactly the same manner as an 
erect sonth dial; but the position of the dial must be 
retersed. In the case of the north dial for north lati- 
tude the line 6a6, instead of being the top will become' 
the bottom of the dial. 

The. same max be observed in reference to an etect 
ictuth dial for a south latitude. 



.,« 



Problem IV* 



^ S^. To describe an erect direct east dial^Jbr any pro* 
posed north latitude^ or an erect direct ivest dialjbr any 
south latitude. 

It appears from art. 19, that the substjle in this dial' 
}^\M make an angle with the horizon equal to the lati-> 
tude, that the hour lines will be all parallel to the sub- 
•tyle, and at the distances indicated by a cot p, a being 
the height of the gnomon, and p the hour angle from' 
the meridian at the pole of the sphere. 

Let AB be sesisumed as the horizontal line on the pro« 
posed dial. From the comer b draw bd to make an 
angle abd ^ the com- p j 
plement of the latitude, 
and about the middle, 
H, of that line draw per- 
pendicularly to it the 
fine 6H6for the 6o*cIock 
hour lines this will, also, ^ 
be the substylar line, 
and will evidently make ^ 
with the horizon an an- 
gle b6h as the latitude of the place. Assume any point, 
A8 that marked II, for the point where the II o'clock^ 
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hour line is to intersect the line bh ; ^nd draw Up t« 
make the angle hIIp = 15°: so shall ph be the height 
of the gnomon. Set off angles hp7> . hpS, hpD, &c. 
respectively equal to 15°, 30°, 45°, &c. and through the 

Soints where the lines p7, p8, &c. intersect the line bd, 
raw lines parallel to fh : also, set oft\ from h towards 
D, h5 = h7, h4 = h8, &c. and through the points 5, 
4, 3, &c. draw other lines parallel to ph, these shall be 
the hour lines required. 

The truth of the construction is evident from what 
has preceded. 

A rectangular gnomon of altitude = fh, being set 
up perpendicularly to the plane of the dial, will, when 
the dial itself is posited vertically to face the east, have 
its upper edge parallel to the earth^s axis. It is here 
supposed that the upper edge of the gnomon is reduQ^d 
to a mere line : if it have any measureable thickiiess, 
allowance must be made for it in the construction, as in 
the preceding problems. 

Note. An erect direct west dial for any place in north 
latitude, may be constructed exactly in the same man- 
ner as is just taught, except that, instead of beginning 
the construction from the right hand, b, of the plane, 
the operation must commence at the lefl hand, a, and 
that the figures expressing the hours of 1, 2, 3, &c. in 
the afternoon, be placed between a and the hour line 
of 6. 

The like may be observed with regard to an erect 
direct east dial for any south latitude. 

Problem V. 

25. To describe an erect south dial for any proposed 
north latitude^ to have a given declination Jrom the west; 
or an erect north dial for a south latitude^ to decline 
Jrom the east, ':■" ^ ■ 

The formula in the general problem which are appli- 
cable to the present, are those numbered (9), (10), and 
(11), viz. 



eot Mb, or, cot m = tan l sin b + — cot p, 
for the determination of tlie hour lines ; 

for that of the aii;jle between subetylc and horizon ; 

and Bio £ = coa l cos d, 
for the elevation of the Btyle. 

From these and a table of natural sines and tangents, , 
the hour lines, &c. may easily be drawn, thus : 

Let ABCD be the plane on which the dial U to be 
constructed. Assume u for the centre of the hour 
lines, and the veitical line 6 

HM for the meridian, or 12 

o'clock hour line. Now,* ■ 

since the only variable qnan- 6 
tity in the preceding expres- 
-sion for cot h, the cotai^mt 
of the angle between the me- g' 
ridian of the plane and any i 
hour line, is cot i>, the cotaa- 9 

fent of the correspondhig I' ! 

our angle at the pole, we 
may, by taking that := 0, get a fi\ed hour line t« ivhich 
the others may be referred. Thus, the expression,. 
when tlie hour angle at the pole is 90° = 6 x 15°i 
becomes , 

« cot Mii6 = tan Aif6 = tan Lsin d; 

on equation by which the position of the 6 o'clock hour 
line may be readily determined. For, if wa be taken 
between H and a, equal to the unit of any measure^ as 
one inch, one foot, &c. we shall have 

ntn = tan L sin D, in the same measure ; 
the product being at once determinable by means of a 
table of sines and tangents. Through ii and n draw a 
line botJi ways, to meet ad and the prolongation of eu; 
then that portion of this right line which falls on the 
leh hand side of the plane will be the hour line oi' 6 in 
the morning, while the other portion to the right of h, 
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and above the plane, would be the hour line of 6 in the 
afternoon : that, however, is useless in this dial. 

To ascertain the position of the other hour lines, we- 
have only to estimate the remaining term of the equation 
by the several corresponding values of cot p for the di& 
ferent hours from 12 or 6, and set those values firom n 
to »', n to n", n to n'", &c. on the line mnn^n" perpen* 
dlcular to ab. These values are successively 

cot 7S^ = cos D sec l tan 15° 

cos L 

cot 60° = cos D sec l tan 30° 

COSL 

cot 45* = cos D sec l tan 45° = cos D sec i. 



COSJL 

eosD 

COS L 
COSD 
COSL 



cot 30* = cos D sec L tan 60° 

cot 15° = cos D sec L tan Y5° (see chap. iv. 41 .) 

* These being computed and set o£F^ the several right 
lines H«'7, Hn"8, hw"^9, &c. drawn from h through the 
points »', n", «"', &c. will be the morning hour lines' 
required. The afternoon hour lines may be computed 
and set off by the same formulae. Indeed, taking the 
other vertical line mnv!'n"\ &c. between h and b, (hm 
=£= Hm) the several values of mn^ nn\ nrt\ Stc. will be^ 
numerically the same, because the corresponding values 
of cot p are so ; the only change being in the ^i^ fron» 
+ to — , on account of passing the meridian. 

Hence, since the values of nn\ nn'\ nn'*\ &c. on the 
two parallel vertical lines are respectively equal, lines 
joining their extremities will form a series of parallelo- 
grams: and hence, the morning hour lines being drawn, 
the evening hour lines equs^ly distant from 6 o'clock, 
may be determined by drawing n'w', w'V, «"V", &c. 
parallel to 6h6, and then drawing through n\ n'\ n"\ to 
the right, the lines m^S^ kn''4, mC'% &c. 
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Thu8> it appears, as has been obsenred by Oxanam^ 
JEmersoTtj and Delambre^ that in all plane dials, one half 
of the dial being traced, determines the other by the 
.several distances from the hour line of 6, measured on 
two vertical lines equidistant from the meridian. Thiu 
jthese distances are equal, between the lines from 
.6 to 7 in the momingand from 5 to 6 in the evening, 
. 6'to 8 . ..• .^ mornii^g. .,;.».... 4 to 6 ..... evenings 

&c. , &c. ^ &c. 

The i^o^ition of the substyle, in this instance betvireen 
JW ^^ »A, is determLi^ed by the preceding equation 
far eet s^ and the elevation of the style By the preced- 
4iig theorecQ for sin «. 

S^. But this kind, of dial, a« well as horizontal and 
.direct diftls, md^ be constructed independent ^f com- 
.pmaiion. Thw : 
■& Jl H B 




.1 D 

On the proposed plane abcd assume h for the centre 
-from which the hour lines shall diverge, and draw the 
vertical line hm Tor the hour line of 12. Produce ha 
Ho G, so that HA shall be to ag, in the ratio of sin 90^ 
to sin D ; draw g6 to make the angle ag6 = l, the lati- 
tude of die place, smd j(Hn h% .whlcfai will be the 8 
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o'clock hour line. From h draw he parallel to 06 to 
raeet a line oe parallel to ab in e. From o the inter- 
section of OE and hm, draw of to make the angle eof 
= complement of the given declination; make op = oe, 
^raw T3 perpendicular to oe, knake os = os, and join hs 
which will be the substylar line. Perpendicular to hb 
draw the right line 5sl, intersecting the meridian in 12, 
abd the 6 o'clock hour line in 6- On 6*12 as a diar 
meter describe a semicircle to cut us produced in f, 
'With centre p and radius PS describe a semicircle, 
which divide into arcs of 15^ each, both ways from the 
line p6, or, which amounts to the same, set off angles 
6f7, 7p8, 8p9, 9p10, &c. each ar 15^ Through the 
points 5, 6, 7, 8, &c. where the lines bounding these 
angles cut the lines 5sl, draw from h the lines h44j 
h55, h66, h77, &c. they will be the hour lines required* 

For, first, since the expression for the 6 o'clock hour 
line, when the terms are rendered homogeneous, is 

sin 90^ tan ah6 = sin d tan t, . 
we shall have tan l to the radius sin d equal to tan ah5 
to the radhiS)sin;9Q^; which is obviously the casQf i^ith 
regard to the triangles oa6,v^ha€. Consequently, the 
6 o*clopk hotir liiie is rightly >leternamedi 

Aeain, since bh is parallel to 60, ^he angfe oeh is 
equal to the latitude, and eho the co-latitude; therefore 
OE = OF, is the cotangent of the latitude to the radius 
OH ; and since eof is equal to the co-declination, o^ =: 
OS is the sine of the declination to the radius of = oe; 
or OS = OS z= sin D cot L. But os = tan ohs = cot s 
(substylar angle with horizon) to radius ho: therefore 
cot s = sin D cot L, £^ it ought to be; and the substyle 
is rightly determined. 

But the substylar line is evidently a portion of the 
right line between the centre of the dial and the appa- 
rent pole : therefore, the apparent pdle, p, lies in the 
prolongation of hs. At the apparent pole, p, also the 
horary angle between 6 o'clock and 12, is 6 x 15^, or 
a right angle; and the angle in a semicirclQ is a right 
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angle: therefore, the semicircle described uppnGsl^as 
a diameter, will intersect the prolongation of hs ift p, 
the apparent pole. ' 

The truth of the remainder of the construction k 
manifest*. ' , 

27. For astronomical methods of determining th« 
meridian, and the declination of any vertical plane, the 
student may turn to prob. 2 of the next chapter, fex- 
amples 3, 4*, and 5. 



CHAPTER X. 

Astronomical Problems, 

1. ^^INCE the science of astronomy has given birth to 
spherical trigonometry, it is to be expected that at^east 
some elementary pro4)lems in astronomy may be ad- 
mitted into an introduction like the present. To deter- 
mine the position of points in the apparent heavens, as- 
tronomers first referred to two planes, the horizon and 
*lthe mMdiin (see chap. viii. $ 1), which are fixed in 
reference to any one place on the surface of the eartb. 
But the necessity of comparing observations at different 

* The problems given in this chapter will suffice to show the 
application of the principles of dialling to the most usefal cases. 
They who whi|i to pursue either the theory or the mechanical part 
of diallin^^thi^ughall its modifications, may consult Leadbetter^s 
Mechanic Diemin^i Emerson* s Dialling , the treatise on dialling in 
the 5th vol. of Ozanam*8 Course of Mathematics, and that in the 3d 
Tol. of Br, Hutton*a edition of Ozanam's Recreations, There is 
alst^an elegant rssay on dialliug by M. de Parcieux, at the end 
6( hi9 Trig onometrie Rectiligne et Spherique; and a neat and sim«- 
ple. deduction of the practice of dialling from the principles of 
perspectiYe, at the end of 8*&ravesande*9 fitsay oti Perspective^ 
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j^aces* jifus. led to the u;Hroduetipp of otber planer aod 
circles jnto the ;scif ncc, independent of the position of 
^he observers, and even of the figure of the earth. 
JTl^us^ when the situatioji of tlie celestial equator^ and 
the manner of valuing the angles between merifiUuaa by 
.the jtneasure oi time, became known^ they were em- 
i)lojred to determine the position of Uie heavenly bodies 
by means of their right ascendon pi^d their . observe^ 
declination. Afterwards^ as it was found that a consif- 
derable portion of the celestial phenomena relative to 
the planetary system, occur in the plane of the ecliptie^ 
or in planes but little inclined to it, it was found expe-^^ 
dient to refer the position of die stars to the same 
plane, that is, to determine their latitude and longitude 
(chap. viii. art. 17, 18). 

These, and many ether hranches of astronomical in* 
quiry, which we shall not here be able to touch, de- 
pending upon the mutual relations and intersections of 
diflPerent circles if the sphere^ fall nfecefisarily within .the 
/department of trigip^opyetry, A (^ omly wSl here b9 
pcject^d. 

FA03XEM I. 

2. Given the obliquity of th^ ecliptic, and either &/t 

right ascension and decUnati^n of a (fltar, or kt Mtude 

find longitude, to find the .(^bev twQ, and the aogle of 

position- 
Let EC in the annexed figuj^e be a portion of tha 

ecliptic, EQ a portion of the equa- p' 

*tor, the two circles intersecting in 

x tiie first point of Aries, in an 

angle, e, of 23*» ST ,49". Let p' be 

the elevated pole 'of the ecliptic, 

jp that of the equator, pp' a portion 

of the solstitial colure. From t/ 

and P let quadrants p'sl, psr, of E' 

gVeat circles, be drawn through s, 

the place of the dtar. Then £U 




urili be tlie right ascension, a, of the star, sn its decli- 
nation, df or PSy its co-decliuatioD» el its longitude, I, 
SL its latitude, l, or ps its co-latitude, psp^ = p, the 
angle of position; and pp' is given- = 23° 27^ 49", the 
present measure of the ohliquity of the ecliptic. 'It is 
farther evident that sp'p is the complement of the lon- 
gitude, and p'ps = p'pE + »PR = 90° -f right ascen- 
sion; as indicated at the poles of tlieir respective 
circles. 

Now, if they are the fight ascension and declination 
which are supposed known, in addition to the obliquity, 
we shall have, from the triangle spp'^ (see chap. vi.. 
€qua. 2 and 4),. 

cos p's = sin pp' sin sp cos p'pjs + cos p'p cos sp,~ 

. cot 8p sin pp' — cos p'p» COS p'p 

cot PP s =: r-T • 

sm RPS 

Adopting the preceding literal representatives of 
these sides and angles, and remembering that cos p^ps^- 
33 cos (90® + a) == — «in«, these become 

sin L =s — sin 2 cos dsma -{' cos i sin c^ • . . . (1.) 
, tan^sin i + sin a cos t 

tan I =s 



} 



cos a f (2.) 

= tan c?sin f sec a + tan a cos i 
These two formulae nsay be aceommodated to laga«~ 
rithmic computation, by taking a subsidiary migle f 
such that 

. sin a 

tan (p = - — -J- :: 
land 

> _ 

for then, exterminating sin a from the former, and taa^ 
d from, the latter, we shall have 

«V T — «" <^ COS (t -f- f^ V 

sm L =: — ' .... 1 3. L' 

cos<|> ^ ' 

tan a sin (4> + Q . 

tan / = . ' ■ ■ ^- . . {4t,i^ 

sin «i> * ' 

3. If, on the contrary, the latitude and longitude oF 
the star are given, we shall have the declination and 
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right ascension by the folloiring theorems similarly 
deduced, viz. 

cos FS = sin p'p sin p's cos pp's + cos pp' cos p's, 

cot r'ii sin p'p — cos pp'« cos p'p 
cot P PS = : 3 : 

SID PPS 

where again, introducing the literal values and observing 
that cot p'ps = — tan at, we have 

sin £f = sin t cos l sin / + cos t sin l . . . . (5.) 

— tan I. sin i -f sio I cos t 

tana^ 



/ cos t J 



COS I r (^O 

= — tan L sin i sec I + tan " 
These equations are obviously analogous to those we 
have just deduced for the latitude and longitude, the 
only difference being that here the obliquity enters the 
formulae negativeltf. Hence by taking another subsi- 
diary angle ^', so that 

^ sill I 

tan ^ = , 

and eliminating as before, there will result, 
sm d = ^ • * ... (7.) 

tan /ain (<{>' — i) f^ • 

tanfl = : — ; .. ., (8.) 

sin *' ^ ' 

/ 

4, As for the angle of position psp' = jo, it is easily 
found from the relation between the sines of angles and 
the sines of their opposite sides ; for from hence we have 

sintcosa , . sini'cos? 

""^ = ■ COSL >^"^ ''°^= COSrf ••••(^•) 

5. We Tiave als^,trom the same consideration, 

Cb^ a cos d = cos l cos / . . . . (10.) 
And when l =: 0, as is always the case with the sun, 
we have 

cos a = T =? cos/secrf., .. (11.) 

cos d ^ ' 

tan a = tan / cos t . • . . (12.) 
cos / = cosacoscf . . . . (13.) 
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sin c? ±s sin / sin / . • . . (14.) • 
sin / =5= sin d cosec i , , (15.) 
The preceding formulae have been deduced upon the 
supposition that the heavenly body has not gone beyond 
the first quadrant of right ascension from the vernal 
equinox. But they are applicable to all positions by 
simply regarding the mutations of signs in the several 
dn^, cosmes, tangents, &c. according to the arcs to 
which they refer. The right ascensions and longitudes^ 
being reckoned from the first point of Aries through 
their respective circles, will at once indicate by their 
attendant signs, + or — , to which quadrant they be- 
long. And as to the declinations and latitudes, they 
being: regarded as positive when toward the elevated 
pole, *will be regarded as negative when towards the 
contrary pole. Thus, with us, north latitudes and de«> 
clinations will be positive^ south latitudes and declina- 
tions, negative^ ' 

Example I. 

The right ascension of Aldebaran being 67^ 40^ 30", 
its declination 16^ 8^ ^(^ n. Required the longitude,, 
latitude, and angle of position. - 

Hefe, taking ^ so that tan ^ = , and substitut- 

inff sec 4^, cosec 4i, and sec rf, for » —. — , and -r 

in eqaa. 8, 4, and 9, they become 

sin L = sin ^ cos (<^ + i) sec <Py 
tan / = tan a sin (<j> + i) cosec f , 
and sin p = sin i cos / sec d:. 
the log. operations corresponding to which will be as 
follows : 

From log sin a . . 67^ 40^ 30" . . . . 9*9661625 
Take . . . tan o? . . 16° 8' 20" .... 9-4614544 



Remains tan f . . 72° 37' 46'' ... . 10-5(H7081 



156 Astronomcal ProUems. 

Then, to find l the latitude^ add together. 

Log sin cf 16° 8' 20".... 9-'4439927 

oo8{(p + i)..9&' SS5'\..: 90258935 
sec ^ 72^ ST 46''. . . . 10-5249824j 

ThesumsinL SPWlS'^s... 8-9948687 

Here, because cqs (^ 4- i) being in the second 4^^. 
drant is negative (chap. iv. art. 4]t ^nd thexiiber ^xins 
are positive^ the product is negative, and therefore, the 
latitude is south » , 
Next, to find I the longitude, add together. 

Log tan a 6TWW.... 10-3865391 

sin(4^ + 0..96^ 5' 35^'.... 9-9975396 
cosec ^ .... 72° 87' 46" 10-0203305 

lliesumtani.... ..68^29' 28".. ..10-4044092 ' . 

' ' '".'".'7 ^- 

Here all the terms being positivci their pi'oduct ia 
positive; Gonseq. the longitude is in the first quad. 
Lastly, for p the angle of position, add together, 
Logsin«....23°27'49".... 9-6006647 

cos/ . . i . 68° 29^ 28" 9-5642090 

6ecfi?....16° 8' 20" .... 100174616 



>«■ 



The sum sin;> . . . . 8° 44' 26".... 9-1817353 

Example II. 

What are the latitude and longitude of the moon, 
when her right ascension is 304° 21', and declination 
22^5r.S? - ' 

Ans. Longitude 10* 1° 21' 54", latitude 3^ 8' 46" S. 

Example III. 

When the loiigitude of the moon is V 7° 41' 23", and 
the latitude 3° 49' 57" S., what are the right ascension 
and decUnatton i 

Am. Bight asceD«ion 36° 36', declination 10° 28' N. 



Example IV. 

When the siin's declinntion is 19° 18' 9Xf' N. what art 
his right ascension and longitude ? 

FSnst, to find the longitude, employ equa, 15. 

that isy sin I sstmd codec s. 
• To . log «n rf,. . . 19*^ 8' 20". . . . 9'515C873 
Add log cosec J. . 23° 27' 49". . . . 10-S999353 

The sum i« log tin l.\. 55^ SS'^S''. . . . 9-9156226 

Here since the declination is north, or positive, shi I 
is positive, and lies, therefbre, either in the first or 
second quadrant, Hs, therefore, either 55°25'4?3" (that 
is, !• 25° 25' 43") as above e?£pressed, or' its supple- 
ment 124^ 34' 17", that is, 4' 4° 34^7'.' 
To find the right ascension, take equa. 11, 
that is, cos a = cos / sec d. 
To l<>g febs / . ; 5i5° 25' 43" ..... 9-753914^ 
Add log sec ^ . . tg° 8* 2Cr' .... 10-0246938 



•1*0- 



The sutn is log cos^ . . 53° 5' 6" . . . . 9*7786081 

»l !»■■ !■ I I 

This reduced to time «t the rate of 15**'to an houi^ 
gives 3** 32" 20% for the right ascension cbrrespondihg 
to the longitude bS"" 9S 43". If the other longitude 
had been taken, the resulting right ascension' would 
have been 8* 27"* 40", the supplement of the former to 
12 hours. 

The days that correspond to these in theiSTautical 
AlmfUiac for 1816, are May 16 and Zx^j-Tl. 

* » • ■ ^ 

' . Example V, 

Given tlie fiun*« longitude 6' 8° 9' 86", to fiad the right 
•scension, dedination, and time in 1816. 

Ans, 12^ 29™ 58', right ascQOsioo, 3° 14' 3i" S. dcclin* 
tme Oct. 1 r 1816, at noon. 

4 



/ 
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Problem II. 

6. To investigate fonnulae that shall be applicable to 
inquiries in reference to the times of risings and settings 
of the heavenly bodies, the azimuths, the duration of 
tmlight, &Cv 

Let HZR be the meridian of the place of observation^ 
HVR the horizon, z the zenith, s'z ' 

p the elevated pole, s the place ^^-""TV^^^ 

of the sun, a fixed star, or other y^ \^^$^ 
heavenly body, s'ss" part of / ^^^'"*^* 

the circle it appears to describe / "^ jV — i S" 

about the pole p during the hv^ ) \^^R 

earth's diurnal rotation, zsv ^ v^ 

part of the vertical circle on . 

which the body is at any proposed time, and ps a portion 
of a great circle passing through the pole and the place 
of the body. Then ps is = 90^ — d the co-d6clination ; 
pz ==90*^ — /j the co-latitude; zs = k, the zenith distance, 
or = 90® — a the^ co-altitude; zps = p the horary or 
polar, angle between the two meridians zp, sp; and szp 
sc z, the azimuth, measured also by the arc vr. Then 
{he formula we may first employ in the present investi- 
gation, is equa. 2 of chap. vi. which suited to the case 
before us, is 

cos zs = cos PS cos pz -f sin ps sin pz cos p, , , (I*), 
or adopting the characters just specified 

cos n s= sin ^ sin I -|- cos d cos I cos p (1.) 

Suppose p = 0, or the body in the meridian, then cos 
p = rad = 1, and the fundamental equation becomes, 
cos zs s= cos PS cos PZ -H sin ps sin pz = cos (ps — pz) 
whence zs = ± (ps — pz) = d: ps q: pz; ps = pz ±: zs ; 
and PR or 180® — pr = rs'^ + ps" or hs' + ps'/. ^ 

S5S mer. alt. from north or south + declin . . > ^2.) 
== J sum. of mer. alts, in a circumpolar star . ) 

% If the horary angle p = 90% as it is when tlie boclj> 
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is 6 hours from the meridiaTi, then its cosine will vflnish, 
and equa. 1 , becomes 

cos n or sin a = sin d'^in / . . « (S.) 

from which the altitude, a, becomes known. 

In the same circumstances theorem 10, of right, angled 
spherical triangles, gives 

cot szp ±= cot PS sin pz =: tan d cos ^ . • . . (4.) 
by. which the azimuth in that case may be determined. 

8. When the body s is in the horizon, or s and v co- 
incide, we have zs = 90®, or cos n =0; 

' hence 0= ain d sin I + cos d cos 7 cos p, 

sin <f sin / . _ .^^ 

or, cos p = — . —-Z ; = — tan (^ tan / • • (5.) 

' cos d cos / ^ ' 

Here it is evident that wh^h the declipatipn and lati' 
tude are both of the same kind, cos p is negative, or p is 
greater than 90® ; that is, the time occupied by the hea- 
venly body in passing from the horizon to the meridian, 
or from the meridian to the horizon, exceeds 6 hours. 

If the declination and latitude are of different kinds, 
cos F will be positive, and the time of passage from the 
• horizon to the meridian, or from the meridian to the ho- 
rizon, less than 6 hours. Thus, this theorem will serve 
to determine the times of the risings and settings of the 
sun, or other heavenly bodies, disregarding the changes 
of declination, and the effects of parallax and refrac- 
tion. 

To find the azimuth when s is in the horizon, we have 
from the principles of quadrantal triangles, 

cos PS sind . , , , _ ^ 

COS z = -: = — : = sm a scc /. . . . (6.) 

sinpz cos I ^ ' , 

9. If the body s be upon the prime vertical, then pzs 
r= 90^, and the formulae for right angled triangles 

give 

cos p = tan zp cot sp =3 cot / tian (^ . . . . (7.) 

cos PS . , I ,Q V 

cos sz = sm a = = sm d cosec * • . . . (0.1 

cos p» ^ ' 
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log ten J.. 16° C 46" ... 9-4578618 
tan/ . . 5^ V2f 85" .... 10Iiai697 



The turn is log cos p .. 1 1 1^ 43' 21" . .^ . 9-568S315 

Here since the latitude and declination are both of the 
same kind, cos p is jiegative^ and belongs to an arc be« 
tween 90° and 180°. This hour angle converted into 
time by dividing by 15 or multiplying by ^j gives 7* 
56" 53-J* from noon, for the time required. 

Id cases where great accuracy is needed, the change 
of declination in the interval most be rsgarded. 
To find the azimuth, take the theorem 

cos z = sin flf sec /. 
Log sin rf . . 16° 0' 46" ... . 9-440675« 
sec /.. 52° IS' 85" ... . 10'2127004« 



m( 



Theitmi'<Joif^^.'.6S*14'44"7 oceoi^«/. 
. azimuth from the north f ; • »*6538760 



. Example II. 

« ' ' * - ^ . - 

Required the time of the sun's rising and setting at A€ 
equator, on the 14th of October, 1816. 

It is: not nebessaryiihthe solution bf this, example to 
idok out -the declination : for, since I the latitude is 0, 
tan I is 0, and consequently cos p = 0: therefore p ss 
90°, the hour angle of 6 ; that is, the sun rises and sets 
at 6 o'clock. 

Cor, Hence it appears that at the equator all the hea- 
venly bodies are 12 hours above and 12 hours below thf 
horizon ; neglecting the effects of refraction. 
• 

Example III. 
Required the times when the sun is east or west, at 
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Cambrklgc, on May 4thy 1816, and his altitude at those 
times. 

The, theorems applicable to this example are? and 
8, viz. 

^ cos p = cot I tan rf, and sin a = sin c? cosec /. 
Thus, for the hour angle 

Log cot / . . 53** 12' 35" .... 98895736 
tan d.. le*' 0' 4.6" .... 9-4578618 ' 



The sum cos p.. 77* 8' 27" 1 9.3474354 
hour angle from noon J * • ^^^'^^^ 

Therii for the altitude 

Log sin (f . . 16° 0' 46" ... . 9-440675« 
cosec / . .. 52* 12' 35" .... 101022306 



. The sum sin « . . .20^. 25' 48" ... . . 95429062 



Note, By means of, the equations to this example,, the 
solar time when the sun is due east or west may be deter*- 
jmined: and, therefore, in the summer half yeiar, when 
the sun is above the horizon^ when he isin the prime.ve& 
tical,^1le will at those moments cast the shadows, of opdce 
objects in the east and west direction, and a horizontal 
perpendicular to such shadows will be a meridian line. 

ExamphlY. 

Given the latitude of the place 52<* 12^ 35" N. the sun's 
declination 15** 54' 25" N. and the sun's altitude 40°; to 
find 'his azimuth and the time from noon. 

Here the time and azimuth may be found by means of 
equa. 1 2 and 1 3. Or, the azimuth being found by means 
of equa. 13, the time may be found by the proportion 
between the sines of the sides and opposite angles of 
spherical triangles, when we shall haw 

sin z sin zs . ^ , . * 

' sm p = - — : ^ = sm z COS a sec o. 

• 8m sp 
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Tbe operalioD^ which gives 1 19^ 5S' S" for the azhnuth 
from the north, and 2^ 65* for the time from noon^is left 
for the learner's exercise. 

Note, From such an example as this it will be easy 
to find the meridian, bv simply drawing a line to make 
with the direction in wnich the sun is at the moment of 
observation^ an angle equal to the azimuth found by this 
process. And this method, provided the sun^s altitude 
be corrected for refractioif^ and parallax, will be found 
very commodious in the determtnation.of a meridian, as 
the changes in declination, which prevail in the method 
by corresponding altitudes, are in this avoided entirely. 
The samemeth(^ serves evidently to determine the va» 
riation of the ix>mpas8. 

Example V. 

In tbe latitude of 52* 12' 35" N. when the sun's de- 
clination is 15^ 54' 25'' N. what k the sunn's azimuth at 
9^ 5** in the morning ? 

fEhe.azimiith, which is 119^ 58'^d^from the north, isay 
•be irtsEHiily 'found, as well as the angle at the sun and dm 
oenith distance, by the eguations marked 14 in the pr^ 
ceding inyeitigflitwn^ The moA U lek ^r the pa(^ 
txeroise, 

JVci^^An-openatkm, like that required in this exam« 
ple, ^will feerve to find • the declination df any vertical 
plane, by knowing when the sun begins to shine upon it« 
or quits iU 

-Example VI. 

At Pe^hprou^, in latitude 5^32' N., ooFebruaigp 
21, 1801, at wbftt timefrom that star's beuigon the me* 
i:ldi«ui9 W9IS the .apparent motion of Dubbe or « Ursa 
tnaJQris, ii^ert^cal ; and \ifaaitwere the altitude and.azimuth 
I0i. the stfHT fit that t^uxie ^ 

On the year and day specified, tbe declination, d^ st 
the star was 62® AB'. The iogarithniic opperation cor-^ 
responding to equa. 9, viz. 

^Oofi jp s: cot d tftQ /j^ 



will give 47*^ 5r 46'V wjuivdent to 8M 1" 51% in time^ 
for the hour angie from the meridian. 

Also, equa. 10> or sin z ss cos d see U 
will give ^b"" m' 2S" azimuth from the north t 

And equa. 1 1, or sin a ss sin / cosec iiy 
will give 63° 8' 29", for the altitude of the star. 
The operation is again left for the learner's exercise* 
Note. Allied to the principle of this example is thft 
method of finding, not merely the meridian, but the la« 
titude, simply by observing two azimuths of the samet 
known fixed star with the azimuth compass. If the asi«; 
muth of a circumpolar star be taken' on each side of 
the meridian when at the greatest from the elevated pode^ 
that is, when the apparent motion of the star is vertical^ 
then it is evident that half the sum of these two azimuths 
will be the true azimuth from the north or south, ae* 
cording as the latitude of the place is north or south, and 
that half the difference will be the variation of the needle* 

,Als0y recurring to the diagram at page 15S, there ar& 
given in the triangle fzs right angled at ^ , the star's co* 
declination pj, and the azimuth pz^, whence the co^^ 

- latitude zp becomes known by means of Case; 4f oS rights 
angled triangles ; from which we have 

cos d 

cos 2 s= ■ . ■ - = cos d coseo z • 



Example' VII. 



« '^ 



At what time on the 9th of August, I817,r will thei 
twilight begin and end at Cambridge ? 

Here the sun'd declination for the proposed time is 
15° 55' 25" N. and the latitude 52? 12' 35" N. Putting 
108° for zs, 37"* 47^25" 9^ pz, and 74^ 4-' 35" for ps, ia. 
equa. 12, the resoltihg hour angl6 reduced to time will 
give 10^ 12^" for the time from'nobn ^eh twilight be- 
gins and ends* - ^- ' - '-.;/.. I J 
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Problem III/ 

13. Given the latitude of a place to find the time and 
the duration of shortest twilight. 

Let p be the elevated pole of the world, z the zenith 
of the observer, s the sun 18^ 
below the horizon, zs = 90^ 
•f 18**, or more generally zs 
sts 90® + 2a. The observer, 
whose zenith is z, will then see 
the commencement of the 
morning twilight. 

By reason of the diurnal ro- 
tation, the declination circle 
PS turning about the axis will bring the sun from s to s' 
in the horizon, if it be the heavens which turn about the 
earth : on the contrary hypothesis of the earth turning 
on its axis, the zenith z will approach nearer to s by de- 
scribing about r the little circle zm^Q, such that the dis« 
tances pz, pm, p3, pq, are all equal. 

The same consequences as to this problem noay be 
drawn from both hypotheses ; but the latter is a little 
tlie most convenient. 

When, therefore, the zenith shall have descended -from 
z to any point m, such that ms =a 90° the sun will ap- 
pear at 90° from the zenith, the day vrill commence and 
the twilight terminate ; and ihe arc zm of the little circle 
will be the measure of the angle zpm, and consequently 
of the duration of the twilight. To determine this angle 
draw the arc zBm of a great circle, and to its middle b 
the perpendicular arc pb ; then wilt • 

. , . sin 4 t,m sin h zm 

am J zpm = sm zpb = . - — = — = — • 

* sm pz cos T^ 

Now, in the spherical triaMJe zmis, sm + mz > ZS, 
or 90° + wz > 90° 4- 2a. fflerefore mi > 2a, and 

Jmz > flf. Let hnz =i a + x: then 

. I (sin a + x) sin a cos 4? + cos a sin x 

im Azpm = ■ " ■ B= ' — -*— 

* cos L COf L 
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sioii.+ cosasiox-^tSslna-siii^^ - 



COSL 



f [because 1 — cos x = 2 sin « Jar. ch. iv. art. 23.] 

gin a 2 siBJx (cos acos |jc — sin a sin {j.) 

1 "" cos L ■ cos L • 

* 

sin a 2sln Jji'Cos(a + Jjr) 

■*■* ■ ' ■ ' -♦- ■'■■■■■ ' « ■ I 11 I t 

COSL COSL 

Now ix is esseDtially positive, aiid a SLsai. ^x i^^U an- 
gles such that« -f- Jx < 90°; 

therefore sin IzFtn > -^ — •' 

•^ . COSL, 

It is farther evident that the twilight -will be longer as 
X is greater, and shorter as x is less ; and that it will be 
the shortest possible if x can be nothing ; becanse m'that ' 
case the second term of the second member of the equa- 
tion will vanish. But this is what occurs when the tri- 
angle zms k reduced to the arc zs, that is, when the 
point m falls on bj or, when the distance ps is such that 
the part zb of the vertical zs lying within the littfe (?ircle , 
zmQ, is equal to 2a, and the exterior partis e;qual tpgO^*^ 
It is also manifest that if ps increases the opposite angle - 
pzs will become enlarged, and that on the contrary the 
said angle will diminish if fs diminishes. In these varia- 
tions the point m will approach to or recede from z, the 
intercepted part zb will vary, and it mat/ vary between 
the limited and za = 2pz. Thus the intercepted part 
may have all values between and 2(90° - l) = 180°. 
— 2l, and consequently may have the value 2a. Hence^', 
in the case where zb = 2a, and bs = 90^, the shortest 
twilight will obtain ; and its semiduration in degrees will 
be found by the equation* 

sin « ... ,, V 

sm ZPB = .= sm a sec j/ . . (1.) 

cos L ^ ' 

duration in time =^ -^5- zPB .... (2.) 

14. Other theorems maybe deduced froffl.tbe resulting 

7 






/ *. 



t^ 
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construction. On the arc z5 = 2«r and with z 
the complement zp of the latitude, consti- 
tute the isosceles triimgle ^h^ and let fall 
the perpendicular pw; zpi will be the an- 
gle which measures the duration. Pifolong 
z^ till is = 90°, and draw the arc ps, which 
will be the sua's polar distance for the day 

of the shortest twilight. 

€00 tWt COS n . • ^y- ^ 

Now cos «i p = = (chap. VI. z7 . ] 

therefore cos zm : cos ms :: cos pz ; cos ps ; 
or, cos a : cos (90* + a) : : sin l : sin d; 
on cos a : — ain a :: sin l : sin d; 

whence sin d = — ^ sin l = - tan a sin l (S:) 

15. Farther, the right angled triangle pzw, gives 
tan ZM = cos ztan pz (chap. vi. 26.) 

and cos z = tan zw cot pz = tan a tan i* (4";) 
Now z is the sun*s azimuth at the commencement of 
the twilight, and pz& = t^z = 180° - p^s. Bujt p& is 
the sun's azimuth at the instant wheii his centre is at the 
true horizon : therefore the sun*s dnrntdhs at the begin' 
ning and end of the crepusculum are supplements to each 
other on the day of the shortest fwilight. 
Hence, since cos pzs = tan a tan l 

we have cos pis = i— tan a tan l , . (5.) ^ 

16. zps and ftps are the hour angles at the beginning 
and end of the twilight; let the former be denoted by 
p^, the latter by p : then zps ^ Jps = p' — p = zpi, the 
angle which measures the duration of twilight. Hence 
we have from what has been done above, 

8inJ(P'-P)=— •••• (6.) 
Abo t»ps =: *ps + mp6 = p «f J(p' - p) = W + P) 



^ . sin sm sin (90^ + a) 

«id sm^itva « ,. ■ 'ss ■■ g 



810 PS 



COBD 



COS a 
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that is, sin J (p' + p) x=: ^. . * • (7.) 

Hence from equa. 6 and 7, we naay determine p' and 
T, the hour angles at the beginning and end of the twi- 
lighty D the sun's declination being determined by 
equa. 3. 

We hare also cos s = • • • • (8.) 

cos D ^ ' 

17- Let ST = 2a = z5; and draw pt, then is zt = 90**, 
and T is a point in the horizon for the moment when the 
Eenith was in z. The triai^gle pzt gives (chap. vi. art. 
21.) 

cos PT = COS z sin pz sin zt + cos pz cos zt = cosz sin pz 
= tan a tan l cos l = tan a sin l = sin d. 

Therefore 90'' — ft = d, or pt = 90° — d. 
But PS == 90** ^- d; therefore pt + ps = 180® . . (9.) 

This is another remarkable symptom of the shortest 
twilight* 

Example. 

Required the day on which the twilight is shortest, at 
Woolwich, N. lat. 51° 28' 40", in the year 1816, with its 
duration and the time of its beginning and end. 
First, for the declination, sin d = — tan a sin l 

To log tan a.. 9*^ 91997125 

Add log sin l .. 5P 28f' .... 9-8934.104* 

Thesum,logsinp.. - 7'' T 5" .. 9 0931229 

Thus the declination is south, and answers to March 
2d, and October 11th. 

* Many other curious particulars connected with this problem 
are given in jistronomie Thetrique et Pratique^ par M. Delambre, 
chap. 14; whence the above investigation has been extracted. 
Another elegant investigation may be seen in Conwdssance des 
7«ntf, pour I'an 1818, pp. S82«--404. 

I 
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Next, for the duratioD» sin J (p' — p) = - 



y COSI« 



From log sin «. . 9* 9-1MSS34 

Take log co« l . . 51^ «8f' • . . . 9-794361S 

Rem. logsin....U^32'4<r.. 9S999711 

Hence p' - p = 29^ 5' 22% or in time l^ 56"^ 21 J% 



Farther, sin J (p' + p) = 



cos a 



coao 

Hence, Ibom log ces a . « 9^ 9*9946199 

take log cos D .. 1"" T b" 9-9966399 

V— ^ — . 

Hem. log Bin .... 9t5* 31' 19" 9^979800 

This value of ^p' -f- p) reduced to tkne is equtvalent 
to 6* *22* 5i% while J (p' — p) is 58- 10|'. The sum of 
these is p' .= 7** 20" 16 J% the end of the evening twslighl; 
their difference is p a= S"* 23" 54f % the time of the sun 
setting or the beginning of evening twilight. These re- 
spectively taken from 12, leave the times of the begin* 
ing and end of the morning twilight. 

Problem IV. 

18> Assuming the error in taking an altitude, it is re- 
quired to determine the corresponding error in time, in 
the case of example 4, prob. ii. 

Let £Q in tlie marginal figure be the equator, p the 
elevated pole, ah (he parallel of de- • 
cUnation in which the sun or other ^ 
lieavenly body is on the day of ob- 
servation; and let r be the real and 
$ the apparent place of the body, 
or Ti the error in altitude. Draw 
m« parallel to the horizon^ from z 
the 2seQith draw zm, zr, a^ fiXHn p 
the pole, the meridians, pmp, pr^ to 
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pass through m, r, and cut the equator in the points t?, q. 

Then m and r will be the apparent and real places of the 

body on the parallel of declination, and the arc mr on 

that circle, otpq on the equator, will measure the angle 

mpr, the corresponding error in time. The triangle 

msr being) of course, exceedingly small, may be regards 

ed as a rectilinear triangle right angled at s. 

Hence, sr : rm : : sin smr : rad. 

an^mr ipqn cos qr : rad. 

Conseq» multiplying the corresponding terms we have 

^r ipq : : sin smr cos qr : rad * 

Whence pg = sr -r— .... (1.) 

■' ' sin §mr cos qr ^ ' 

But zrp =* smry srm being the comp« of each ; 

and sin zrp ( =3 «n smr) : sin pz : : sin rzp : sin vr; 
Conseq. sin smr sin pr 2=1 sm *mr cos qr =s sin pz sin rzp. 

Therefore, by substituting for the denominator in equa* 
1, its equivalent in the last, we have 

r*.rad* rs ... 

pg sr -: : s= .... (2.) 

^i sinpzsinrzp cos l sin z ^ ^ 

Cor. Hence, since sin azimuth is a maximum when the 
body is on the prime vei'tical, the error in time will then 
be a minimum, the refraction being accurately allowed 
for. Wherefore, 

Cor. 2. It is best to deduce the time from an altitude 
taken when the sun or other body is on or near the prime 
vertical. 

[See, on kindred topics, chap, xi.] 

Example, ^ 

Suppose that in example 4, prob. 2. the error in alti- 
tude was \\ whai would be the corresponding error in 
time? 

' P^ ^ COS 52° 12' 85" sin 1 19© bdf 8" ^ -ei^S k "8670^^ '^^ 

This in time is s= 7*528 seconds. 

i2 
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Problem V. 

19. The right ascensions and declinations of two fixed 
starSy observed on the same vertical given in position, 
together with their distance, or the arc of that vertical 
included between them, being known ; it is required to 
determine the latitude of the place of observation. 

If 3, s', in the annexed diagram, be the places of the 
two stars in the vertical zso, hr * z 

the horizon, p the elevated pole, 
and £Q the equator ; then it is evi- 
dent that the three sides of the tri- 
angle pss' are given, as well as the 
angle at p. For ps, ps', are the 
codeclinations of the stars (known 
by hypothesis), ss' their distance on the vertical given in 
position, and the angle sps'' the measure of the difference 
of their right-ascensions. Hence, by the proportiona- 
lity of the sines of opposite sides and angles, we shall 
have, 

sin ss': sin sps :: sin s'p : sin pss' = sin psz 

sin ifv ' , 

= -: r sin SPS . 

smss 

Thus, two angles and a side opposite to one of them, 
will become known in the triangle pzs, namely, the azi- 
muth, pzs, the angle psz, and the side ps ; whence we 
shall have 

sin PZS : sin l^sz :: sin ps : sin pz = cos l = 

sin P8 sin psz sin pssin ps' sin sps' 




sin I'zs sin ss^ sin pzs 

= sin P8 sin ps' sin sps' cosec ss' cosec P2s. 

£0. Cor. 1. It is evident that the hour angle zps mar 

be readily found from the same data ; and therefore if 

the sun's place and his right ascension be known, the 

difference Detween it and that of the star^ s, will become 
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known ; and if from this difference the arc ed be taket)» 
the remainder will give the arc of the equator contained 
betwixt the meridian of the place and that which passes 
through the sun, .whence the moment of observation 
may at once be deduced. It is equally obvious that, by 
pursuing the computation, the altitude of each of the 
stars at the moment of observation may be found. 

21. Cor. 2. If, instead of the azimuth of the two stars, 
their altitudes were given, we might readily determine 
the elevation of the pole; for, in that case we should 
know the three sides of the triangle pss' with the angle 
p; and thence the angle psz between the given sides rs, 
2s, of the triangle psz. 

^ 22. Cor. 3. So again, if besides the declinations and 
right ascensions of the stars- observed on the same verti- 
tical, the hour angle zps were given, the latitude might 
be ascertained; for then, in the triangle psz, the angJos 
zpSj z&Ty and. the side sp, would be known, and zp would 
be determinable by case S, prob. S, of oblique spherical 
triangles. 

23. Cor. 4. Hence, from this problem and corollaries 
thelatitude of a place may be determined with great fa- 
cility ; a plumb line serving to show when two stars are 
in the same vertical, and the altitude being susceptible 
of being taken yriih sufficient accuracy for common pur- 
poses without employing large instruments. But correct 
tables of the placets of the stars are indispensable. 

Example, 

Two stars, the right ascension of one of which s is 78® 
24% and its declination 27^ 25% the right ascension of 
the other, s', is 104° 52^, and its declination 12° 18', of 
the same kind with the former, are distant from each 
other 28° 30', on a vertical whose azimuth ezo is 73** 
36^. Required the latitude of the place ^ 
Here PS = 90° - 27° 25' = 62° 35', ps' s= 90* — 12° 18' 
= 77°42', 
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jss' = 28** 30', sps' = KH^' S^ - 78° 24' = 26^ 28', anil 
pzs = 1 80° - 73° 36' = 106° 34'. 
The logarithmic computation from the formula is 

Log sin PS 62° S5' 9-9482572 

sin ps' 77° 42' 9-985J9148 

sinsps' 26° 28' 9 6490203 

cosec ss' . . 28° SO' 10-321 337 1 

cosecpzs,. 106? 24' 10-0180392 

Log cos L 32° 23' 18" . . 9-9265686 

Hence the latitude is 32° 23' 18", of the same kind 
with the declinations of the stars. 

Problem VL 

24. Givef^ the a[^arent altitudes of the moon and 
•un, or of the itiqon and a fixed star, and their apparent 
distance to determine their true distance. 

This is an important problem in navigation, being of 
•ssential use in one of the best methods of determining 
the longitude at sea. The true distance of the momi 
and the sun, or a star at any given instant, bein^ ascer* 
tained, we are enabled by means of the *' Nautical Al* 
manac,'* and the ^phemerides of different countries, to 
find the time at the first meridian, which corresponds 
with the moment of observation : the difference between 
these times, reduced to degrees at the rate of 15 to an 
hour, shows the longitude required. 

Besides the error arising from the imperfection of in- 
struments, the observed altitudes of the heavenly bodies 
are affected by three causes, the depressionqfthe hofiztm^ 
the refracHati of rays of light in passing through the 
air, and the parallax^ or the inclination of two visual rays 
jMSsinfirJrom the celestial bodt/t one to the eartJ^*s centre^ 
the other to the point where the observer is placed on its 
surface. The principal works on nautical astrononoy 
contain tables by which the requisite allowances may be 
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taadefor these al anj place and for any hea^retily body : 
and the purpose of making such allovi^afiees is, to reduce 
the oi^served or apparent altitude of a^y body at or 
above the surface of tlie earthy to the real altitude afi 
which it would appear from the earth's centre if light 
were transmitted in right lines* 

25. Tl>e apparent altitude of the sun always surpasses 
the true ; for the refraction elevates the i^un more than 
the parallax depresses that luminary. 

With regard to a fixed star the parallax Z 

is evanescent. Hence, the true place 
of the sun, or of a fixed star, will always 
be belov} the apparent pkce. The moon, 
on the* contrary, is more depressed by 
parallax than it is elevated by refrac- M 
tion. Hence the true place of the moon f»^ 
will be always above its apparent place. 

26. Let, then, the the apparent place of the sun orstar^ 
s its true place* on the same vertical zs, m the apparent 
place of tne nmon, u its true place, on tlie same verti- 
cal zm^ ms ^e apparent diilance of the two bodies. 
Then, there are known h =90 — 2«, apparent altitude of 
the sun or star ; h' 2=: 9Q^ — zm, ap^^pepit altitude of 
the moon ; D = m$; their apparent distance: also, h ±s 
H — r + jD = 90° -^ zs, true altitude of the vuk or slar ; 
and A' = >i' — r' + p' « 90P -- Z!!i, true altitude of the 
moon; r and /?, / andjpV being the refractioa and pa- 
rallax corresponding respectively to the apparent alti- 
tude of the bodies. Consequently, in the spherical tri*» 
angle zms are given all the sides to find the angle z : 
and then in the triangle zaia are given two sides zm, zs,. 
and their included an^e z, to find the third side ms = ^ the 
true distance required. The solution of the problem 
thus conducted is obviously as simple and natural as can^ 
well be wished, to men acquainted with theory abd ac- 
customed to computation : yet it has- httrt found em- 
barrassing to mariners ; on which account most writers 
on the subject of navigatloiL haxe investigated othep 
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rule»^ several of which (especially those which depend 
upon subsidiary tables) are more direct and expeditious 
in operation than the original rules deduced without mo- 
dification from th« two triangles zm^^ zms. 

27» The *econd general theorem of spherical trigono- 
metry, when applied to these two triangles, gives 

cos sm — cos zm cos zs cos sm — cos ZM cos zs 

COS Z ^^^ •» — >__— ~.— ~— ;S; - 

sin zm sin zs sin zm sin xs 

Or, employing the preceding notation, 

coso — sin hsidh' cos d — sin A sin A' 

COS Z = ; = -7 • 

cos H cog h' cos h COS h 

But: since cos (h + hO = cos h cos h' — sin h sin h'». 
w0 have sin ii sin h^ ss. cos h cos h' — cos (h 4- h'), , 
and, in like manner 

- sin h Hsin /* = cos k cos h — cog (h •+- ^0 5 

, . cos D + COS (H + h') — COS H COS h' 

whence, cos z = ^^ —: 9 

■ COS H lOS H' 

c6s d 4* COS (A + V) €08 h cet V 

"~ cos A COS A 

Taking from the second member of this eqmttion 

COM H COS b' . \l. j /. >.!_ ^v J cos A cos A' 

7 ss 1, and from the third ^ ■• ^ — 77 = 1 ; we 

coshcosh' ' cosAcosA' * " 

Jiave for the result . . 

cos D .+.C08 (a *k h') . - cosi7 -f cog (A + A?) 

COS H (N» B^ COS A COS A' ^ ^ 

Now it is evident from the formulae in chap. iv. 
that cos i> 4- cos (h 4- h') = 2 cos J- (h + h' 4- ») x • 
• cos J(h + h'— d), ' 
cos (h 4- A') = 2 COS* (h -I- h') — 1, 
- c6$5 rf == 1 — 2sin« ^d. 

These values being re$pectively suostituted for the se* 
Terdl quantities in equa. a, it will be transformed into 

2 cos J (a + h' — d) COS J (h + h' + d) 

■ : '- ; 

COS H COS a 

1 -2sitt«4rf+ 2cos«4(A + AO-1 ' 



COS A cos A' 
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Multiplying by cos h cos h\ ^d reducing, we have 

COS h cos A' /d + H + h' a d + h + h* 
. cos I ^ D ) COS s 

COSH COSH \ 2 / 2 

= — sin* id + COS* i (A + h') .... (b) 
ThiSy if 8 be put = J (d + h + h') becomes, 

^ cos 'h COS h' ••If. ^1/7. 7 /\ 

COS S COS (S -I d) ;=: — Sm* Arf + COS* J (^ + h), 

V ^ cQg H COS h' '* '* ^ . 

Hence 

.... « 1 y» . j/v cos 8 COS (s — ») COS A COS A' 
Sm» W= COS* J (A + A ) i ; r— 

, » /7 . 7\/t C08SCOS(8— D^cosAcos A'\ 

= COS* i(h+h)(i —, — ^,- — —l^ 

»^ '^X- C0SHCOSH'cOS*i(A+ A')/ 

-^ , COS s COS (s — d) COS A COS A' sec h sec h' / ^\ 

Put Sill* !• = ^ - ,. ,. ,,, . . (C) 

cos* 4 (A + A') 

Then the preceding equation becomes sin* Id 
= cos* J (A + A') ( 1 — sin* F ) = cos* i (k + A') cos*F, 

whence sin Jcf = cos J (A 4- A'l cos p (d) 

This is the formula of Borda : it nas the advantages of 
requiring only the. usual tables^ and of being free from « 
ambiguity. 

28. The logarithmic formulae deduced from equations ' 
c and D, are 
2 log sin F = log cos s + log cos (s -^ d) + log cos /* 
+ log cos N -f log sec h + log sec h' 

+ 2 log sec J (Ji + A') — 60 (e) 

log sin \d = log cos J (A + /*) + log cos f — 10. . (f) 
The secants being* introduced into the numerator for 
the cosines in the denominator, render the logarithmic « 
computation entirely additive. 

Example. * 

The apparent distance of the moon's centre from the 
star-Regulus being 63* 35' 13", when the apparent alti- 
tude of the moon's centre was 28° 29' 44?", the apparent 
altitude of the star 45° 9' 12;" the moon*s correction, or 
the difterence between the refraction and the parallax in ^ 

I 5 
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altitude 48^ 1"; the star's correction, or the refraction 
BT' Required the true diatance ? 

1st Method^ directly from the triangles zms^ zms. 
In the triangle Zf7|j^(]ast figure) are given 
zm = 90** - 28°2y44" = 6r S(y 16", M » 90* 
- 45^ 9' Pi*' = 44° 50' 48" 
m = 68^ 35' 13" : to find the angle z. 
This may be efiected by ch. vi. art. 38, equa. 2. which, 
suited to the present case, becomes 

. J /sin t (gw -f MM — «) gin I {ma -f %$ — xm) ^ 

* "" ^/ sin i (zm + w — >ii«) sin ^ (uw + tm + zm) * 

a|id this, when perfi^rming the log^lthmie computation, 
may be best accomplished by aiding the log cosecants 
of the terms in the denominator, instead of suhstracting 
their log sines, and deducting 10 firom tbe index, at 
last. 

Thus, sin j (zw + «M -H 5z) . . 40° 7 20". • 9.8091692 

. 8inJ(»w-|.Z5-zm).. 23°27'53'\. 96000842 

cosec I (zm + z« ^ fjM) . . 21° 22^ 38". . 104382946 

coiec I («# + 2« + zm) . . 84° 58' 8". . 10-0016765 

2 I 39-8492245 

The half sum - 10 is tan ^z . . 40° 3' 7" . . 9-9246122 



ft 



Consequently z = 80° 6' 14/ 
Then there are given, in the triangle zms, 
ZM = 90° - (28° 29' 44" -f 48' 1") = 60° 42' IS" 
.28 =s 90° - (45° 9' 12" - 570 = 44° 51' 45" 

and the included angle z = 80° 6' 14". 

The third side may be obtained as in case 2, prob. 2, 

by finding a subsidiary angle ^ such that 

tan ^ = cos 80° 6' 14" tan 44° 51' 45" 

Inlogs cos80° 6'14".,.. 92351804 

tan 44° 51' 45" , . . . 9-9979155 



Tiie sum tan 9 s tan 9^ 42' k<' . . • . 9-2330959 



V 
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cos MS =r 44* 5V 45^ cos (6<f 42^ 15" -^) «ec^i 

In logs cos 44*^51' 45" .... 9*8506086 

cos 50^ 59^ 54^' 97988874 

aec: 9^ 42: 21" .... 10K)06261S 



/ 



The sum cos MS = cos 63? SMI".... 9*6557573 
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Thus the true distance betweea the moon ^nd star i$^ 
fovmd to be 63^ 5' 1 r\ 

2dlj. Bj/ Borda^s Theorem. \ 

Here we have h = 45*^9' 1 2'', ^ = 45** S' 15'' ^ 
H" = 28^ 29^ 44'', A' = 29*» 17' 45", A + V =^ 74^26f 
s = 68° 37' 4i/', s - D = 5^ 1' 54" 
The logarithmic computation for f, therefore, is 

cos a 68*^ 37' 4J". . . . 9-5617995. 

cos(«-D),. 5^ 1'51J': 9-9983236; 

eosA 45«» a' 15^ 9-8484403 

cosy 29^ir45'*.... 9^05687 > 

secH 45° 9^12" ....10*1516804 } 

sec h' . . .^ . . 28° 29^ 44" .... 10*0560832 
2secj(* + »')37^l3r 0" . . . . 20 i97787& 

Tost sum <*« 60 ss 2 sin p. 19*7546833- 
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ItohalfissinF 48«66' 1".... 9-8773416i 

Then to find \dy and thence d^ we have 

cos F 48** 56' 1" , . . . 9»81T521I 

cosJ(A + A'>..87*»13' 0'^.... 9-9011062 

The som IS sm jf<^. SP32r 34^ 9^7186275 

Consequently rfis 63* 5' 8*. 

JVoife. Here the di&rence in the resuhs fs only 3 se-^ 
conds ; which is quite as little as can be exf>ected when 
tables are employed ib which the computer has to pm-- 
fortioa fiir the seconds. Had the value ef f been talarai 
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48*' 56'in8tead of 48«>56' 1" (and it is evident from the 
common t^l^s that it ]ieB betvreen the two), tl|en d 
would hav^ beei) ifoundabout 63°5M5". The mean be- 
tween the$e twp.re/ajilts'is ^3° 5' 11 J". 

... Example 11. 

. • Given the apparent distance between the centres of 
the sun and nioon 83° 57' 33'", the apparent altitude of 
the sun's centre 48** 27' 32"', its trUe altitude 48° 26' 49", 
the apparent altitude of the moon's centre 27°34'5",it« 
true altitude 28° 20' 48". Required the true distance of 
the centres of the two luminaries. 
Jns. 83° 20' 55''. 

Example III. 

The apparent distance of the moon's centre and a star 
was 2° 20', when the apparent altitude of the star's cen- 
tre was 1 1° 14'y and that of the moon's 9° 39'; the moon's 
correction was 51' 80", the star's 4' 40". Required the 
true distance of their centres. '■' 

Ans. 1°49'. • 

Nate 2. . In examples of this kind the sum of the appa- 
rent zenith distances must always be greater than the 
apparent distance ; for if not they cannot iform a spheri- 
cal triangle. Thus it will be found that example 4, pa. 
31, of the Requisite Tables, 2d edition, relates to an im- 
possible case. The third side 103° 29' 27" is greater 
than 89° 50" 22" the sum of the other, two. 

NojteS, This .being an important problem in nautical 
astronomy, we shall here refer to other works where 
more compendious rules, founded principally upon sub- 
sidiary tables, are given. Such are, the Requisite Ta- 
bles to be used with the Nautical Almanac *,. Mackay on 
the Longitude; Mendozd's TaUesfor Navigation and 
NauticcU Astronomy ; Myerses Transle^on of Rossel on 
the Longitude; Andretx>'s Astronomical and Nautical 
Tables; KeUinfs Spherics, See also> Mr. Sandevson^s 

5 
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rules in the Ladies' Diary for 1787, or in Lev6oum*s col- 
lection of the Diaries, vol. iii. ^Dr » Brinklet/^s in the 
Irish Transactions for 1808, and various others in Dc" 
lambre^s Astronomy, vol, iii. ch£^p.S6« 

Proslem VII. 

29. Given the longitudes and latitudes of two places 
upon the earthy regarded as a globe, to find their itine- 
rary distance, that is, the arc of the great circle com- 
pretiended between them. 

Let A and b be the two places on the surface of the 
terraqueous globe, of which p is one of the poles, and 
conceive a spherical triangle pab to be described, such 
that PA/PB, shall be the respective distances of the two 
places from the pole p, or their respective co-latitudes, 
and the angle apb the difference of longitude of those 
two places. Hence, l and l' being the respective lati- 
tudes, and p the difference of longitude^ there are given 
in the triangle pab, two sides, viz. pa = 90° ip l, 
PB = 90° :p l", and p, to find the third side ab. The 
problem, therefore, belongs to ca^e 2, prob. 2, of oblique 
spherical triangles^ the appropriate formula for which, 
suited to the present case, become 

tan ^ = cos p tan PB . . , . (1 .) 
for the subsidiary angle : 

and cos ab == cos fb sec ^ cos (pa — f } . . • . (2.) 

Example I. 

Given the latitude of the observatory* of Paris, 4?8® 
50' 14." N. that of the observatory of Pekin, 39° 54' 13" 
N. and their difference of longitude 114° 7' 30": to find 
their distatice. 

Here since the latitudes are both of the same kind^ 
we have 

PA = 90^ - L = 90° - 48° 50' 14" = 41° 9' 46" 

PB 3= 90^ - L' = 90° -» 39° 54' 13" = 50° 5' 47" 
andp=diff..oflong, =; 114°r 30'.'.. 
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Hence to log cos p .... 1 14^ T W. . 9-61 US52 
addtanPB.... 50° 5' 47''. . l(H)r76707 



The sum - 10 = log tan p -26^ g' 53^ . 9^891059 

Now, since p exceeds .90° its cosine is negative, and 
consequently <P must be taken negatively. Hence pa 
- ^ =x 41° 9' 46" + 26° S' 53" = 67° 12^ 39'', and the 
work indicated by equa. (2) will stand thus: 

Log cos PB 50° 5' 47". ... 9-807195S 

cos (PA - <f) 67° 12^ 39". . . . 9-5880938 
sec^ 26° 2^ 53". ... 10-0465177 



Thesum-20,cosAB73°56'40" 9-4418068 

Thus the distance required is 73° S& 40" of a great 
circle, or in English miles, reckoning 69J to a degreCi, 
it is 5139 nearly. 

Example 11. 

The latitude of St. Helena is 15^ 6B' S. its longitude 
S° 49^ W. ; the latitude of the Bermudas 32° 35* N. lon- 
gitude 63° 32^ W. Required their distance ? 

Here since the latitudes are of different kinds, we 
shall have 

FA = 90° + I. = 90° + 15^ 55' = 105° BS\ 
PB — 90° -- l' =: 90° - 82° 35' fe BT 25' 

andp =*: 63° 32' — 5° 49^ = 57° 43'. 

The preceding formulas applied to these data, will 
ghre 79^ 26' tot the distance required. 

Examflelllm 

What is the distance on a great circle between St. 
Mary's, latitude 37* N., longitude 25° W., «id Cape 
Henry on the same parallel of latitude, bat in longitude 
76°23'W.> 

Ans. 40° 31, which is about 36 ttfles less than the 
distance measured upon the parallel itself. 
7 



Asironomieal PrMenu. 168 

Example IV* 

Hequired the distance on a great circle between the 
island of St. Thomas, latitude 0^, longitude 1^ £., and 
Port St. Julian, in latitude 48^ 51' S., and longitude 

65"" icy W. 

Ans. 74° 35^. 

Note. In the Sd example the operation bccome9 
shortened because the triangle fab is isosceles; in the 
4th it is shortened because the triangle is quadrantaU 

Problem VIII, 

30. To determine the elongation of a planet from the 
sun, at the time when it appears stationary ; on The sup- 
position of concentric circular orbits, in one and the 
same plane. 

As thus restricted the problem may be solved by 
means of the-principles of plane trigonometry, combined 
with those of central forces in dynamics* 

Let two concentric circles e^i, p^q, be drawn, the 
former to represent the orbit of the earth, the latter 
that of the planet, the common centre s of both circles 
being imagined the place of the suif. While the earth 
moves from b to e in its orbit, let the planet meve from 
p to;? in its orbit; then, when the planet appears sta^ 
tionary the right lines xp, ep^ drawn from the earth to 
tlie planet will be parallel. In that state of things draw 
the radii S£, s^, sp, Sjp ; from £ and P draw tangents to 
their respective circles lo meet each other in t; and 
join ST. So will the triangles s%T, SPt, be right angled 
at E and p ; and the parallel lines kp, ep^ will be so near 
each other, that the intercepted arcs e^, pt?, of the 
orbits, may be regarded as coinciding with tne corre- 
sponding portions oS their respective tangents. 

Let V be the velocity of the earth in its orbits v' that 
of the planet. Then, since the arcs e^, vp^ are de- 
scribed in the same inter^ of timei Uiey will be to 
each other as those velocities, that is, 

xetpp:sv:v'. 



I8i Astronomical Problems, 

Also, since the arcs ne, pp, are confounded with the 
portions of their respective tangents which meet at t, 
and the parallels ep, ep, divide te, tp, proportionally, 
we )iave ex : pt :: Ee : 17?; and consequently, 

ET : PT :: v : v'. 

Put SE = a, sp s 3, and the required angle sep of 
elongation = £• Then, since sp : se :: sin £ ; sin efs, 
we shall have 

a . 

Sin EPS = cos EFT =. - sm E. 

b 

Whence, since sin* ept = rad* — cos* ept, we have 

a* 

sin EPT = js/(r^ rr- sin *e). 

Farther, because cos sep = sin pet, we have 

sin PET = VC^* — sin *e). 
But sin EPT : sin pet i: bt : pt : : v : v:'*- 

a* 

Therefore, v : v' :: ^{r^ — — sin*B):v'(''* ^ 8in*E). 
Whence- v* (r* — ski *e) = v'* (r* — -^sin *e) j 



sin* E = r*5* 



V^^a „ Y'«a« ' 



and^ipE = ±r& Y/^fc^- • • • U-) 

31. A still simpler and more convenient expressioo 
for sin £ may be obtained by introducing the radii of 
the respective orbits for the velocities of the bodies. 
Thus, by the theory of central forces ( Gregory* s Me^ 
ckanicSf book ii, art. 282) v : v' :: ^/b : ^a ; 



fl« 



we have b^i a : : r* — — sin* e : ^* — sin *e.- 
Hence {b^ — oA*) r* = (^3 — a^) sin,*E, . 

or, 8m« E = .-JJ3— • • /-^ 

Supposing r and a Ux be. .eagb upity, we shall have 
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AlsOy cos E = v'Cl — sin ^k) = K/'^r^ — jf .... (8. ) 

* sin s ^ ■ V 

and tan e = == ± 4 / 7-7-7 . . . . (4.) 

COSE y/ * + 1 ^ ' 

Here the positive sign obtains in the case of the infe- 
rior planets, the negative . sign in that of the superior 
planets. 

Example* 

The mean distance of Jupiter from the sun being 
5*2028 times that of the earth ; required the elonga^tion 
of the planet from the sun at the time of its apparent 
station? 

The logarithmic operation for tan s indicated bj 
equa.' (4) is as follows: 

From 2 log & 5-2028.... l-4S2474f2 

Take log (3 + 1) 6-2028 .... 0-7925878 

• • • • ■■■ ■ ■ w 

Diff. + 20 . . ; 20-6398864 

Its half is tan e . . 1 15^ 35' 10-3199^32 

» 

Here, the tangent being negative, it belongs to the 
second quadrant (chap. iv. art. 5). 

Note. By like operations the mean elongations of the 
other planets 4t the time of their apparent stations maj 
be found as below. 

- Mercury 18® 12' 

.Venus 28^51' 

Mars 1^12^ 

L/Cres. «..*v^....l Zo f 
Saturn ..,..:... 108°. 47' 
Uranu3 103^13'. 
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Scholium. 

32. The inversion of our 4th equa. furnishes in cer- 
tain cases a convenient expression by which to approxi- 
mate to the mean distance of a planet from the sun. 

For from tan £ ^ \/ a — T* ^® ^^^ 

A = ^ tan *E ± tan e (1 + J tan *e)" : 
an equation which gives the radius of the plaoet*s orbit 
In terms of tliat of the earth, from the elongation at the 
instant when the motion of the planet became direct 
after having been retrograde. 

Thus, in the case of Ceres it was found by observa* 
tion that e at the time of apparent station was 122^ 37' 
40"; whence 6 was found = S-2018. The slight dif- 
ference between this elongation and the one just given, 
arises from this, — that the latter was actually observed^ 
the planet moving in an elliptical orbit, while the former 
ill wnat vooidd be obfteived if the orbit were circular. 

The foDowing. is the logarithmic operation, for fi&d* 
ing the mean value of bin Ceres : 

LogO-£S.;; 1-3979400 

2 log tan B 20*5873552 

Sum - 20 is log i tan* s ..0HS0995.... 1-7852952 
Add 1- 



I'OgO + ltan*B)-log .. 1-60995 .... 20-2068125 

Its half 10*1034062 

,Log tan E 10-1986776 



Siun-20 log±l-9819 0-2970838 

i|tan«E 1*2199 .i ■■ ■ ■ 

The sum ss i s 3-2018 



\ 
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The negative valae of r^l9 cannot here obtain, 
because b would in that case be negativci which is im- 
possible* 



CHAPTER XL 

On the Investigation of Differential Equations for esti^ 
mating the minute Variations in the Sides and Angles 
cjf Tnangles* 

I. uY reason of the imperfection of instruments) the 
unavoidable though generally slight inaccuracies of ob« 
servers, the e&cis of parallax^ refraction, the precea» 
sion of the equinoxes, the varying obliquity of th« 
eGl%>tic-(see note, p. 119)» und other causes, the sides 
and angles of either plane or spherical triangles,, whe* 
ther observed on the earth oc in the heavens, can never 
be taken with perfect exactness. It, therefore, be* 
comes necessary in cases where great aocoracy is re- 
quired, to strike out some means of estimating the ex* 
tent of error which may be occasioned in certwn sides 
and angles of triangles, by any assignable or supposable 
errors m the other parts. This is an interesting depart* 
meat of research, in which the celebrated Cotes m his 
treatise De iBstimatume errorum in mixtd mathesif-wad 
many subsequent mathematicians have laboured with 
considerable ingenuitv and success. 

2. The inquiry bemre us is one (of very few in my 
estimation) in which the contemplation of magnitudes 
as augmenting and diminishing by differences leads to a 
more natural and satisfactory explication, thai) that in 
which magnitudes are regarded as varying in conici^ 
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qiience of motion. Hence I shall in thk chapter em* 
ploy the notation o^Jitdte and infinitesimal differences'^ 
instead of that of Jluxions : although I am fully per- 
suaded that in a great majority of mathematical in- 
quiries the fluxional notation and metaphysics are pre- 
ferable to those of differentials. 

3. When variable quantities augment or diminish by 
portions which are finite or susceptible of naensuration, 
the portions which constitute the augmentation or dimi- 
nution are called differences. If th<e variations, instead 
of being finite, are indefinitely small, they are called 
differentials. The former are aptly denoted by the ca- 
pital Greek letter A placed before the letter which re- 
presents the variable quantity, as Ax, A^, A<s, &c. the 
latter by the small or lower case Greek letter i", as Ac, 
^, h. The processes of differentiation and integration 
being similar to those of finding^imon^ and^uents^ at 
taught in our standard works ^, need not here be ex*- 
plained otherwise thaa in connexion with the present 
investigation. 

4. To determine the difference^ or finite variation of 
the sine of an arc or angle, let us take from formubi 
(u), chap, iv. the equation, 

sin A — sin.B ss^sin ^ (a — > b) cos ^ (a -)- b}'. 
Here, sopposing a greater than b .we may denote by 
Ab, the augmentation which a must receive to become 
'equal to b^; a^d, in like manner, by A sin b, the differ* . 
ence which must be added to i^n. b to make it equal to 
«in A. Thus, we »haU have a ;= b + Ab, and sin a =; 
ein B + A sin b. Substituting these values in the pre* 
ceding equation, it becomes / 

A sin B = 2 sin JAb cos (b -f- |Ab> .... (1.) 

5. To obtain the difference of the cosine, take from 
the same class of fo'rmulse the equation, 

cosB ^ cosA = 2sin J (a — B)stn^(A -f b); 

« See tho treatisei on I^uxioiis by Maelaurio, Simpsou, and 
Dealtry. 
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and, performing an operation similar to the precedingi 
tliere will result, 

— A cos B = 2 sin JAb sin (b + i ^b) (2.) 

6. To find the difference of the tangent of an arc or 
angle, assume 

sin A s{n b 

tan A — tan B = 

cos A COS B 

sin A COS B — sin B cos a 



COS A COS B 

sin (a — b) 

COS A COS B * 



and^ operating as before, there will result, 

sin AB . ^ 

AtanB= --.. ..(3.) 

cos B COS (B + AB) • • • • V*'V 

7. Taking, in like manner, 

COSB cos A 8i«(A — B) 

* cot B — cot A ss -: : = . — '-- 

«>in B / Sin A sin A siu B 

we sliall obtain for the difference of the cotangretU 

sill AB ^, ^ 

— A cot B = -: r-T- -— . . . (4.) 

810 B 8tO (B + AB) ^ ^ 

8. For the difference of the secant^ take first, 

1 1 sec A — sec n 

cos B — COS A = — = 

sec B s^c A sec b sec a 

= (sec A — sec b) cos b cos a: 
whence, form, u, chap. ir. 

2 sin ^ (a — b) sin i (a + b) 



sec A — sec b = 



C08 A COS B 



Making in this equation substitutions analogous to 
the preceding, we shall have 

A co^ ,» — g»">^BSin(B + i(!vB) 

A sec B = —-; — ~ — .... (5.) 

CObBCOS(B + i_B) ^ ' 

9. So, again, since 
sin A — sin b =. — -■ , we may by introdu- 

cosec A cosec b j >f 
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cing the requUite substitutions in the value of sin a --^ 
sin B, form, u, chap. iv. obtain 

— A cosec B =5 — .' . , \ , , (6.) 

sin B 810 (B + i&B) ^ ' 

10. These six equations are rigorously correct what^ 
ever the magnitude of ^b may oe. Let us trace the 
modifications they will undergo when the variation be- 
comes indefinitely minute, or Ab becomes ^b. Keturn<« 
ing to the first equation, we shall, by expanding cos 
(b + }Ab) according to form, u, chap. iv. have 

, Asin B =s 2 sin ^^b (cos b cos JAb — sin B.sin J ^Ab) 
= 2 sin ^Ab cosb cos ^Ab — 2 sin^ |Ab sin b 
= sin Ab cos b <~: sin b ( 1 -^ cos Ab). 
Now, if Ab be indefinitely small, so as to approximate 
very nearly to evanescence, sin Ab will also oe indefi- 
nitely small, or practically evanescent, while cos Ab will 
differ indefinitely little from radios. In that ease the 
differential equation, will become 

^sin B =r sin J'b cos b — sin b (i — • cos ^b) ; 
which, sinee sin J'b = ^, and cos J^ = 1, reduces to 

^sin B = ^'B cos B , . . . (7.) 

11. Proceeding similarly with equa. (2), we obtain 
— J" cos B =s <?B sin B, or /cosb = — ^b sin b ... . (8.) 

12. In like manner from equa. 5 and 4, we obtain 

^tanB=^-^....(9.) 

cos* B -^ ' 

— ^COtB =-r-7~-, or ^COt B = r^" .... (10.) 

wn' B 8)n* B ^ ' 

And so on, for the differentials of the secant and the 
cosecant. 

13. Or, having found the differentials of the sine and 
cosine of b, others may be deduced thus : 

Since versin b =s 1 » cos b^ we have 

J^versinB = — ^cosb = J^BsinB. . , . (11.) 

Also* since tan b s= -. — , we have 
' co»b' 
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^^ C08B siOB^slBB.^eOSB 

#tanB=s 

COS* • 

(cos'b + sin*B) ^B 

an ■■■'■■'■■■' I II 1 1 • 

COS*B 

But cos*B + sin^B = 1; therefore 

J^tari B «= — r--» as before. 

So aeaio, since cdt b = > 

° ' tan b 

• ^ > tan B — ^B in 

^COt B = — = ' =s — i 

tau^B tao^Bcos^B sin^B , 

because tan b cos b = filn b. 

Farther, since sec b = , we have 

% ^COSB 'BSfBB ^BtanBOOSB 

c see B = — ■ =: ss ■ 

COS*B COB^B C69"B 

= ^^^ = tf'B tan B sec B . . . . (12.) 
Lastly, since cosec b s i — , we have 

•^ 81B B ' 

^ ^sinB ^BCOSB 

^COaeC B 5S r-T— =K — -ri — 

sin* B sjn* B 

^BCOtB . /^ , X 

— "- ' ;^» s= — ^B cot B cosec B .... (13. ) 

SIDB ^ ' 

1 4. The differences and differentials of the principal 
liaeQ-anfi;ular quantities (chap. i. art. 4) being thus de* 
termined, we majnow proceed to trace the minute varia- 
tions o^ the six parts of triangles. In order to this, the 
general method consists in determining the relation of 
any two differentials. To determine this we must dif- 
ferentiate the formula which expresses the general rela- 
tion of the quantities under consideration : the rule is 
very simple and well known to all who have studied the 
modern analysis. 

Let the formula be a? = aifz + (| a and b being con* 
atant quantities. 
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Instead of x in the first member put i'x. 

In the secondy put /y instead of y, and you will have 
^1/ . az> 

As there is a second variabfe quantity, put also 3z for 
z, and you have ^z . ay. 

a and b^ being constant quantities, furnish no va« 
liation. 

Hence results the differential equation, 
^x = ^1/ . az + i'z . ay; 

also -r- s= ajK; -: — = ay. 

If the values of ^y and J^2 are known, we thence know 
isf ^ h^, azy and i'x" = J^^ . ay\ so that the total varia- 
tion of j; is constituted of two parts, the one depending 
on h/^ the other on ^z, 

15. In the solutions of problems relating to the varia- 
tions of triangles, we have only to substitute one by one 
the differentials of the sine, cosine, ^c in the appro- 
priate formula of the problem, and procieed agreeably to 
the above directions. 

Thus, suppose that in the spherical triangle whose 
angles are a, b, c, and sides respectively opposite a, ^, 
c, the sides b and c were constant. Then^ from equa. 
(2) chap. vi. we have 

cos a = cos A sin b sin c + cos b cos c. 
. This becomes by differentiation, 

— ^a sin a = — ^a sin a sin b sin c. 

The formula has only two terms, because it contains 
BO more than two variable quantities. It results from it 
that 

^tf _^ sin A sin 5 sio c sin b sin b sin c sin c sin h sin c 

^A sin a sin 6 sine 

Or, finally, that 

— := sin B sin c = sin c sin b. 

16. Upon these principles a complete series of dif- 
ferential equations for all possible variations of spherical 
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and plane triangles may be investigated. But as the 
inquiry would occupy more space than can be devoted 
to it in this work^ it must be omitted. We shall here, 
however, lay before the reader, with a few alterations, 
corrections, and additions, the, valuable summary of 
trigonometrical differential equations given Ijfy Delambre 
in nis Astronomie Theorique et Pratique. 

Oblique angled Spherical Triangles. 

I. The sides h and c constant, » 

id 

xr ==^ sin B sin c = sin c sin d 



?B 




cote cose 


?a 


''*cin a sio ▲ SID e 

1 


^C 




COtB CO&B 


ca 




610 a f^in AsiQ^ 


^B 


= 


tan B - 


«c 


tanc 


^B 




sin B cos c sin & cos c 


^a 




810 ▲ • sin a 


in 




lin ▲ sin a 


ic 


*"■* 


cos B siu c cos B sm c 



II. The angles b and c constant 
--- =; sin 3 sin c = sine sin b 

Ih • cote cose 



^A sin A sin c sio a 

?c ^^ cot b cos b 

<-A sin A sio a siu b 

tc tan c , 

-rr- sp - — r = tan c cot b 

so tan h 

^b ^__ sin B cos c sin b cos c 
^a sin A - «in a 

^c sin c €M>s /^ sin c cos b 
ia iin **" sin a 

K 
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III. Angle A and opp, side a constant. 



ie 


= 


eosc 






ib 


COIB 




^B 


=S 


UiBb 
tans 




• 




= 


taoc 




. 


ic 


= 


C08C 






»B 


cos 6 




Ic 


= 


sin c cot c 


= 


tan B cof c 


ib 


COSB 


sin b 


^C 


s= 


tan h cos c 
sinB 


s= 


sin c cot c 


iB 


C08& . 



IV. Angle A and adj. side c constant* 

rrr == cos C 
cb 





= 


tau c 

= tan c cot a 

tana 


iB 


= 


COS* a 


lb 


= 


Bin a 8in> m stn a sin h 


iB 


siu c sin A sin c sin b sin c 




= . 


tan a ^ 

-: — =B tan a cosec c 

sm c 


ta 


ss 


sin a 


Zb 


tanc 



Right akgl£i> Spherical Triangles. 

I. The sides b and c constant i 

This Qase needs no formiJee : for two constant sides 
with a right angle render the whole constant. 

II. Angle B =: 90^9 an^e c constant. 



*A . cat A . . > 

— SB sm s -— — =s cot A tan a 

la . cot a 



^c cote •'^bi'd ^tA cose 



U laDA ""^ ¥11!^ *mA tana 

^ « f:9ft'4* ^A-5j5H?»i«p c cot b 

— — ' ^**^ Jj 'xm* ^ ..V ; 

^ sin 2a "^ fitiA ti 

Jt ^_^ sio 2c A 

^a 8 tan a .r: o' 

in. Right MgU A andji^oth, q constant. 

n cot* gf,.j a 
■7- = sin c = -55^ ' 

= sm ^ -^ 






*c Bin 2c ' o -.r 



^B sin 2b 

^c ootc > ''* ca»'£ .II 

*" >* ■" eotBw^T'j^siSite'ij/'t • 

IV. Right Mngle a 4^ SS^Mif^c constant 

--7- s COS c = sin B-coB c s^eot a tan i 



— "^ SB tan >c cot #-» cot » cosec a 

— ^ * 001 a at cos 6 cos c s cot B cot C 

H 8in g tin 9ft 
iu sia c ** slate 

k2 



JM I^ghtpfM Eqm^bm* 









Mage' , 


. 


to 


f coIb *" 




• 


Qd/t9RA^TA'E TmrAHSt^v 


L 


, Sideh 


*»9(y»,.( 


^tfZfO cmstaiU. 




la ^ 

fA "" 


cot>« 

cot A 


cot a tan A 




Sb 


SCOtB 






{« "" 


sin Sa 


■» 






tSH>\cV:.-^» 


rof. n cot a"" 



2b tanB ^'^-^ 

-— = -rrnr- = tan B cot C 
Zc tB#e ,_ ^ „: . - 

9b __ Ikftn^ * 

"" IT "" Sill tf _ , -^ „ 

>A __ »tlti>A 

II. 7ivo angles ^attd c consianU 

Here there^aiis fiO'fbrmakey I)€cau6e there are neces- 
sarily three constant qpiuatities'in the complementary 
rectangledtrkfille. '-^ ^ "^ « , . ~^ . 

III. .5WciftW Sljfi "m^Mt^hA aon^ani. 

96 tan b z. <. ' 

• irte jail XL. s ts^ tanjO eot b ~ - 

9b tan B > 

9c t^ c 

' ', --- aa-.*^ — ►>3atan^0©tC -- 
9c tanc 

9c ^€Ofc0 :;^*^*««» 

— — s= •■ ■ " g: cot C lan-B 

^B .COtB :i ii. :: 



%\ 
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lb "^ 2c<W&_ / > 
Jc 8cat€* ' nii 



IV. Side c = 9()^ of^'. drg^fe a constant. 
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Plane Triangles." 
I. Tixolsides i and ccohstdnt^ 

Im a sio A ». 



in b cos c sio b cos'« 

Ih a sin A '> 

^c- ccosB ' ftinc'cbsv 

£i — ^ ^ 1 V 

Ja "~ 6 sine "^ csIdb 

^B taa B 



Ic taac 

?B cot c cos c 



tan »*cot c 



4»k> 



ta a ^ asin c 

fe cot B cos B 



f y » 



c4 a B.8inB 
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II, Ttvo angles b cndc cofuiant* 
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17. In the {Hreceding table the di^erential relations 
are exhibited in equationsy both because in that form 
they occupy co«ip&ratively small space, and because 
they are in the m^ority of cases more comniodious in 
application than' when presented after tlie manner of 
analogies* They may, however, at once be read and 
regarded as- analogies, by taking the natneratbr and de- 
nominator of the fraction in each member of the equa- 
tion, as the antecedent andi^ooeeqiieiit^aratio. Thus, 

— ss cos c, becomes ^a :^b:i co^ : rad^ 

^c tan c - ^ ^ , " 

— .-- s= becomes /c : ** ^ :: tan c : a. 

and similarly of Others. 

18. It must be borne in mind that thre equations in 
this table are merely approximailve^ and that the results 
tiiey furnish are more accurate in proportion as the va- 
riations are bmali. In ca»es where the greatest possible 
correctness is required, the tlieorems for the finite dif" 

Jerences of sines, tangents, &c* must be introduced into 
the appropriate formula f^r the inaividual problem, iu'- 
stead of those for the differentials ; and the results em- 
ptoyed,- instead lof those tabulated in the preceding 
pages. 

We here present a few exanpiples of the use of the 
formulse above given. 

Example I. 

Let an object whose height is -ac, be measured by 
taking its angle of elevation abc, at a given horizontal 
distance bc from its base. It is required to ascertain 
what error may be committed with respect to the height 
AC, in consequence of any supposed error in the ob- 
served angle b ? 

The fourth equation, class 4? oS plane triangleSf is ap- 
plicable to this example ; 



900 D^glkreaiyd EfmaioAs. 

ib a ^kC IK IK 

▼12. T- = -: « or 



to ftiDC* '. Ib . line. €o«b: 

But (chap. ii. ^ hr. IB), tiiite«x/2smiioOBB$ 



1 -fflfllB 

cosB sin S^B 



and, by tidMitiUtlioB, -v*- ^=* ■ . - ^ — ^--r-ir 

' -^ ^ »B . MO 2b Sin Zj 



B * 



This fhrofnn into a proportion becomea^ 

As the sine of twice the observed asf^Cy . 

.To dodi^ the conpnted height.; 
So is the error of the observed ai^le. 
To the corresppndiqg error in neigbt« . 
Corollary . Hence ^ac, the error in the height will be 
a minimum^ when sin te is ft maximumf or is equal to 
radius. That is, the error in altitude, cceteris paries, 
h the least when the angle of observatfoh t is 45*^ ' 

Remark, If an error of a minute is m&db fn taEi0g 
the angle b, supposed of 45% the corresponding ttfbv 
in the altitude will be its 1719th part : for in that t»Be 

AC AC 

/AG = 0002909 X 2ac se -^^g—- r=> -J—., newtly. 

« 

_ • • • 

Example II. 

Given the indinatian of the plane of a tiieodolite to 
the hori^zon ; required the greatest error thetcan fo^ 
sSbhf happen 'm deterraiitiBg the magnitude of an aagle. 
. The lace of the theodolite when posited liorisontcufyi 
and when inclined in anj astignea angle, may be re- 
garded as two great circles of a sphere whose. centre is 
the centre of toe face of the theodolite. Also, if the 

« Tbe figure, at in maay other cases, h left designedly to be 
iketched by tbe student. 



index of tine theodolite ts' horizpttal when it passes 
through the points 0^ and 180^; when it is turned 
round to oieaswre «»y hoyiaQBUil ,aDg)e>tipfin!jt)ie in- 
clined plane, a vertieal circle passing through the index 
in that poaktooy would hs^ve. cut the theodoKte, if po- 
sited horizontally^ in the true arc. Hence (sketching a 
right angled spherical triangle like that at p. 87) if b 
be the angle or inclioatioa ot the theodolite, bc ox-cliHb 
arc measuring the abgle upon the inclined face of the 
instrument, then will ba .or c he the arc that measures 
the tr^ae angle ; and it is required to determine kk what 
circumstances a -^ c-is a maximum, .' ^ 

Now cqua« 5, .chiss £, of right angled spherical tri' 
angles, is ^]|>Hcable to the present casei and whien 
adapted to our figure becomes 

^a sin 2a ., 

.4 ^c sin 2c 

Hence when Jia — Jb := 0, which is the case when 
a «- <; is a mibcimum, that is, when ^a =: A:, sin 2a must 
:=;: 2t:» and ccMUsequently 2a must be the supplement of 
ZcmjoT a +c must =: 90» 
. jHqw, (chap» vL art. 26 ) tan c s: tan a cos p; 

whence, rad : cos b t: tan a : tanjc .^ . . * i 

anS^div I '** + cos b : rad — cos b ::ian a + tan c 

:tantf -i- tane ' "* 

and {chap. iL art IS) :: sia (a -f c) iBin (a'-^ c) : 
that i», rad 4- cos n ; rad -r gos b ;: rad : sin ^a.— p )• 

From this .proportion* Bipces i^ given^ the ip^asiyif^* 
?».^» wd their di£^rence, jnay be determin^ul /, .'^\\ 

JBut the expression admits of.f^^rther siitiplificat^^P^ 
Vqt, tcantformed into an equation,: it becomes 



I . . -_ rad ' rad + cop n. 



€» MiA (a V- c) =g r: ^?' , ^ as'tato^ fB'(x;hap. Iv. n), ^ 

that 18^ the tungent of half the angle ofinclinatiod is* a. 

ii5 



90e Diffli miwi Equati&mu 

mean proparHmnal behoeem radku^ amd the sine, of ike 
masimum error on the tkeodeiiU. 

■ Suppose that the fiice of the theodolite^' iBStead of 
Joeing horizootal, was indined in on angle <^5 degrees. 
Then logtan^B.. ..^SOr.. . .d-SMOSSl 
Midt^lied bj 2 

ne pM>d« - 10, SIB error 6' S^ 16"^, . 7-S8(»ia6S 



i4pp« 



Example III. 

To'8nd when that part of the equation of time which 
depends on the obliquity of the ecliptic, is the greatest 
jpossibld. 

' ' Here the sun*s longitude will fbnn the hypothenuse 
of a right angled spherical triangle, his right ascension 
will be the base, and the obliquity of the ecliptic is sv^ 
posed constant. It is required to find when hyp. — base 
is a maximum ; which is, evidently, as in the precedoig 
example, when.h3rp. 4- base = 90^, that is, when sun's 
long, -f sun's right ascension = 90^, from the equinoc- 
tial points. t 

This happens in the year 1816, about May 7 and 
November &. 

To ascertain the error that may be committed in the 
observation of zenith distances, vy any conceivable de- 
viation of the instrument fVom the vertical plane. 

Draw a f^^gure in which ho is the iniersection of the 
horizon with the Vertical plane Hzo, and HZf'so Ae posi- 
tion of the plane of the idstrtiment, 7f being the imt- 
rent z^tiith upon that plane, and s the place of the nea^ 
venly body when it has arrived at the plane of the in- 
strument. The arc zz" will measure the inclination i of 
the plane at h or o, and the base z's =s z of the right 
angled spherical tnangle.zzi'a wflllsft the apfja|«it-Miyth 
distance of the body, while the hypotheniw e zs s 2 + Jr 
will be the true distaace. 

5 
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Now firem eqaa^ 6, art. 25, cbap. vi. we have 
cos zs = CQS2Z' €08 zs: that is, 
COS I cos z ss COS (z + jt) 
' . 3» cos z COS X -- sin z sin or. 

"Wheiioe sin z sin a: = cos z (cos x -» cos i) 

= cos z (1 — 2sin»|a; *- 1 -f 2sin*|i) 
sr 2 cos z (sin^ Ji -* sin* Jx). 
Dividhig by sin z, there results 

sin a; =s 2 cot z (sin* Ji — sin^ )x). 
Here since or is by hypothesis small, sin* Jx is ex- 
tremely minute, and may be rejected : hence 

sin x = 2 cot z sin* ^i. 
Corol. As the zenith distance z increases, the error 
jB. diminishes, the inclination i remaining the same. 

Supposing the deviation from the vertical 5', and the 
apparent zenith distance of a star 37^, the error would 
be tVtt of a second. 

'Note. If z, z', be the observed zenith distances of a 
circuropalar star (corrected for refraction) at the supe- 
rior and inferior tr^sits of the meridian ; z, z^, the true 
zenith distances ; x, x\ the corrections due to the devi- 
ation of the circle from the meridian : then will 

X =» z + ^ 
x'= z' + x'; 

therefore the distance of the pole from the zenith, 

or, H*' - ^) = J (z' + «') - J (z -f ^)- 
Buf in the inferior transit V is imperceptible; there- 
fore 

lap. rr 90° - J {z'^ 2) = 90** - i (z' - z) + Jx. 
G^nisequently, in the case of employing a drcumpolar- 
S[tar, the latitude is only afiected by half the error pro- 
duced by the deviation of the instrument from the ver* 
tical plane. 

Example V. 

It is requifed i6 determioe, at a given time and lati- 
tude, how iong an interval is taken by the body of the 
sun to rise from the horizon. > - 
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Differential Equations* 1 



Here the triangle which is suppose to undergo a 
minute variation is oblique, one of the ftiUes being pz, 
the co-latitudey or dist;ance from the pole tp the senith^ 
another being PS|^e co-declination of the luminary at 
the time proposeo^and the other zs = 90^ the d^stano^ 
from the zenith to the horizon. It is required to ascer- 
tain the variation in the hour angle P which corresponds 
to any assigned variation in the opposite side zs. 

The di&rential equation which applies to this in- 
quiry vBy obviously, the first of class 1 , obUqme angied 
spherical irian^les^ which, when accommodated to the 
present notation, becomes 

-r- = sm s sin PS; or, /p = 



^p ' sin 8 8in Pt 

Now, from the 2d fundamental theorem of spherical 
triangles, (chap. vi. p. 84), we have 

cos pz ss cos zs cos p& + 'Bin zs sin PS cors. 
But^ in the example before us, cos zs = 0^ and 

sm zs = 1. Whence cos s s -: — • 

810 Pi 

Consequently sin s = </{} - ^°*a ' ^J ; 

, ^ZB 9S8 

and ' £s ii I ■ I f !■• 

&in 8 sin pi ^^(siii* ps <<- cos^ pk) 

It «wy be readily shown, by multiplying together thie 
corresponding values of cos (a -f b) and cos (a — ii), 
(equa. c, p..4S)9 and sabsticating 1 -<- cos^ for sin V that; 

sin* PS — cos' P* 3= cos (pa + pa) cos (PZ — . Pfi). • 

Hence it follows that 

• ?5 

' ■" V [C08(PZ + PS) COS (PZ — PS)] 

From this we have 

flun'a diam. ; 15 

tune ton iis. = v[co,(l««. + d«.)co. (lat. - dec.)] * 

Let it be proposed to ascertain the time occupied bj 

1 
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the sun in rising from the horizon on the 25th of May, 
1816, in latitude 50^ 12' N. 

' It apf)ears from the Nautical Almanac^that the h\xTiS 
declination on the given day is W^ 59' N., while its ap^ 
parent semidiameter is 15^ 48 1''. 
Hence, diaro. -*- 15 = 2*1078. 

hog cos (l + d) . . 71^ 11' . . . . 9-50d5850 
cos (l - D) . .29^ 13' .... 9-940904j8 



•*■ 



Sum -** 2 19-4494898 

Quotient 9-7247449 

Taken from log 21078 0-3238294 

» «•' .4.. ^. 

Rem. log 3-9727 0-5990845 

So that the timeTeqnired is;S-9727 minutes, or 3" 58'. 

Note, By a similar theorem we may find the time 
which the sun's rising or setting is affected by hori- 
zontal refraction. , , 

^ Example VI. 

> To determine the annual variation of the declination 
and right ascension of .a fixed star^ on account of the 
precession of the equinoxes. ' 

Here, if a (in the spherical triangle abc) be the pole 
of the ecliptic, b the pole of the equinoctial, and c 
the place of the star; the sides ab or c, and ac or 6, 
must be regarded as invariahle. The differential equa- 
tions applicable to this question are the lat and 2d oi\ 
-class 1, ohlifue spherical Mangles ^ from which the fol- 
lowing are at once deduced. 

1. Var. dec. = preces. equinox x sin obliq. eclip. 
X sin right asceii. from solstitial colure. 



^ .. , - ^ var. d«e. x cot anr. of posit. 

2. Var. right ascen. = ^ : — ^^^^ 



• 



Example VII, 

To determine the variation in right ascension and 
declination, occasiioned by any variation in the obliquity 
of the ecliptic. 

In this example, the hypothenuse and the opposite 
angle of a right angled spherical triangle are lussumed 
88 constant. The* 2d and 6th equations, class 3, right 
angled sphericat triangles^ give . 

1. var. dec. == var. obliq. "X sin i^ight ascen. 

= var. obliq. x cot obliq. x tan dec. 
4. var. right -ascen. ss. — var. obliq. x i taa obliq, 
X sin 2 right ascen.* 



r 



CHAPTER XII. 
Miscellaneous Problems. 

Section I. 
prohlms mth Solutions. 






PilOBtiXM J* 

XvEQUIRED the arc whose logarithmic tangent is 
7-164.*S98. 
First, by rule 4^, p. 55. 

* For more on this cuf ioHs subject the reader inay consult 
Ca^oli's Trlgomymetry, ehatr. xix, and xxi.^ aid Lalaade'e As- 
tronomy, vol. ill. pp. ^8— -dOi, ^ 






InB&ceUaneouB ProUemi. 

To 7-1644398 

add 5-3144251 
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From 12-4788649 

Take f ar. com. log cos 3 

Rem. - 10, is log 301 '2067. . 2-478864^ 

Conseq. arc = S0r'-2067 = 5' r -2067. 



2. By Hutlon's tables. 
Log tan 5' 2" . . 7-1655821 
Log tan 5' 1" ..7-1641417 

Difference. . . . 14404 



Given log tan . . 7-1644398 
Log tan 5' 1" .. 7-1641417 



Difference. . . . 



2981 



wc = S'V :^=5'r'-2069 

14404 



3. By Borda's taUes. 

Log tan 9' 30". . T-1646031 

Log tan 9' 20". . 7-1599080 

Difference. . . . 46951 



Given log tan . . 7-1644398 
Log tan 9^ 20". . 7^1599080 

Difibrence. . . . 45318 



arc = decim. 9^20"^^^ 

46951 

= 9^ 29"-652 
=; sexiges. 5' 1"-20S2.* 
. Hence it appears that in this part of the fables Hut" 
toT^s has the advantage o£Barda*s in pomt of accuracy. 
Borda, however, gives a rule to approximate more 
nearly to the truth ; while in other parts of his tables 
the decimal division supplies great racilities in the use 
of proportional parts. 

Problem IL 

It is required to demonstrate that if a, i, and r, re« 
present the three sides of a plane triangle, then will 
a* -^ b^ =z c\ indicate a right angled triangle, 
a* + «^ + 4* == c% one whose angle c is 1^, 
a* ^ ab + b^ss c\ one whose angle c is 60^ 
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It appears frbW equa. 11^ <plidp. iv. that 

Substituting, then, for c^ in this eqaation, its value in 
each of the three former, there will result, respec- 
tively, ... 

In the 1st case, cos c =s = cos 90^ 
Tn the 2d cos c = — | = cos 120° 

In the 3d cos c =4- J =: cos *60°. 

Corollary, In like manner it may be shown, that 
when 

a*±ia3 + ^=:c», cosc=±i,andc= {j^^ 
a» ± iabA- A* = c\ cos c = ± i, and c = | ^y^^ 
a»±4aJ+ 5» = c»,CQsc = ±|,aiidc=: | ^J^ 

«» ± ifli + i» = c% cos 0= ± ^Vandc =3 | ^to]^ 

1 . 1 • 

fl* ± -aA + 4* = c*, cos c = ± -r— : and the two va- 

lues of c supplements to each other. 

• ' ' ' 

Pr6b][.£M III. 

Hequired a commodious logarithmic method of find- 
ing the hypotbeniuse of >a right angled plane triangle, 
when the oase and perpenCucular are given in large 
numbers. 

B denoting the base, v the perpendicular, and Hthe 
hypothenuse; 

rind n so that 2 log p — log b ^ log it 
and make B -f k '= m. 

Theu, i (log M -f log b) = log H. 

aft 

For, from the nature of logarithms, — = n; 

P* P* + B* 

^w, — + B =s — - — = m; whencr^ 
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i (log M + log B) = Jlog MB = J log (r-7^ X b) 

== Jog V (P* + B*) = log H; as itoaght to be. 

Scholium* 

The following formulae, the first three for right an- 
gled triangles, will often be of use, and may be easily 
demonstrated by the student 

Let a and b he' any two quantities, of which a is the 

greater. Find x, r, &c. so, that tan x = V -» s>d ^ ^ 

a/ -» sec V = r» tan tt = ~* and sin ^ = -: then will 

log v^/fl^ — i«) sx logtf + ii^sin y a: log 3 + ^g tan y 

log i/(a* -* i*) = J Dog (« + ^) + log (fl - *)]• 
log a/<a* + b*) ss loga -h log MC tt as log 6 4* logcosecti . 
l9g ^ (« + *) J log a + log sec X = J log a + J log 2 

-h lag cos |y. 
log v" (^ — &)s Jloga-|-logcos2 a ^loga + ilog2 

+ log sin Jy . 



.— m 



log (fl ± i)» s= — [log* 4- log coi ^ 4. log tan (45* 

Problem IV* 

To investigate a method of resolving quadratic equa- 
tions, by means of trigonometrical tabjes. 

1. Let X* dtpxzs q^ be the equation 
proposed to be resolved. 

Suppose AB, and bc, the perpendicu- // 
lar ana base of a right angled triangle ^ - ^ V . 
ABC, to be respectively equal to q and *^ » C 
jp: then 

CA =S CD = CE = V { AB* 4" BC*) = ^/ {q^ + ip^) 

» ^/ (x* dbpx 4- Jp*) :£ X ± }p. 
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Consequently a: =s ca qp Jp = db or be. 
Now — = — = tan c as tan 2e (Euc. iii. 20.) 

BC p ^ ' 

AlsOy DB : BA :: rad : tan d, or cot e, or cot |c 
and £B : ba :: rad : tan £ or tan Jc. 

Therefore db == — r- =» ba tan Jc = a' tan Jc 

EB sr ss BA cot ic x= ^ COt i C. 

Wliich are trigonometrical values of the two roots. 

2. Let ±: px ^ x'- ssz q^ be the proposed equation. 

Then makins ab =;: g, ac s^s |je>, it may be shown, si- 
milarly to the ^ove, that ca ± Be ss bb and bd, are the 
two roots: whence the apj^c^riate trigonometrical ex- 
^ressions may be readily deduced. 

The precepts for all the cases may hence be laid down 
thus :-— 

L If the equation be of the form w^ +.pxsij*i 

Make tan c ss — ; then will the two roots be 

p 

ar =5 + ^ tan Jc . . . . xss — i^ cot |c. 
2. For qaadrattcs of the form jc* — px = y». 

Off 

Make, as before, tan c = — : then will 

P 
X sz *- y tan jc . . • . X s -f- ^jr cot Jc. 

S. For quadratics of the form x* + px == — (y*). 

Make sin c ss — : then will 

P 

« = — q tan Jc . . . . a? ^ — y cot Jc. 
4* For quadratics of the form «* - /?x = — (y*). 

Make sin c ^ — : then will 

P 

xss -^ q tan Jc • . . . a: = + q cot jc. 
In the last two. cases, if — exceed unity^ sin c is ima* 
nary, and co^isequently the values of ar. 
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The logarithmic application of these fonnulae ii very 
simple, as will be manifest firom the following 

Example^ 

rind' the roots of the equation «» + jj-« sa 75=75, kj 
tables of sines and tangents* 

Here p s=-jj, y* =« i^jj^* and the equation agrees with 

V * « At 88 / 1695 . , 

the ist form. Also tan c « ~ ▲/ -^^^^^ m loganthmi 

thus: 

Logl69S« 3*2291697 
Arith.com.logl27163se 5*895649^ 

sum -h 10 M IS'ldiSlM 

halfiumoB 9*5624096 a log tf 
log88a> l-9Ui827 
Arith.eom.log7s5 9*1549020 

sum - 10= log tan c a 10-661794S«Blogtan77*42'Sl|*' 

log tan Jc = 9-90611 15 =logtan88*'5ri5f'' 
log 7> as above =; 9*5624096 

sum * 10 ss log ar = - 1 -468521 1 = log -2941 176. 

5 

This value of x, viz. '2941176, is nearly equal to -j^- 

To find if this be the exact root, take the arithmetical 
compliment of the last logarithm, viz. 0*5314379, and 
consider it as the logarithm of the denominator of a frac- 
tion whose numerator is unity: thus is the fraction 

found to be «:t exactly; which is manifestly equa} tA 
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5 Itt^S 

— . The other root of the equation is equal to — jsr^j 

^5 359 

"*" i7 "~ "" "748 * 

SCHOtlUM. 

Cubic equations, as well as quadratics, are readily 
solved by means of trigonometrical tables. The for- 
mulae demonstrated and given by CagnoU and Borda for 
this purpose, are as follow : . 

1. For cubics of the form jc' 4> px db f =s 0. 

Make tan b =:—. 2 V' ?;'••• • tan a = ^tan ^. 

Then x = :;: cot 2a . 2 y/\p* 

2. For cubics of the form x^ — j7x ± ^ = 0. 

Make sin b s-^.2 ^/\p,..• tan a s= .^ tan Jb. 

Then x = ::^ cosec 2a . 2 */\p» 
Here, if the value of sin b should exceed unity, b woald 
be imaginary, and the equation would fall in what is 
called tne irreducible ease of cubics. In that cas^ we 

must make cosec 5a = — . 2 v^ Jp: and then die three 

roots would be 

«= drsinA-2 v'ljt^. 

X = ± sin (60^ -. a) . 2 v'i?. 
X = If sin {exf + a) . 2 ^ 5^. 

If die value of sin B were 1, we should nave b a 90^, 

tan A = 1 ; therefore a =s 45°, and x =: if 2 VtP* But 

this would not be the only root. The second solution 

would give cosec 3 a = 1 : therefore a = —5- ' and then 

x=s ±si»90^v2Vl?>=s±r ^\p. 

X = ± sin 30° . ^ ^\p:::A±L ^\p. 

X = qp sin 90° . 2 v' tP = + 2>/ J;7. 
Here it is obvious that the first two roots are equal, that 
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their sum is equal to the third with a contrary sign, and 
that this third is the one which is produced ^om the 
first solution. 

In these solutions, the double signs in the value of x/ 
relate to the double signs in the value of q. 

Problem V. 

To investigate series in which any circular arc shall 
be expressed in tef ms of its sine, or of its tangent. 

There are various methods of solving this problem t 
one of the simplest is by means of the expressions for the 
difierentials of the sine and tangent of an arc, given in 
thepreceding chapter. 

TivuSy from the expression i sin b =s ^ b cos b, we 
have, 

« = = -77= r-TT = J'sm B (1 — sm *b) * . 

cos B v(l— gin'B) ^ ' 

Expanding the factor (1 — sin^ b) by the binomial 
theorem, the whole expression becomes 

B as sm b(1 + ism*B + g:;jsm* b + -§;5:gsm6B 

+ &c.) 
The integration of this expression is very easy :. for 
the integralof ^B is b» that of ^sin b x 1 is sin b, that 

f f H sin^ b ^sin b is ; and so on; Thus we have, 

at length, 

sin'B ^ Ssin&B S'dain'B 

B=rsmB + -^:^ + -5:p5-+ g,^.^.^ + 

8'5'7 sipf B / ^^ 
2-4-e-8-9 +*^' 

Suppose B to be = SO^, then because sin 30° = | (ch. 
ii. pr. 5.) it results that 

arc 30^ = J 4- ^.j-g, + g^i^ + g-4-6-7.2» "^ 



1 
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It 

+ *c. = -523598775 = -^ of the 



circQinfereDce of a circle to the radius 1 • 

Agaiiiy the differential expression for the tangent is 

/tanB= — r-; whence 



^ . . ' ^ fan B 9 tan B 

#B = /tanBcos^B = 



^tan B (1 + tan' b) 



scc«B 1 + taa^B 
- 1 



Here, expanding the factor (1 + tan* B)""*,l)y 
the binomial theorem, and integrating each term of the 
result, there will arise 

B = tan B — ^ tan3 b + 4 tan^ b — ' ^tan' b + &c 
Thus if b = 4*5^, then (ch. il. pr. 6.) tan b =: 1 ; con- 
sequently^ substituting this value of tan b». 

\^n , 1.1 1 1 1 ^ 

arc45°=l-j + j-- + 5.^-,&c 

* Nate. This series obviously converges very slowly: 
Euler (in h]& Analym Ir^mtarum^ voL i.), andJCb^. 
Huiton (in his 8vo. Tracts^ voLi.) have transformed it 
into others of rapid convergence. 

ScROLIUlkr. 

Many curious, and indeed useful, results arededttcif 
ble from series of this kind, and of the opposite cla8s» in 
whi^h the sine, cosine, &c. is expressed in terms of the 
arc itself ^ch. iv. equa. y.) As a specimen we select 
the following, first discovered by John BemouUi* 

The expression 

Sm X ^ss. X '^ — + ■ — ^ • ■ + &c. 

when sin x = 0, becomes, after dividing by x^ 
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Or^ rndking X z=z - 9 

^ 2-3s« ^ 2-3*4-324 2-3-4'5-6-7z« ^ ™^^' 

Multiplying by «** 

= *'• -^f*^ + g^W^* - *«• 

Nowy it ia shown by writers on algebra, that tlie sum 
of the roots of every equation of this form is equal to 
the coefficient of the 2d term with its sign changed; 

that is in the present case = g-. It is known also (chap. 

iv. art. 3.) that the values of x which answer to the case 
of sin X = 0, are «•, 2^^ 3t, 4j«', &c.»- denoting the semi- 
circumference to the radius 1 . These successive values 

of X or of -being substituted, their results 

1? + 2%5 + 3;^ + lirii + *c. _ -J 

* r ^ . 1 i * . e '^* 

O'lT -F ^ + sT + 47+ &C.= -g- 

PROBLKM VI. 

In deodesic operations, it is requlr^l to deduce from 
angles measured o^t of one of the stations, but. near to 
itj the true angles at the stati<^n. - . . 

When the centre, of the instrument, with w:hich hori- 
zontal angles are taken, canno| be pIs^cedJD the vertical^ 
Une occupied by the axis of the signal, the angles ob- 
served must undergo a reductipn^ Iteootdiag to cir'Cuai* 
stances, \ ■ 

.h Let cbe the. centre of the b^, b\^ , ' ^ A 
tion, p the place of the centre of. t- 
tbe instrument, or the 4lum|nit^of : 
the observed angle apb : it is.te^ 
quired. jto iind c, t|ie measure of. .\ ^^ 1* 
ACS, supposing there to be knof^.. ^ ^ 
Ayr as. r, bj?c =? p^- gf =-di^Q sa W.^^ ^ *• 
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Since the exterior angle of a triangle is equal to the 
sum of the two interior opposite angles, we have, with 
respect to the triangle iap, aib = p + iaf; and with 
regard to the triangle bic, aib = c + cbp. Making 
these two values of aib equal, and transposing iap, 
there results 

C =i P + IAP — CBP, 

But the triangles cap, cbp, give 

c^ . if sin (t + p) 

sm cap « sm iap = — sm apc = '— 3 

AC K 

Cr d9\Dp 

sm cbp = — .sin bpc = - 

BC L 

And, as the angles cap, cbp, are, by the hypothesis of 
the problem, always very small, their siiifes may.be Sub- 
stituted for their arcs Or measures: thei'efore 

d sih(v+ y) dainp • 

Or, to have the redtiction m seconds, 

d / SIB (p + p) 



C — P = 



( SIB (p 4- y) sinp \ 



The use of this formula cannot in any case be embar- 
rassing, provided the signs of sin p, and sin (p 4- p) be 
atten&d to. Thus, the first' term of the correction will 
be positive, if the angle (p + j(>) is comprised between 
and 180^; and it will become negative, if that angle sur- 
pass 180^. The contrary will (%tain in the same cir- 
cumstances with tegard to the second term, which an« 
swers to the imgte Of directioir|7r The letter r denotes 
tile distance <^ the- object a to the right, l the distance 
of the object b situated to the left, and p the angle at 
t&e place of observkttoni between the centre of the sta- 
tion and the object to the left. 

2. An approximate reduction toihe centre may in- 
deed be obtained by a single term ; but it is not quite so 
correct ^ the form above. For, by reducing the two 
fractions b the secoiM member of the last equation but 
one to a cofoffiofie'dei^oiniilatJBr^-the ccirrection becomes 



C — P = 
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dhiin (p -f p) -- dn tin j» 



But the triangle abc gives l = 



CR 

RsinA RilioA 



sin B sin (a + c/ : 

And because p is always very nearly equal . to c, the 
sine of A -f p will differ extremely little from sin (a -f- 
c)y and may therefore be substituted for it, making l = 

KsinA 
sin (A + F) 

Hence we manifestly have 

(2 sin A fin (p + p) ^ ri sin p sin (a + p) 
C -» P = • y ' — ; 

RSIUA 

Which, by taking the expanded expressions for (p -f p\ 
and sin (A + p)» and reducing to seconds, gives 

d - sin p9in(A — p) 
sin \" R sin A 

3. When either of the distances r, l, becomes infi-* 
nite, with respect to c?, the corresponding term in the 
expression art. 1 of this problem, vanishes, and we have 
accordingly 

d sinp dsin(p + p) 
C — P = r—^,i or C — P = . ,/ ■» 

The first of these will apply when the object a t»a hea- 
venly Body, the second when b is one. When both a 
.and B are such, then c — p =^ 0, 

But without supposing either A or b infinite, we may 
have c — p == 0, or c = p in innumerable instances.: 
that is, in all cases in which the centre p of the instru- 
ment is placed in the circumference of the circle that 
passes through the three points a, b, c ; or .when the 
angle .BPC is equal to the angle bac, or to bac -^ 180^ 
Whence, though c should be inaccessible, the angle acb 
may commonly be obtained by observation, without* 
any computation. It may further be observed, tlmt 
when P falls in the circumference of the circle passing 
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through the tbuM^pointo A^iBy c, the angles A, b, c, may 
be determined solely by measuring the angles apb ana 
BPC* For, the'opposite angles abc, apc» of the quad- 
rangle inscribed in a cirde, are sc i8ff« Consequently! 

ABC sc 180^ — ABC, and.BAC sz.l&f ~ (ABC rf AGB) 

as 180° — (ABC rf abb). 

4». Ifone of the^ objects, viewed from a further sta« 
tion, be a vane or staff in the centre of a steeple, it wiQ 
frequently happen that such object, when the observer 
eomes near it, is both invisible and inaccessible. Still 
there are various methods of finding the exact angle at 
c. Suppose, for example, the signal'^taff be in the cen- 
tre of a circular tower, and that the angle apb was 
jhsken at p near its base. Let the tangents ^pt, pt', be 
marked, and on ihem two equal tand adl>itrary distances 
piTi, vm\ be measured. Bisect mm' at the point n ; and, 
placing there a signal-staff, measure tm angle rpb, 
«which, (since vn prolonged obviously passes through c 
the centre,) wiirbe the angle i? of the preceding inves- 
tigation. Also, the distance vs added to the radius 
cs of the tower, will give tc = d in the former investi- 
gation. 

If the circum&rence of the tower cannot be mea- 
sured, and 'the radius thence inferred, proceed thus: 
Measure tbe Ingles bpt, bpt', then will bfc = } (bft 
•4- bpt') = p; andcPT^= bpt — ^bpc: Measure pt, then 
PC = PT . sec CPT == d. With the values of p ind df 
thus obtained, proceed as before. 

'5. If the base of the tower be polygonal and regular^ 
•BBmost commonly happens; assume p in the point of in- 
^rsection of two of the sides prolonged, ana bpc' ss \ 
-(bpt + «PT')a6^ before, pt = the distance from p to 
•the middle of one of the ^sides whose prolongation 
*fw&f» through p ; and hence pc is found, as above. If 
>the fi^re be a regular hexagon, then the triangle pitifn' 
'is eqaiteteral, »ia l^c s m'm V3. 



PHOELEM VII. 

'1?o roduceNai^les meosured m a^ameancIiBed to th« 
.boriz^on, 10 ^the QOl^!^espCNMli0g aagleB 'm tlie homontal 
plane. 

Itet 9QA be an angle measured in a plane inclined to 
Ae lionson, attd let 3'<:;a^ be the corresppndiiig angle 
in the 'horizontal plane. Let d a'hd d' be the zenith &s* 
iBBceBf or the compleoieBts of the angles of eievatioa 
aca\ bcb'. Then from z the aenith of the cAtaerver. or 
.oftheangled, draw the ara ( 
jsa, is^ of vertical circles, mea- "^P^^ 
soring the zenith distances 
df d^9 and draw the arc ab 
. of another greatcirde to mea- 

.aiire the a^e g. It follows ^ ^ ^ ^^rrr " ">^: '^ 
itom this cmsstraetiony that the angle sr, of the spherical 
.triangle zab^ is equd to the horizontal angle aVb; and 
-that, to ^nd it, the three sides «i =^^, zh = d\ab = <^ 
are giYcn. Call the sum of these s\ then the corres- 
>ponding formula of ch. vi. pa. M, applied to the present 
instance, becomes 

J. , /sin J(* — d>sin J(j-^if) 

* ^ sio dsiii if 

If A and h' represent the angles of altitude aca', bcb^^ 
the preceding expression will l)ecome 

•w 1 ^«ni(c + A - AOsin J(c + A'- A) 



sm 



<:osAcasA' 

Or, in logarithms^ 
80 + log8mj^(c + 
[c <f A' — <^) ^ log cos A ^ log cos h')* 

Cor. 1. If A «= A', then is sin \q =s li . ,; aiad 



log^n.k:, SB I (fo -f log sm j| (c + A — A^ + log sin 
JO 



coSiA 

.lkig.Jin ^a/cb' ss40 + log sin Jacb - log cosil. 

Cor. % If ihe angles k and h' be very smsjl, and 
nearly' equal; then, since the cosines of small angles 
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vary extremely slowly^ we may, without sensible error> 
take 

log SID ja'cb' =r 10 -f log sin |acb — log cos } (A 4- A^. 
Cor. S. In this case the correction x = a'cb- — acb, 
may be found by the expression 

X « rin r (tan Jc (JQ - ^V - cot Jc (^')«)-. 

And in this formula, as well as the first given for sin |c, 
ft and d' may be either one or both greater or less than 
a quadrant ; that is, the equations will obtain whether 
iiCA' and bob' be each an elevation or & depression. 

Scholium. By means of this problem, if the altitude 
.of a hill be found barometrically, according to one of 
the methods described in Gregory^s Mechanics^ vol. i. 
book 5, or geometrically, according to some of those 
described in heights and distances, (chap/ v.); then, 
finding the angles formed at the place of observation, 
by any objects in the country below, and their respec- 
tive angles of depression, their horizontal angles, and 
thence their distances, may be found, and their relative 
places fixed in a map of the country ; taking care to 
nave a sufficient number of angles between intersecting 
lines, to verify the operations. 

Problem VIII. 

In any spherical triangle, knowfng two* sides and the 
included angle ; it is required to find tlie angle compre- 
hended by the chords of those two 'sides. 

Let the angles of the spherical triangle be a, b, c, 
the corresponding angles included \ 

by the chords a', b', c'; the sphe- . y-;/^^^, j 
rical sides oppQ|?ite the former, a, /y^ ' p^- 
hy c ; the chords respectively oppo- p ^^ g . c^ - 

site the latter, », /S, y; then, there "•• * 

are given b^ c, and a, to find a'. " 
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Here, from equa. 2, chap. vi. we hare 

COB a =s sin 3 sin c cos a 4- cos d cos c. ' 

But cos c = cos (Jc + ^) = cos^ Jc — sin* Jc (by 
art. 23; chap, iv,) = (1 — sin* ^c) r- sin* J^ = 1 -' 2' 
sin^ j^c* And in like ipanner cos a = 1 — 2 sin* ^/7| and * 
cps A = 1 -^ 2 sin* J6. Therefore the preceding equa- 
tion becomes 

1—2 sin* ^a = ^sin \b c^s i& sln^c cos^c cos a 4r 
(1 — 2sin*AA) (l-2sin*ic). 
But sin \a =: i«, sin ^6 = 4/^, sin ^c = ^ v : which values 
substituted in the equation, we obtain, afler a little re- • 
duction, 

^4 + y4 — «« 

2 X ^^- — J = /8y cos jo cos jc cos A + Jj8y*. 

Now, (eqna. 11, chap, iv), cos a' = ^ ■ There- 

fore^ by substitution, ; 

fiy cos a' == y3y COS W COS Jc COS A + 43*7*; 
whenccj dividing by ^, there results 

cos 4'.=;= cos ^b cos Jc cos A + J^ Jy; 
or, lastly, by restoring the values of j3, |y, we h&ve' 
cos a' =? c^a^6 cos ic cos a + sin ib sin |c . . . . (1 .) 
. Cor. 1. It follows evidently from this formula, that 
when the spherical angle is right or obtuse, it is always 
greater than the corresponding angle of the chords. 

Cor. 2. The spherical angle, if acute, is less than the' 
corresponding angle of the chords, when we have cos a 

greater than -; =-rT r-- 

Problem IX. ^ 

» Knowing two sides and. the included angle of a recti- 
linear triangle, it is required to find the spherical angle 
of the two arcs of which those tn^o sides are the chords. 

"Here /8, y, and the angle a' are given, to find a. 
Now, since in all cases, cos = ^(1 — sin*), we have 

cos jAcosic= \/[{l —sin* ^6) (1 — sin* jc)]; 
we have also, as above, isin ^b = j^, and sili |c = |y^ 
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Substituting these values in Ae ecpalMN^ 1' ii£ the {Ms* 
ceding probleniy there wiU result^ Djr redttotioiiy . 

To compute br this fomralay the TidueiLof the sidtfs /9, 
Yt must he recniced-to the corresponding' ralues of the 
chords of a circle whose radius is unity. This is easily' 
effected by dividing the vs^uea of the sicles' given in fbcft, 
or toisesy &c, by such a power of 10, that neither of the 
sides shall exceed 2-, the v^ue of tlie greatest' cbord» 
when radius is equal to unity. 

From this investigation, and that of the precec&i|f 
problem, the following corollaries maj^ hie ditan. 

Cor, !• If c s 3, and of consequence y^fit then wiH 
COS a' = cos A cos' ic -h sia> ^; and thence 
1 - 2 wn» Ja' =r (1 -2 sm* 4a) cos* Jc -|- (1 — cos* Jc;^ 
from which may be deduced 

nn ^A^ =s 1^ |a cos |i0 . . • . (Si)- 

Car. 2. Also, since cos J<; = ^(1 - sin^fcy s=r ^/-(t 
— ^*), equa. 2 will^ in tmr case, reduce to^ 

sm lA « ^^i j-^ ;:^| . ...^y 

Cor, S. From the equa. 3, it appears t&at'the vertical 
angle of an isosoeles^spheriod tn^ngle, is si^nii^greaiat 
than the corresponding, angle of the chords* 

Cor. 4. If A =: 90^f the fdrmuhe 1, 2, give 
cos a' =: sin \h sin jc = \fiy .... (5.) 

These five formulae are strict and^ngorous,. v^ntever 
be the magnitude of the triangle. But if the triangles 
be sm^ll, the arcs may be put instead of the smes in 
equa. 5, then 

Cor. 8. As eos a' v± sin (90^ — a') =b in ^ia edfe, 
90^ -* a'; the small excess of the spheirical right aiigl^' 
over tl^ corresponcKng rectilineiup an|[le^ wiU, su^K>8ln]g^ 
the arcs &, c, tSken in seconds, be giveii in secondly bj 
the foflowing expression : 

90^ -^ 4' T= "JIT = 4^77 • • • • (6.) 



The erfw in tKiv formttla wfltnoe amomiti^ tv t« Becoadi 
when ^ -f* c M lesaliliaii 10^, ordiaii 709 iiul69 meawtted 
en the eaith'^surfiice. 

Cor. 6. If the hypothenusedbea not eieceeci 1^ v» 
may fubstitute a sin c instead of c, and a cos c instead 
oil'; this will give ic =p a^ sin c coac = Ja^ifeih 2 (9(P 
— - B) = Ifi^ sin 2fi : whenae 

If a s U^, and B s a s *5*nearlr; then will 90* — V 
s= ir-7. 

Cor. 7. Retaining the same hjfpothesis of A :^90% 
and a ss or < 1]|^9 we hove 

Cor. 8- Camparing, formulas 8, S. with 69. we hare 
B,— B^src— -(fssl (90** — A*)^ WhcDcc it appeata 
thatthfrsuniof the^ two excesses .ortbe oblique spnerlcal 
angleSy over the corremoniin^ angJtB of the chords, im 
asmalL rig^t angled trianj^y is eiiyiaPto the excess of 
tiie right angle over the. corceitoondlhg. an^6K of the 
chords. So that either of the formulse 6» 7, 8, 9» will 
suffice to determine the difference of each* oifi the. thcef 
angles of a small right angled spherical triangle, from 
the correspondiog angleiF ef thie choite And hence 
tfftf method' majr w aj^ied to> tlM^ measuring' ant arc of 
the meridian by means of a series of triangles^ ' > 

PaoBLBir X. 

In a spherical triangle abc, right ^ngled in a, know- 
ing the hypothenuse me (less than ¥^y and the angle b^ 
It is required to find the error e committed, througl) 
finding by plane trigonometry, the opposite side AC. 

Bererrmg stiJl to the diagram of prolv 8, where wii. 
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i;{pw suppoee the spherical angle a to be right, we have 
JC^ua. 5» chap, vi) sid b s sjn a sin b. But it has been 
proved (chap. iv. equa. y) that the sine of any arc a i^ 
«<|^al to the sum of the fallowing series: 

: sio A = A - -^ -t- ^^ - ^ 8 * 5 e.7 + *^' . 
or,..nA=A-.-^+ — _-g^ + &c. . 

And| in' the present inquiry, all the terms after the 
sjscond may be neglected, because the 5th power of an 
arc of 4^ £vided by 120, gives a quotient not exceeding 
OC-Ol.. Consequently, we may assume sin 6 = ^ — ^3^ 
•in a = a -^ -^3; and thus the preceding equation will 
become , 

( d-T/J.J3 = 8inB (fl — ^3) 

or, 6 = a sin B — ^ (n^ sin b -^ ^3). 
Now, if the triangle, were considered as rectilinear, we 
should haye ^ = a sin b ; a theorem which manifestly 
tives the side b or ac too great hy ^{a^ sinB - h). 



jtake r'!'.~ the radius expressed in seconds, so shall 

' CcT^l^ Ifa^ 4^ and 3 sb 35^ 16', in which case 
tbo/.^saibttsiof sin b cos* b is a maximum, we shall find 

Cor, 2. If, with the same data, the correction be ap« 
plied, to find the side-c adjacent to the given angle, we 
should have 

. .; . , « = a cos B ^jp^- 

So that this error exists in a contrary sense to the other; 
4he one beipg subtrac^ive, the other additive. 
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^ Car. 3. The data beiDg the same,, if we havjs to find 
tbe angle c, the error t6 be corrected will be ^ 

As to the excess of the arc over its chord, it is easy to 
find it correctiy from the expressions in prob. 8: but 
for arcs that are very small, compared with the radius, 
a near approximation to that excess will be found in the 
same measures as the radius of the earth,, by taking ^ 
p£the quotient of the cube of the length of the arc di- 
vided by the square' of the radius. 

Problem XI. 

It is required to investigate a theorem, by nieans of 
which, spherical triangles, whose sides are small com- 
pared with the radius, may be solved by the rules for 
plane trigonometry, without considering the chords of 
the respective arcs or sides. ^ 

The sum of the angles of a spherical trianele exceeds 
180^, by a quantitv e called (chap. vi. p. 102j[ the sphe^ 
rical excess^ which is. a correct measure of the.area of 
the triangle. 

The sum. of the angles of a spherical triangle abc, 
exceeds 180° by 2r^ . | ac. }ab sin a = Jr*AB . ac sin m 
= surface of the triangle ; r being, the radius of the 
sphere. Or, when r= 1, we have 
A + B 4- c = J80°+ Jab. Acsin A 
= 180^ -f. |a3 .cik sin b 
= 180^ + |ac . bc sin c - 

c= ]80^'>f'^AB . AC sin A -f ^AB .CB Sin B 

-f 4 AC. BC sine. 
Distributing mils excess equally, by taking its third 
part from each'angle, we shall have 

a' = A — |=AB . AC sin A, 

«' =s B — ^AB . CB sin B, 

c' :s c — .^Ac . BC sin c : 
and the following steps may readily be traced by thos(^ 

l5 
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who ha^e carrfttlly studied cbaptert ir. «nd vi. of thii 

work:— 

Bc sin ■' BCiin(B — {a». cb lina) 
^Q — tin a' "" •iii(A - Jab. AC sin a) 
<csiB(B>^lt*) 
"* sIhCa-Jb) 
" »c »>P ^ cos ^ifc -^ *< com tfa {tf 
** tin a cos Je — cos A sin |id 

« r!£*Li _ !i£2Ll!iill£V(t*»«**taii5*) 

L iinA sfnAcos^B J ^ ^' 

BcsioB I — cot B tan \Jt 
sin A ' 1 —cot A tan J« 

sioA ^ ^ . * . 

*^*-^(l + i-AB.ilCSklijCOtit — ^AB.lIC 
lA. ^ • • 

sin^cotii) 

^ (1 -h -iFAB . Ae<^08 A -^ jfAB^. BCCdt b) 
sinA ^ • • 



Bin 

BCsiOB 



Bin A 



i; AD and Bi> b^g ctemeifto ^f the bis^ aj» by a»f^- 
l^eadieular eB from cj 



BcsinB 



BIO 



BGsinB 



12 (i + ^Ac»-- iac*) 



Sin 

BB ain B . B« . Ac'sin B B(^ flfti i 

sin A ^ 6 810 A 68111^ 

BcsinB AC^ sm A» Bg^ sIh m 

tin A "^ e^sin* ftBiil^a 

BCsinB . . ' f Boi'Sill* 
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Heoce^ ac — ^^A€» a= (bc — ^bc*) jJj-* 

But (chap. iv. cqua. y) sin ac = ac — iKt^t nedrljr, 
and sin B€ s= BG — -^bc^ nearly ; the error, as shown 
prob. 10 f being imperceptible in smalT arcs. Cdnse-r 
gently, 

BIDBCSinB 

SIDAC sa: - — z • 

And thus^ vft hmt deduced Ae ttvxh of ihe fdlfowlhg- 
tbeoi^niy viz. 

A spherical triartgk beingproposed, of which the sides 
are very smaU^ eonqmr^d mm ike radius of the sphere i 
if f rem each of its an^t one third of the eaoees ^tke 
sum of its three angles above hm right angke he sui^ 
tractedf the angles sa diminished may he taken far the- 
angles i(fn reonUnear trianghy vfhose sides are eptal v% 
length to those of the proposed spherical triangle.* 

l^fr have alceadj gi^en (in sect. 6^ cliap.>vi«) expre^ 
•ions for finding the spherical excessv A fbw additional 
rules may wkDi propriety be pfesevted: hers. 

I* The spherical excess e^ may be found in secpnds^ 

Ae triangfe ^tMse «id6» are it^, h^ Cy sad m^» a, b; c) 

tts |Arm A:tB lA^fi&rie |Bcsia»tas^. " ' /' K^ r 

IB the radius of the earthy m tike* some mesemr^ mttr i^. 
and c, and r""^ = 206264!"'8^ the secondain an aro eq^i^^ 
ib length to Che radbir. "- 

If &iift fdrmula be applied l6gpritlithfcal!^^ ttteA Idjf 

* Thif curioflt theorem was first aanoiwced bji M, Le|iccn4r«, 
ill the Memoirs of fH^ fWis Acadiimv. tot l7th^ Tfta iafcsticft^ 
tioa iicre gifCB it by M. t>eliiBitt#e. ^ 
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2. Frofa tbe logarithm of the area of the triai^le, 
taken as a plane one, in feet, subtract the constant log 
9*S267737> then the remainder is the logarithm of the 
Excess abnve 180®, in seconds -nearly.* 
^' d. Since' s =. Ibc sin A, we shall manifestly have £ == 



r" 



— &: sin A. Hence, if from the vertical angle b we 

demit the perpendicular bd upon the base ac, dividing 
it Jnto two segments m^ ^, we shall have 6 = « 4. ^, and 

r" r" r'' 

thence k = — c (i» + fi) sin a = gjj «c..sin a + —fie. 

sin a.' But the two right angled triangles a bd, cbd^ 
'being nearly rectilinear, give « ss a cos c, and /3 ss c 
■COB A ; whence w6 have 

4 . .. E == 2i^^ **" A COS c + — c* sm A cos a. 

In'like manner, the triangle abc, which itself is so small 
as to differ but little from a plane triangle, gives c sin a 
== a sin c. Also, sin a cos a = J sin ^a, ^nd sin c cos c 
•^ ^ sin 2c (eqiia. i, chap. iv). Therefore, finally, 



r" - . ^ r" 



* = ji a* $ii) 2c 4- 2;3 c* sin 2a. 

From this theorem a table may be formed, ifrom 
which tht sphe^cal excess m^y be found ; entering tb^ 
table with each of the sides above the bas€^ and its adja- 
cQiit angle, as arguments. 
^,-^.-Ifthe.b&»e6a«d height i, of tbe triangle are given, 

,ihen we have jevidently Jt =s; ^bh -x* Hence results the 

Tbllowlng simple logarithinic rule : add tbe logarithm of 
4he bas^ of the triangle, taken in feet, to the logarithm 
'of tbe perpendicuTar^ltaken in the same measure ; de- 
duct from tbe som the iogarithm 9*6278037 ; the re- 

' • This U 'Mr. J)alby*8 rule given by General Roy in tbe Phils- 
Wpbtcal TrAnwtcffbAs, for 1190, p. 171. 
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matnder will be the common logarithm of the spherical 
excess in seconds and decimals. 

5. Lastly, when the three sides of the triangle are 
given in feet; add to the logarithm of half their sum, 
the logs, of the three differences of those sides and that 
half sum, divide the total of these 4 logs, by 2, and 
from the quotient subtract the log 9"3267737; the re- 
mainder will be the logarithm of the spherical excess in 
seconds, &c. as before. '' ; 

One or other of these rules will apply to all cases in 
which the spherical excess will be required,* 

PROJBLEM XII. 

To determine the ratio of the earth's axes from the 
measures of convei^ient portions of a meridian in any 
two given latitudes ; the earth being supposed a sphe- 
roid generated by the rotation of an ellipse upon it9 
minor axis. 

The most accurate way of solving this problem, will 
:be to compare, hot merely single degrees measured on 
difierent piarts of the meridian, but large por^tions of 5, 
'6^ or 7 degrees, the most extensive that have been coff 
vectly measured ; according to the method proposed by 
Professor Play fair (Edinburgh Trantactions, voLv.)^ 
which is as below.! = » ^ _ 

Let the ellipse PEjt^Q represent a terrestrial meridian 
passing through the poles p, p^ and cutting the equator 
in E, Q.. Let cbe the centre of .the darth^ cq the radius 
of the equator := a, and fc, half the polar axis = b. 

* The iotelligent student vrhX* vfiihesio go more minutely into 
the fibjeet of g^fidestc opeimtmns, e^pdc'i^^ tn refi?repce to-^far 
determination of the figure and magnitude of the earth, 'may con- 
sult the chapter on. that su^jdct KnthfrStyol. di. Dr. Button's 
Goorse, Colonel Mudge*s ** Account of the Trigonometrical 
Survey of England and Wales," M.-Pnissant^ worlds, entitled 
** Geod^vie" and ** Traits de Topographte, d' Ai^eotdgr, :&c." 
Ifecbaiqf and- I>elambre, ** Bkw^ du ^^^n^e Metriqae p^cimal,'' 
and cbap« JiJf.x\» of Delanibre's qu^to^*^ Xitron^smie.'* 
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pN 




Xet AB be any small arc of 

the meridian, having its> 

centre of cur^ilure in H ; 

join HA, HBy intersecting 

CQ in It and l. Let p be 

the measure of the latitude 

of A, or the measure of the 

tfngle qkA, expressed in 

decimals of the radius 1 ; 

lloC in degrees and minutes. 

Tiien, the excess of the msh OtB above qkjl, that itf» 

tiie angle lhk or bha will be = ^0. Also, if the 

elliptic arc OA s x, then will AB :^ h ^ ^(O x ar. 

Now it is riiown }9f the writerti en come sectiens^ that 
the radius of corvature at a, that is,. 

AS = T- = 0*6^ (d* — a^iSxk^^ -f- 

*«^sm*^)""** 
If, dierefinre, e he the compvtssioii it the polea^ or a # 
^ bf we i^all: haver h^ tst^ ^ %m -f o^; or, rejeeliag 
1)ie powers of c bi^ier than the firsts because e ia verjr 
amafl in comparison to a ^that is,.about the SOQth partX 
jt will be i* 3:^ a^ -f 2ac, whence,, by si^bstitutios, 
AH ss a3 (a - 2c) (a* — a*8in*^ + «*siifc*^ — 2ae 

sin* ^) ■"* = a* (fl — &) (tf* — 2tf<?rfff*<p) **• 



But, (a^'-«!&M;«tn''f) 



-1^^- 



%c 



(l-^sin^O 



-3 



= a 



(1 H sin* f ) nearly ; 

ffejectingy as before, the tennB that involve t\ t\ Ae» 



Se 



Heiice aH a (n -»^ So) (1 -f — aift^^) 

Henee, also, 

h ^if X iW* «• <^ («^ — 3^ + Jfciln*^) 



ti^hich laifteri because sin' (^ s |( 1 — eos 2p), becouie* 
/a? = (a — 2c) ^^ -f. 4.c^(p — . a.c cos2^» 

Consequently, by integration, 
»=s (a-T« i(?)^-*-|c sin 29 = 0^— ic(f -h^sinS^); 
aa expression which needs no correction. 

Let MN be any arc of the elliptic meridian, ^ the 
latitude of n, one df its extt^emtties^ and^' tbatof ir^ 
its ot^er extremity; we have 

QM = al^ — jc f ^ + -J-sin i(ff) 
QN :^ a«p" - |(j (^' + 4sin2<r) 
sod tftehr difference on — qm, that is, 
MM s a (q>" -^(ff)-^ \c t (<P" - ^) + * (stn2(P" - sin^^J. 

If, therefore, mn be an arc of several degrees of the 
meridian, the length of which i&^nown by actual mea- 
surement, and the latitude of it« two extremities m and 
K also known, t^e above formula for mn becomes an 
equation in which a and c are the only unknown quan- 
tities. In like manner by the measurement of another 
drc of the meridian, another equation will be obtained^ 
in which a ok^d c sire the only unknown quantitiei^. 
"f herefor^, by comparing these two equations, the valued 
of a andc, that is, of the radius of the equator, and its 
eitce^s ahrove half the polar a3tis, may be determined. 

Urns, if I be the fengtli of an arc measured, m the 
coeffidient of a, and n of c, computed by the last for- 
mula; also, if i be the length of any other arc, m' the 
coefficient of a, and n' oSc, computed in the same man^ 
Ber; then we shall have 

ma — nc =s /, and m'a^-^ n'c ss t. 

Whence tf 5? — r- — r; •^ ' ' ," ' r ; 
afid - ^ —J- — ---♦ 

It is, also, evident that c = ■ " *" ■ • 

Note. From these theorems. Professor Playfiur^ by 
comparing an arch of S^ 7' I" measured U Pe/tf, witH an 

7 
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^xc of 8^ 20' 2^'^ measured from Dunkirk to Pevpignao^ 

c I 

found - = -rr^r nearly. And from the same tKeorems. 

a 300 "^ ' ^ 

I, by comparing the arc in Peru with the arc from 

Dunnose to CHtlon, in Yorkshire, amounting to 2*^50* 

'1 
^y\ obtained ' ■■ for the. resulting compression! 

(See my Collection of Dissertations and Letters relating 
to the Trigonometrical Survey of ^ England. and Wales, 
pa. 4>7.) There is great reason to conclti^ that the 
true compression lies .between these limits, 

.1 •. • ■ . . 

S]^CTION II. • 

^ Problems wiihout Solutions. 

* 1. Denionstrate the truth of the following analogy, 
viz. As the sine of half the difference of two arcs which 
together make 60® or 90^ respectively, is to the differ- 
ence of their ^ines; so is 1 to ^ S or ^ 2, respec- 
tively. 

2. pemopstrate that 4 times the rectangle of the 
siiies of two arcs, is equal to the difference of the squares 
of the chord^ of the suim'and difference of those arcs. 
. 3. Demonstrate thai of any arc A, , 
1 . ^ . ^ . , ; . 1 ' tan A 

V{1 + col« A) V (} + lan'A) . ^ 

4s. Also, that , 

'1 £Ot A 

; /(I .+ tan«A) . V{1 + Mt«A) 
5. And that 

^°^=\/ (r^-V=" i-tan»tA 
"" cot iA — taa^A "".cut* Ja — I 

^ ; «;, peroofistjpjit^ that 



•^ 
\ 
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I -, . ^ , siji (a — b) sin (a -f »> 

tan* A — tan* b = -^-^ — ~ — ^ ^. 

7, Also, that 

cot* B — cot* A == . ' . ^ 

sin^Asm^B 

S. Demonstrate that 

log sin (a -f b) = log sin A + log sin b 

' -f log (cot A -f- cots) — 20. 

9. I>eiiioii5trftte that 

sec 2a =5: 



sec 3a ss 



sec 4a ss 



8ec3 A 

. * - -.1 . • 

4 — 3 8ec«A * 
•ec< A 



\ U.-r-S sec* A, + sec* a * 



«ec!» A 

I >■ ■! r I < 

6-20 

1(X Demonstrate that 



sec Sa sm I ■ ' ' * '■■ ■■■ ■ —■»■«■> 

16 — 20 sec^ A + dsec^A 



arc to tan J + arc to Jan J- aa arc 45^ 
arc to tan -^ 4- 2 ^^^ to tan ^ ^as arc 45^ . 

11. Demonstrate that the tangent of the lum of any 
number of arcs will be represented by 

A — €'♦' it'-e^fi 
1 —a + o^^f &c. 

the sum of all the tangepta of the separate ares binpg de- 
noted by A, the sum of all thoir rectaugks b.y- B, the 
l^um of all their solids by c, &c< 

12. Find the arc whose secant aud co-tangeut shall 
l»e equal. 

Ans. Arc whose sine is J ^/ 5 -r- J, or 38° 10'. 

13. Find the arc whose sine added to its cosine shall 
be equal to a ; and show the limits of possibility. 

Am. cf* must nfever exceed 2. 

14. What arc is that whose tangent and cotangent 
shall together be equal to four tii»6s radius ? 

Ans, Arcof75*profl5^ 






fSf PrMmiu wOkHtr StiMmsi 

16. Ghren the two sqiments of tlie base of a plane tri^ 
angle made b]^ a perpendicular from the verti^, angle, 
equal to 9 and 1 respectively, and the vertical angle =s 
55^4effl&^i reqahrM the odier angles and sldesj bjr 
means of cor. to prop. 18. ch. ii. 

Ans. Angles, ^O"" 24' 84^ »^d 82^ 4^ ^' : 

Sictes, 8 and 12. 
16* In a plane triangle are given, die perimeter ss 
1502, and tne sines of the angles ne s pcct ively as 388» 
174, and 345 : required the sines andangles. 
Am. Sides, 464, S4d, 690: 

Angles,. 27* 3', S7»aO', 11S*>37'. 

17. Ifoneangleofa plane triangle be 129^34^, and 
the two sides about that angle in the ratio of 4 to 7 ; what 
are the other angles^ 

Ans. 82* 41' 7" and l?** 44' SS'\ 

18. At what distance on the horizonti^' plane passing 
through the foot of a steeple of 50 yards in height must 
an ob^rver stand, that the said steeple ma^ giv« an ap- 
parent elevation of 30 degrees^ 

Ans. S^ yards. 

19. A statue of 12 feet high stands at the top of a co- 
Aunn of 48 feet high. At what distance from the- basa 
of the column, on the same horizontal plane, will Uie 
statue appear under the greatest possible angle,.and what 
will that angle be ? 

Ans. Distance 53-6656 feet, angle 6* 22" 4^. 

20. In a right angled triangle abc, right angled at b, 
there are known a right lioe ae bisecting the angle A 
and falling on the opposite side bo, ?= 4, and a righttjtne 
CD bisecting the angle c and terminating in a9, = 2t 
required the three sides of the triangle? 

Ans. AB = 3-9193', bc = 1-6683, AC *= 4*2596. 

21 • Th0 respective distances from a given point P to 
the three nearest angles of a square garden abcd, are 
PA s:f^O yards, pb = 40, and PC s= &>. Required the 
length of a side of that garden. 

Am. 31.4885 yards* 



by means of a telescope^ tHe top of the tower of the ca» 
lAedraly when just in the hoiiwrn; and oak travelling 20 
miles nearer, he found the top itf the^ tower elevated one 
decree. What is its height^ tliat of the ohserver^f eye 
being 5 feet 6 inched I 
Am. 260|feet. 

23. There are four trees, a, b, c, d, standing in » 
straight hedge row;- llieirdistanoctt'ate'AB = 60 ya^, 
Bc =: 20, CB =: 40. Where must I stand to observe 
them, so that the three intei^vals may appear equal? 

Am. At l^yards frMQ'B towaipdi-o, erect to the Ime 
AMCD a p6rpeiidicii]aii wpof 24 yards; ^on will tfie^n- 
glea APB, Bpc, CPD, be each =» 4^.- 

24. Having at a certain unknown dismnoe taken the 
ai^ki of elhvation of a steeples i a«Uraiiced 60 yardtf 
nearer (upon level ground), and then observed the ele» 
vatioB' to be the compl^ectent of dte fottbOt ; advancing 
■tiU % yards nearer^ the eltBvatkHi wasfonnd to be dou- 
ble the f^. Henoe the height of tiie'Steieple is re^iretf 

Ans. 74 *16i{^ yards. 

25. The excess of the three angles of a triangle, mea* 
sured on the earth's surface, above two right angles, is 
1 second: ^diat is ii» ifr^ uSasxg tile earui^ duimeter 
at 7957i miles I 

Ans. 76*75299 souare miles. 

26. The thred siaes of a triangle, measured on the 
earth's surface, and reduced to the level of the sea^ artf 
179 13> ^uul 10 milesr What is Uie spherical exeess ? 

27* The angles ^btended by two distant objects at a 
third object is 66^ SO' 89''} oneof those ob^ecti appear- 
ed' under an ^lef?ation 4>f 23'4?^; the ether under a^ 
depression of V. Required the reduced horisontd 
angle ? 

wrfiw; 66*» W ST. 

28. In two right angled sphei^id triangles abc, abs, 
hff^ing one angfe a comiaooi tot Uiere be given* the t^ 
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perpendiccdars M^ db, andUief stun or di&rence of the 
bypothenuses ac, ae^ then it ivili be, 
tan i (de + Bc) : tan J (de -t bc) :: tan ^ (ae + ac) 
:tan } (ae — ac). 

Kequired a demondtration. 

2d. If, besides the two perpendiculars, there be given 
the sum or difference of the bases, ab« ad; then it wiH 
be, 

sin {dE'{- bc) ssin (de — bc) :: ton ^ (ad + ab) 
tan ^ (AD -> ab). 

Required a demonstration* 
' 30. Given the hypothenuse A^i aAd the sum ab + 
BCt or dilTerenc^ ab ^ bc pf thiei legs of a right angicdi 
spherical triangle : then it will be,.: ^' •. . _ ,• ^ \ 
2 CQS AC =; eos (ab + bc) + tm (ab ^ BC) .' 
whence tiie legs bec(Hne known^ .Keqijdred. a dieoaoEH^ 
stration* . 

SI. If, in a plgne triangle abc there be gWoD) the 
sides AC, BC, and the .lin<e cd drawq to bisect the verti*- 
t|al angle and terminating in the base : then, we have. 

AB = (AC + BC) y/ -^^5;^^— ; 
, ' '' ■■ (A0 4 1<5)CD 

and CM A5» « cos BCD » g^c.Bc • 

Required a demonstration, 
^ B2. If the triangle ABC be sphericali and the sam« 
parts be given ; then 

sin (ac + bc) tan CD 
cog ACD 3SE COS BCD SB " ^ ^ ■. — : — : — - 

. Required a demonstration^ 

S3« Given the north latitude of three places, viz, 
Moscow GS"" 3(y, Vienna i8*^ 12^, Gibraltar 35^ 30', all 
lying directly in the same arc of a great circle. The dif- 
ference of longitude between Vienn^i (situated between 
the other -two) and Moscow, easterly, is equal, to that 
b^tweep Vienna and Gibralttir, westerly* It is required 



tofinii the true bearing and distance of toch place from 
the other, as well as their difference of longitude. 

Ans. Difference of longitude between Moscow and 
Vienna 14?^ 13' 27", between Moscow and Gibraltar 28* 
26'54". 
Vienna and Gibraltar bear froiii Moscow. S. 56° 4' W. 

jyioscow from Vienna N. 44** 5(y E. 

Gibraltar from Vienna S. 44** 50' W. 

Vienna and Moscow from Gibraltar .... N. 35° 16' E. 

Vienna is distant from Gibraltar 16° 29^ = 1 146 Eng- 
lish miles; Vienna from Moscow, 11° 25' = 791 miles; 
. Gibraltar from Moscow, 27° 52' = 1987 miles. 

34. Two sides of a plane triangle are 80 and 50, and 
the line bisecting the verticle angle and terminating in 
the base is 52. Required the angles of the triangle, 
witliout previously finding the base. 

Ans. 37° 38' 1 6", 64° 39' 22", and 77° 42' 22". 

35. Two sides of a plane triangle are 12 and 9, and 
the right line drawn from the vertical angle to the mid- 
dle of the third side is 8. Required the angles of the 
triangle. 

^w J. 39° 45' 10", 58° 29' 5.5", and 81° 44' 55". 

36. When all the three sides of any plane triangle 
are given, an angle a may be found by the- fbllowing 
theorem : 

. . * ■ 2(Aperim — Aii)(Ap«riili— Ac) 

versm a = — =-^- -• 

All. AC 

Required a demonstration. ' 

87. In any spherical triangle abc, 

, ' • versfn cb — verslri fcA — ba) 
. . versifii a = : : • 

SIQACSinAB 

58. Also, 

. i [versin cb — versin (cA — ba)] 
Sm* iA == : : — : : — ■ • 

39« And 

versm (cA + BA) — irersiA cb 

Required the demeBttratibn. . ' 



1^ l^rMem^fmt Seh^ffm* 

40. On a ^certain horiiumtal dild the stmijof tfaeifl- 
gular dirtanceg of the hoar lines of 3 and 4 in ; the after- 
daooD from the 12 o^dock hour fine, la 8^ 4B\ For what 
4atitude was the dial made? 

Am. The latitude of ^l"" 48'. 

4h On another hprisoDtal dial -the distanoe between 
the hour lines of 4 and $ o'clock in the afternoon wat 
SO degrees. For what latitude wts this dial madef 

Ans. The latitude of Sff" 5S\ 

42. In what latitude is the angle, included between 
the hour lines of 1^ and 1, on a hortzooial dial, doohle 
of that included between i^ same hour lines on a verti- 
cal south dial? 

Ans. Latitude 63^ 45' gey'. 

4S. Suppose ahorisontal dial made for the latitude of 
BV S2^f to be fixed horiasbntally in the Jatitikke of 54^; 
what will be the greatest error, and at what time of the 
day? 

Ans* The greatest error will be 4" 27' of time, and 
it will occur at 6^ 15" 27'$ true time from. noon. 

44. On what day of the year, in the latitude of Loa' 
don, will the length of .the t^emoon exceed that of the 

, morning by the greatest difference pofes&le; .conceiting 
the day to b^n at sjanrrising and to end at.sim^el* 
ting ? 

Ans. When the sun's longitude is 29® S2' from the 
first point of Ariesi that is, on the 19th day of April; 
the afternoon of that day exceeding the (morning by 
l-4i'. 

45. In latitude 53^ N. stapds a tower, the shadow of 
whose summit mi June 10th, 1-816, described en the ho- 
rizontal plane a hjrperbolic curve whose transverse fooi 
was 150 yards. What was the height of dwt tower i 

Ans. 43-668 Tards. 

46. Required the ktittide of the place asd the decli- 
nation of the sun when the length of the day is to -that 
of the night as 3'to 2, and theaun's midndajr altitude to 
his midnight depressioB as S to 1 ? 

Ans. Lat.61^57'N. D6di«iliaA.0^£l'N. 
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.4f!. In Ae north latitude of vfiP S(K I observed Oe 
sun to rise on a certain point of the comfMus ; and eie?en 
hours after tlie aun had ariseny I perceived my shadow 
to be projected towards the same point. What wf» the 
aim's dedtnation-? 

Am. Declination 9^54!' 4>r';N. 

46. To what height must a^pecwn hemsed abore the 
city of London* on JuneSlflty at niidnight» so that iie 
may just see the sun's upper limb ? 

jins. I55*4<28S miles» the radius of the earth being 
supposed 3980. 

49. In the latitudes of 30^ and 50^ noFth, on the 
aame.meridian, on the 21st of June in the mornings it ia 
required to determine the exact instant when the sun^s 
altitude wilt be equal, if observed at both , places ; also 
the latitude.at that time? 

Am, Time S* 55'' IS'from noon ; altitude 37® 37' 17". 

50. At what time of the year is the niffht (exclusive 
of twilight) longer at York (N. lat. 54°) than it ia either 
at Londpn (N. lat. 51° 32") or at Ediobuigh (N. lat. 
56P T) ? 

Ans. Whilst the sun's declination south k between 
14° 14' 46'' and 14° 40' 34"; that is, on February 10th 
amd .November 1st. 

51. In what north latitude may an erect south declin* 
iag dial be fixed, to have the decHnalion of the plane, 
the distance of the substyle fromtthe meridian," and the 
height of the style, all equal i 

2ns. The latkude of 38° 2^; and the plane's declina- 
.tion wUl be 38° IS'. 

.52. In the spring quacter last year, day broke at 
3 o'clock, and the sun's altitude that morning when 
due east was . S2° 42'. Whete and when oid this 
happen I 

Ans. Lat 38° 39^ 20^' N.; J)ec 19° 4S' 18" N. answer-: 
ing to.May the 19th. 

53. At a certain ^lace J observed theiun to.riseat^lO 
jainutes past 4jd^otk, and his aititnde .at noon.to.ba 
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$40 PtMetn^ mthoui' Solution^ 

58** 40'. What were the latitude and day of observa- 
tion > • * 
• Am. Lat. 51^30' N.; Dec. SG^^ICN., answering to 
May 21st and July 22d. . 

54. On the longest day last year it was observed at t 
certain place, that the* sun^s altitude when due east was 
i4^46^ more than it was i^t 6 o^clockthe same tnoriiing; 
what were those altitudes^ and what was' the latitude of 
tlie place ? - 

^f«. Altitudes S2® 8' 5" and 17° ^2' 5", 
Latitude 48° 30' 4-9" N. 

55i What is the northern latitude, time of the year, 
and time of the dky; in 1816, when the sun's altitude, 
his azimuth from the east, the arc from noon; and the 
cO'latitude of -the place ar^ equal to each other? 

Jins. Lat. 51° 28' 53", time of year Apr 17, or Aug. 26, 

time of day 9^ 25" 56' A. M. 

56. In what north latitude is the shortest day equal to 
•^s- of the longest at London ? 

Am. Latitude 43° 28'. 

57. In what latitude and time of the year does the 
sun rise at half past 5 o'clock, and appear due east 
at 10 ? 

Ans. Lat. 21° 13', Dec. 18° 35', both of the same 
kind. 

' 58. Where is the sun's altitude at 6 o'clock, od the 
longest day, equal to the co-latitude ? 

Ans. N. latitude 68° 17' 12". 

59. To 'find the declination of that star whose change 
in azimuth is a maximum or minimum in a given tim^, 
reckoned from the time that it transits a given almu- 
cantar in -a given latitude. Suppose the latitude of 
London, the time one hour, and the almucantar 15° 
above the horizon. 

Am* Star's declination 20° 25' south. 

60. What arc of a circle is equal to its tangent ? 
Ans. Arcs of 257° 27' 12"i 442^ 37' 28", 624° 45' 38", 

805^56' 1", 986° 40' 36", 1167°ar28", 1347° 33' 55", 
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1587® &V 9\ noSP &'4f¥\ or 1888*» 1^' 1^, aasmr thar 
con4itloni of the question; and these aresTfall ia.the2d»; 
Ml, 6th, 8th« 10th, 12th, &o, qsiadraoU^ riuuHng con* 
tiiMially round the same circle. 

61. Wliat arc is that whose sine ahail be e^oal to th« 
aiae of triple the same aro ? 

62. What arc is that whose sine is half the aine of ittr 
triple arc? 

63. What arc is that whose sine is thie^-tft part of 

tha sine <^ its triple arc ? 
Ans^ The arc whose sine it | V (^ -^^)* 
64b. What arc is that whose sine is eKfoal to the sinat 

of its quadruple ace ? 

65. What arc is that whosa sine isi equal* to the nim»i 
af its quintuple arc ? 

66. What arc is that whose sine is equal to o tknes its« 
eosiiie? 



Ans. The arc whose sine is 4 / , " ' 



67. What arc is that whose secant is equi^ to n tknes 
its tangent ? 

Ans. The arc whose tangent is \/ 1 — j- 

68. In a right angled triangle the right lines drawn 
Arom the acute angles to the middle points of the oppo* 
site sides are equal to a and b respectively : required- 
the acute angles. 

Ans. The acute angles are those whose tangents are 

Thus if a = 4,^ =: 3, then the tangents aire 
4 X ^and A XjT-, and the angle&are 58^ i¥ 32*' and 

31** 5' 28^ 

69. Demonstrate the truth of Dr. Maskelyne's four 

M 






^M Protiemt 'mthmtt Solutions. 

rules fdr determining the log. sines and tangents of small 
arcs, given at pa. 5$ of this volume. 

70. Supjposmg the latiti/de of London to be 51° SO" 
N., the latitude and longitude of Moscow Bff^ 45' N. and 
S8° £.» and the latitude and longitude of Constantinople 
41° SO' N. and 29° 15' £. It is required to determine 
the latitude and longitude of a pUtce which shall be 
equidistant from the former three. 

Am. Lat. 51° 17' N., long. 19° 13' E. 

71. Three stars a, b» and c, were all observed to be 
in the arc of a great circle; the distance of a and b was 
found to be lCr» of b and c 20^; the difference of the 
azimuths of a and c was found to be 90° ; and the mid- 
dlemost B was the least distance possible from the ze- 
nith. Required ^e altitudes of the three stars ? 

Ans. Alt. ofA, 72° 18' 14", of B, 75° 19' 32", and of 
0,65° 22' 33". 

72. In what north latitude will the sun appear due 
east, on the longest day, at the mid-time between sun* 
rise ^nd noon ? 

Am. In N. lat. 64° 35' 48." 

BC 

73. Let ABC be a plane triangle of which — = m ; 

it is required to demonstrate, that the value of the angle 
A is expressed in seconds by the first or second of the 
following series, according as the perpendicular from 
B on AC falls within or out of the triangle : viz. 

msinc m^sinSc m^sinSc wi*sin4c 

^ ~" sinl" "^ s:m%" "*" sin S" "*" iin4" "*" *^* 
^^ msinc m* sin 2c m^sin Sc m* sin 4c 
sinl" sin 2" " sin 3'^ sin4" * 

74. Demonstrate also that 

^^ wcosB ^ m* sin 2b m* cos 3b i»t4sin4B ^^ 



sial" ^ sin 2" sin 3'' sin4' 

mcosB m'sinSn m^cosSB m4siu4] 
sinl" »in^' *" liaS" '^ sin 4'' 



ProUenu ^ithaid Solutions. SiS 

75. If in a plane triangle tan b ss n tan a, then de- 
monstrate that 

. ^ __ 1 — ii Bin 24 /I — ny sin 4a 



BiDS" 



+(^:) 



— n\Z sin 6a . 

• T, — «C. 



and that if n = cos c, then 

. V tannic sin 2a tan^icsiu 4a 

(A — B> ^rj^p sin 2" 

+ tan^ ic sin 6a 

76. Let £ be the spherical excess in seconds of a 
spherical triangle abc, then it is to be demonstrated 
that 

• ^ tap ^3 tan ^c Bin A tap* ^> tan' jc Bin 2a 

* * "" Bin 1" Bin2" 

. tan>ilftan*^8in8A 

+ SJTF *<^- 

77. Demonstrate also^ that 

^ ^ ^ . cot w cot Jo 

cot is = cot A + — ^. — =-: 

* ^ Bin A 

and find b, when a == i ss as 179^. 
Ans. B = 357® 59^ 58". 

78. Given the latitude of the place, and the position 
of two hour circles, with respect to the meridian ; to de- 
termine the declination of that star whose change in al* 
titude shall be the greatest possible in passing over the 
interval between those hour circles. 

Ans. Let h' be the greatest, and h the least hour an- 
gle fcpm the meridian, l the latitude, and d the decli- 
nation; then 

tan D =s tan l . ■ . • — ttt* 

sin 4 (A + h') 

79. If a person could approach so near to the moon 
as to see one third of her convex surface, what angle 



£44 ProUtnti whk&ui SehHoni. 

At liis eye urould the diameter of ber apparent disc «ub- 
tend ? 

Ans. Twice tlie angle whose natural cosecant it thrice 
radius, dMt is, twice W 28' 16'' or SS^ 56i 32"% 

80. In a plane triangle abc are given 

cot A cot B = |, cot fi cot c == ^; 

to find the angles a, b, and e. 
Ans. 45% ^^ 26' 6", and 71** 33' 54,". 

81. In a certain north latitude it was observed that 
on the morning of the longest day the body of the sun 
occupied precisely 8 minutes of time in rising out of the 
honxtm* Whai was the latitude i 

Am. 61^ W 54'^ divegardin^ refraction and pocaUax : 
or, 62^28^ 54", taking the horizontal refraction at ^3'^ 
and the parallax at 9^^ 
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